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Thesis directed by Prof. Harvey Segur

The resonant interaction of three wavetrains is the simplest form of nonlinear interaction for
dispersive waves of small amplitude. Such interactions arise frequently in applications ranging from
nonlinear optics to internal waves in the ocean through the study of the weakly nonlinear limit of
a dispersive system. The slowly varying amplitudes of the three waves satisfy a set of integrable
nonlinear partial differential equations known as the three-wave equations. If we consider the special
case of spatially uniform solutions, then we obtain the three-wave ODEs. The ODEs have been
studied extensively, and their general solution is known in terms of elliptic functions. Conversely,
the universally occurring PDEs have been solved in only a limited number of configurations. For
example, Zakharov and Manakov (1973, 1976) and Kaup (1976) used inverse scattering to solve the
three-wave equations in one spatial dimension on the real line. Similarly, solutions in two or three
spatial dimensions on the whole space were worked out by Zakharov (1976), Kaup (1980), and
others. These known methods of analytic solution fail in the case of periodic boundary conditions,
although numerical simulations of the problem typically impose these conditions.

To find the general solution of an nth order system of ordinary differential equations, it
is sufficient to find a function that satisfies the ODEs and has n constants of integration. The
general solution of a PDE, however, is not well defined and is usually difficult, if not impossible,
to attain. In fact, only a small number of PDEs have known general solutions. We seek a general
solution of the three-wave equations, which has the advantage of being compatible with a wide
variety of boundary conditions and any number of spatial dimensions. Our work indicates that the
general solution of the three-wave equations can be constructed using the known general solution
of the three-wave ODEs. In particular, we try to construct the general solution of the three-wave

equations using a Painlevé-type analysis. For now, we consider a convergent Laurent series solution



iv
(in time), which contains two real free constants and three real-valued functions (in space) that are
arbitrary except for some differentiability constraints. In order to develop a full general solution
of the problem, the two free constants must also be allowed to have spatial dependence, and one
more function must be introduced. That is, a full general solution of the problem would involve six

of these real-valued functions.
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Chapter 1

Introduction

The resonant interaction of three wavetrains is one of the simplest forms of nonlinear interac-
tion for dispersive waves of small amplitude. This behavior arises frequently in applications ranging
from nonlinear optics to internal waves through the study of the weakly nonlinear limit of a disper-
sive system. The slowly varying amplitudes of the three waves satisfy a set of coupled, nonlinear
partial differential equations known as the three-wave equations. We seek a general solution of the
three-wave equations.

The three-wave equations describe the physical phenomenon of three-wave mixing, in which
three wavetrains whose wavenumbers and frequencies satisfy a particular resonance condition inter-
act nonlinearly. These resonant interactions can cause substantial energy transfer amongst wave-
trains, and can have a significant impact on the evolution of the wavefield [20]. Since three-wave
interactions are the simplest form of nonlinear wave interactions, it follows that these interactions
have important consequences in almost all areas of physics where nonlinear wave phenomena can
occur [33]. We restrict our attention to a single resonant triad, which means there are only three
interacting waves. It is also possible to have multiple triads, but this is beyond the scope of this
thesis.

The three-wave equations admit a great deal of special structure. For instance, they constitute
an infinite dimensional Hamiltonian system that is completely integrable. Under certain conditions,
a so-called explosive instability can occur in the model, which causes almost all nonzero solutions

to blow up in finite time. The presence of this instability was originally discovered while modeling a



problem in plasma physics [11]. The instability has also been found in a variety of other applications,
including density-stratified shear flows [9], vorticity waves [39], and capillary-gravity waves [14].
For much of this thesis, we focus on the three-wave equations in the configuration that admits the
explosive instability, although some attention is given to the case of bounded solutions.

If we consider the special case of spatially uniform solutions, then we obtain the three-wave
ordinary differential equations. The ODEs have been studied extensively, and their general solution
is known in terms of elliptic functions [5,30]. In this case, solutions of the ODEs can exchange energy
periodically [20]. Conversely, the universally occurring PDEs have been solved in only a limited
number of configurations, which are outlined in [14]. In particular, the equations have been solved
for certain types of initial data using the inverse scattering transform. For example, Zakharov and
Manakov (1973, 1976) and Kaup (1976) used inverse scattering to solve the three-wave equations
in time and one spatial dimension on the real line, or in two spatial dimensions alone. Similarly,
solutions in time and two spatial dimensions, or three spatial dimensions alone, on the whole space
were worked out by Zakharov (1976), Kaup (1980), and Cornille (1979). These known methods of
analytic solution fail in the case of periodic boundary conditions, although numerical simulations of
the problem typically impose these conditions. The solution of the three-wave PDEs that we derive
is compatible with any number of spatial dimensions and many types of boundary conditions.

For an nth order system of ordinary differential equations, finding the general solution
amounts to finding a solution that satisfies the ODEs and contains n constants of integration [23].
However, it is significantly more difficult to find the general solution of a PDE, linear or nonlinear.
Indeed, the list of PDEs whose general solutions are known is short. Common examples include
d’Alembert’s solution of the one-dimensional linear wave equation and the general solution of Liou-

1 which is obtained through Bécklund transformations [24, §8.3]. Our motivation

ville’s equation,
for studying the three-wave problem is two-fold. First, these equations are universal in the sense

that they arise in countless physical applications. It is therefore useful if we can solve them in new

8%u

2
52y = e", and is solved by transforming it into the wave equation, ;TB‘Z =0

! Liouville’s equation takes the form
[24, §8.3].



configurations. Second, and perhaps more importantly, the ability to add to the short list of PDEs
with known general solutions could have significant implications.

The structure of this thesis is as follows. In Chapter 2, we provide extensive background on
the structure of the three-wave equations. In particular, we detail the Hamiltonian structure and
the integrability of the equations, both for the PDEs, and for the ODEs in the case of spatially
uniform waves. We also explain what conditions lead to the occurrence of the explosive instability.

In Chapters 3 and 4, we focus on the three-wave ODEs. Specifically, we derive the general
solution of the three-wave ODEs in two separate ways, both of which motivate the solution form
that we pose later for the three-wave PDEs. In Chapter 3, we solve the three-wave ODEs by
transforming the existing Hamiltonian system with three degrees of freedom into an equivalent
system with only one degree of freedom. We then obtain the solution using Weierstrass elliptic
functions. The well known structure of the Weierstrass functions allows us to determine which
initial data lead to the explosive instability, and which lead to bounded solutions. In Chapter 4, we
derive the general solution of the three-wave ODEs again, this time using the same method that we
later extend to the three-wave PDEs. In particular, we use a Painlevé-type analysis, which allows
us to construct the general solution of the ODEs in terms of a convergent Laurent series in time.
We show that the solutions in Chapters 3 and 4 are equivalent. In either case, the solution involves
six free real constants.

The main result of the thesis is in Chapter 5, where we use our knowledge of the three-wave
ODE:s in order to construct a “near-general” solution of the three-wave PDEs. Specifically, we use
a Painlevé-type analysis once more in order to build the solution in terms of a convergent Laurent
series in time, with coefficients that have spatial dependence. The solution we construct involves
five free real functions in space and one free real constant. Primarily, however, we consider the
case in which two of the free functions are constants, so that we are left with three free functions
and three free constants. A full general solution of the problem would involve six free real-valued
functions, which is why we refer to our solution as “near-general”. In the latter half of Chapter

5, we derive the radius of convergence of the series solution of the three-wave PDEs in several



cases, and show that the radius of convergence of the three-wave PDEs is smaller than that of the
three-wave ODEs by a known factor.

Finally, in Chapter 6, we provide some numerical verification of our solution of the three-wave
equations by comparing our solution to other known cases. In particular, we show that we can
truncate the formal Laurent series solution of the three-wave PDEs after a small number of terms

and still capture the behavior of the exact solution.



Chapter 2

Background for the Three-Wave Equations

This chapter begins with a brief explanation of which types of physical systems can lead
to the three-wave partial differential equations. Following this, we derive the three-wave PDEs
using the particular example of a two-layer water wave model, with the understanding that the
equations can arise in many other contexts. We end the chapter with a discussion of some of the
most significant properties of the three-wave equations, including their Hamiltonian structure and

integrability, as well as the presence of an explosive instability.

2.1 Derivation

In order for the three-wave equations to arise, we must consider the time evolution of a
physical system, the governing equations for which must be nonlinear. In addition, we require the

following:

i. The system must be free of dissipation. That is, either there is no dissipation physically,

or the effects of dissipation are so small that we can assume they are negligible.

ii. The system, linearized about the zero solution, must admit traveling wave solutions of the

i(k-x—w(k)t)

form e , where k is the wavenumber vector, w is the wave frequency, and w = w(k)

is the linearized dispersion relation.

iii. The linearized system must be dispersive, so that w(k) satisfies

0%w
det <akj,rn8k;n> 7é O,



where k,,, and k,, are elements of the wavenumber vector k. In this case, waves with different

wave numbers k travel at different speeds [43, §11.1].

iv. The dispersion relation w(k) admits three or more pairs (k,w(k)) such that
k1 + kQ + k3 =0 and w(kl) + w(kg) + w(kg) =0. (21)
Any solution of (2.1) represents a resonant triad.

Assume i-iv hold. Let the nonlinear governing equations be described by
N(u) =0, (2.2)

where A can be a system of equations or a single equation, and u can be a scalar or vector quantity.
Additionally, we assume that u = u(x,t) is a function of space x and time ¢, and that the rest
state of the solution is represented by u = 0. Assuming (2.2) cannot be solved exactly, we begin
by linearizing about u = 0. To that end, we introduce the small parameter € and assume that u
can be expanded in terms of a formal power series in . We substitute the expansion into (2.2) and
collect terms that are linear in €. If the resulting system has terms that have constant coefficients

in x and 7, then u can be expanded as
u(x,tie) = »_ Uk ®0 1 0 (e2), (2.3)
k

At O(e), we obtain the linearized problem, which admits nontrivial solutions as long as the wave
frequency w and the wavenumber vector k satisfy the linearized dispersion relation, w(k). At second
order, if (2.1) is satisfied, then secular terms arise, so that the expansion (2.3) breaks down when
et = O(1) or ex = O(1). This motivates us to introduce slow time and space scales. Then it can
be shown that (2.3) can be superseded by

3
u(x,t;e) =¢ Z A (ex, et)ellkmx—wlam)t) 4 0 (2,

m=1



[38]. In this case, secular terms arise at O(e?) unless the complex amplitudes A,,(ex,et) satisfy

dA
877'1 +cCy- VAl = z"ylA;Ag, (2.48,)
DA
T 2 VA =imATAL, (2.4b)
0A
5£+%NMyﬂ%M£, (2.4c)

where 7 = et, X = ex, V = (0/0X1,...,0/0X,), and for m = 1,2,3, A% is the complex conjugate
of A, 7m is a real nonzero constant determined by the physical problem, and c,, is the group

velocity corresponding to wavenumber k,,, defined by
Cm = Vw(k) ’k:km7

Equations (2.4a)-(2.4c) are known as the three-wave equations.

For convenience, we introduce the change of variables

1m,
Vel

where (k,¢,m) = (1,2,3) cyclically. In this case, (2.4a)-(2.4c) can be written more succinctly as

A = —

oa * %

—8:1 + ¢y - Vap, = opagayp, (2.5)
where o, = sign (V).
2.1.1 A two-layer water wave model

We now briefly explain how the three-wave equations in (2.4) can arise for a specific physical
example. In particular, we consider internal waves in a two-layer fluid, where each layer is homoge-
neous. In general, internal waves can occur in a stably stratified fluid under the effects of gravity.
For instance, usually both the atmosphere and the ocean are stably stratified, and can support
many types of internal waves. Indeed, even water waves that occur at the interface between the
ocean and the atmosphere can be considered an extreme case of internal waves, resulting from a

large density gradient between the air and the water [2, §4.1.b].



A resonant triad involving a combination of surface waves and internal waves is one possible
mechanism through which internal waves are produced [2, §4.2.b]. In our case, we consider the
irrotational motion of two fluid layers, each containing an incompressible, inviscid fluid. We restrict
our attention to the (z, z)-plane, with —oco < z < oo. Assume that the free surface is given by
z = ((x,t), so that the undisturbed free surface lies at z = 0. Moreover, assume that the lower
layer of fluid lies in a region defined by —H < z < —hy + n(z,t), where z = —hy is the location of
the undisturbed interface between the layers, and H is the total depth of the undisturbed layers.
In fact, we define H = hy + hs, so that h; is the undisturbed depth of the upper layer, and ho is
the undisturbed depth of the lower layer. Additionally, p; and py are the constant densities of the
fluids in the upper and lower layers, respectively, with p; < p2. See Figure 2.1 for a diagram of the
two-layer fluid.

Let ¢1(z, 2,t) and @a(z, z,t) be the velocity potentials in the upper and lower layers, respec-
tively. We neglect surface tension at the free surface and at the interface. Additionally, we neglect

the effects of the earth’s rotation. This leads to the following system of equations

In the upper layer: Agpr =0, (2.6a)

In the lower layer: Apy =0, (2.6b)
B . a¢  O0p1 01 ¢

On z = C(ﬂf,t) a W = %%, (26C)
dp1 1 2

i - _Z 2.6d

O 4 aC= 1 Vel (2:60)
_ . O _de 91 0n

On z =n(z,t) — hy: % 9 - 92 Op (2.6e)
on  Op2  Op20n

ot 0z  Ox Ox’ (2.6f)

0p1 0o p1 9 P2 2
—_ [ — = —— —_— 2.
p1 ( 5t +g77> p2 < 5 +gn> 5 Ver|* + 5 Vo™, (2.6)

)

Onz=—-H: 9%

=0, (2.6h)

where A = 9%/02% + 0%/02%, V = (0/0x,0/0%), and g is acceleration due to gravity. The system



h, P2

Figure 2.1: A depiction of the two-layer fluid model. The free surface is described by z = ((z, 1),
with the undisturbed free surface at z = 0. The undisturbed depth of the upper layer is h;. The
interface between the layers is described by z = n(z,t) — hy, with the undisturbed interface at
z = —h1. The undisturbed depth of the lower layer is hy, and the undisturbed total depth of both
fluids is H = h1 + he. The densities of the upper and lower layers are p; and ps2, respectively, with

p1 < p2.
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has the form £(u) = v, where £ is a linear operator, u(x,t) = (¢1,p2,(,n)7, x = (2,2), and v

includes all nonlinear terms on the right-hand side. In particular, we have

M
EZ G1|Z:< )
G2|z=17—h1
G3lo=—m,
where M is defined by
A 0 00
M = , (2.7)
0 A 0O
and (G1, G2, and G3 are defined via
0 0
T 0z 0 0 ot
o) 0
5z O 5 O
Gi= o Ge=| 0 £ 0o & |, G3=<0 20 0)-
0
pLE —p2l prg —p2g

(2.8)

Note that if we rewrite (2.6) by collecting all terms on one side of the equation, in the form

L(u) — v = 0, then the system is of the form (2.2). Lastly, observe that (2.6¢) and (2.6e)-(2.6f)

are kinematic boundary conditions on the surface and the interface, respectively, while (2.6d) and

(2.6g) are dynamic boundary conditions on the surface and the interface. Finally, (2.6h) enforces
an impermeable bottom condition.

Next, following (2.3), we pose the following expansions

o1(x, 2,t) = ep11(x, 2, t) + 2p19(x, 2, 1) + O(e?), (2.9)
QDQ(.'E, Z, t) = 8§021($, Z, t) + 82@22(IE, Z, t) + 0(63)’ (210)
n(x,t) = en (z,t) + ez, t) + O(3), (2.11)

C(z,t) = eCi(z,t) + €3Gz, t) + O(€3), (2.12)
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or, more succinctly,

u(z, z,t) = euy(z, 2, t) + 2uy(z, 2, t) + O(e3), (2.13)
where £ > 0 is a small parameter. We substitute (2.13) into the system of equations (2.6) and
solve the resulting equations order by order. Notice that we must take into account the boundary
conditions at the free surface z = ((z,t) and at the interface z = —hy + n(z,t). For instance, we

expand ¢11(x, z,t) at the free surface as

o1 (2,2 =((z,1),t) = 11 (z,eC1 + O(EQ)J)
0
= ¢11(z,0,t) + (i (x, t) @@11(357 0,t) + O(e?).
We expand ¢a1(z, 2,t) similarly at z = ((x,t), and we use the same technique to expand both

velocity potentials at the interface z = n(x,t) — hy.

At O(g), we obtain a linear system of equations of the form £(u;) = 0, where

M

Gl ‘3:0

o
I

(2.14)
G2‘z:7h1

G3lo=—m,
with M, G1, Go, and G3 defined in (2.7)-(2.8). At O(£?), we obtain a system of equations of the
form £(uy) = F(u;), where £ is defined in (2.14) and F is a nonlinear operator.

Return to the first-order problem, ﬁ(ul) = 0, and assume that u;(x,¢) has an expansion of
the form

w6, 1) = 37 U (R)eilex-n),
k

where k is the wavenumber vector and w is the wave frequency. Then nontrivial solutions of the

first-order problem exist as long as w and k satisfy the dispersion relation
w1+ (1 = D)Wy — w?gk [T1 + To] + D(gk)*Ty Ty = 0, (2.15)

where

Tl = tanh k‘hl, T2 = tanh khz’ and D = P2 — P1 )
P2
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For a fixed k, there are four possible values of w(k). In particular, for each k, there are two
frequencies associated with internal waves at the interface, and two frequencies associated with
surface waves. The dispersion relation in (2.15) is depicted by the solid black lines in Figure 2.2.
The branches closest to the k-axis represent internal waves, while the branches further away from
the k-axis represent surface waves.

A graphical technique exists to determine whether (2.15), or any other one-dimensional dis-
persion relation, admits resonant triad solutions that satisfy (2.1) [5]. First, any point A is chosen
on the dispersion curve. The entire dispersion curve is then translated so that its new origin is at
A. From here, we look for any intersection between the original dispersion curve and the translated
curve. Any such intersection point represents a second wave that can form a resonant triad with
A. In our case, let B be one such intersection point. Finally, we draw a vector from B that is equal
to vector A_O, where O is the origin. This new vector ends at a point C' that is, by construction,
on the original dispersion curve. It follows that the waves described by points A, B, and C form
a resonant triad and solve (2.1). The process can be seen in Figure 2.2 for the dispersion relation
in (2.15). Moreover, we can see that the dispersion relation (2.15) admits more than one resonant
triad. For example, we could have two surface waves and one internal wave, or two internal waves
and one surface wave.

Figure 2.3 depicts more clearly the resonant triad of Figure 2.2. In particular, if point A
has coordinates (k1,w1) and point C has coordinates (k2,w2), then by construction point B has
coordinates (k1 +ka, w1 +ws). If we define k3 = k1+k2 and w3 = w1 +ws, then we have k1 +ko—ks =0
and wj + wg — ws = 0, both of which are of the form (2.1). Note that in this case, w; > 0 and
w2, ws < 0. Additionally, k,,, > 0 for m = 1,2, 3 in this case, so the three waves do not all travel in
the same direction.

Now that we know (2.1) can be satisfied for our two-layer fluid problem, we restrict our
attention to a single resonant triad. We then seek solutions to the linear problem of the form

3
uy (x,t) = Z A () +cc., (2.16)

m=1
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Figure 2.2: Construction of a resonant triad for the dispersion relation (2.15) for the two-layer
fluid model described in (2.6). Figure generated with h; = ho = 1 and A = 0.01. The process of
constructing a resonant triad begins by choosing any point on the dispersion curve (the solid black
curve), say point A. The entire dispersion curve is then translated to A (as depicted by the grey
dashed curve). Any point of intersection between the original dispersion curve and the translated
dispersion curve, like point B in the figure, represents a second wave that can form a resonant triad
with A. Finally, we draw a vector parallel and equal to vector AO (the black dotted line). By
construction, this vector meeets the dispersion curve at point C'. The points A, B, and C represent
solutions of (2.1).
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10}

Figure 2.3: Resonant triad for the dispersion relation (2.15) for the two-layer fluid model described
in (2.6). Figure generated with h; = hy =1 and A = 0.01.

where c.c denotes the complex conjugate, A,,(z) is a 4 x 1 vector for each m whose last two elements
are independent of z, and

0, = ki — wit. (2.17)

In this case, we defined wy,, = w(k;,). The solution of the linear problem is straightforward from
here, although we omit the details since it is not the focus of this thesis.

The first nonlinear interactions appear at O(g?). Recall that at this order, we obtain the sys-
tem Luy = F(u;), where £ is defined in (2.14) and F(u;) is comprised of quadratic nonlinearities.

In particular, due to (2.16), terms in F'(u;) have the form
¢ Om—0n) 4 cc., form=1,23,

where n can vary between —3 and 3, and 6,, is defined in (2.17). For this notation, we also define
0_,, = —06,, and 6y = 0.

Due to the presence of resonant triads defined in (2.1), it follows that F'(uy) produces terms
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that are in resonance with the linear left-hand side. For example, for the triad depicted in Figure
2.2, 01 + 65 = 05. As a result, the system Luy = F(u;) acts like a resonantly forced, linear
oscillator [20]. Consequently, ug grows linearly in time. When et = O(1), the second term in the
asymptotic expansion (2.13) has the same order of magnitude as the first term, and the underlying
assumptions for our solution break down.

As an alternative, we introduce a slow time scale, 7 = £t, and a slow spatial scale, X = ex.

Then we replace (2.13) with
u(z, z,t, X, 7) = euy(z, 2, t, X, 7) + e2uy(z, 2, t, X, 7) + O(e3), (2.18)

With 7 = et and X = ez, we make the replacements % — % + 58% and 8% — 8% + 68%, and
then we follow the same procedure as before, substituting (2.18) into (2.6) and solving the resulting

equations order by order. At first order, we pose the solution expansions

3 3
o1z, z,t, X, 7) = Z Am(z, X, T)eiem +c.c., oo (z,z,t, X, 1) = Z Bm(z,X,T)eiem +c.c.
m=1 m=1
3 3
m(z,t,X,7) = Z Con(X,7)e" + c.c., Gz, t, X, 1) = Z Dy (X, 7)™ + c.c.
m=1 m=1

After a great deal of algebra, we find that in order to avoid secular terms, the following must

hold
oC ocy . £
o tCox = v1D3 D3, (2.19a)
0Do 0Dy . .
&5, tegy = imCiDs, (2.19b)
0Ds 0Ds . .k
? + 0387 = ’L’ngl D2, (219C)

where the interaction coefficients ~v,,,, m = 1,2,3, do not vanish identically and ¢, is the group
velocity associated with wavenumber k,,. We do not write down the form of the coeflicients here
because they are complicated and lengthy. Instead, we refer the reader to Appendix A in order to
see the form of v;. The coefficients v2 and 73 are similar.

Notice that our resonant triad consists of two surface waves and an internal wave. A compar-

ison of (2.19) with (2.4) shows that for the two-layer model, the slowly varying complex amplitudes
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of two surface waves and an internal wave satisfy the three-wave PDEs. Alternatively, the equations

(2.19) could have been derived with two internal waves and one surface wave.

2.2 Properties

In this section, we investigate some of the properties of the three-wave ODEs and PDEs,
focusing on their Hamiltonian structure, integrability, and the presence of an explosive instability.

If we consider a resonant triad made up of three spatially uniform wavetrains, then (2.5) becomes

dam,
% = omalal, (2.20)
where a,, = an(7), (k,4,m) = (1,2,3) cyclically, and we recall that ¢,,, = £1. We refer to (2.20)

as the three-wave ODEs.

2.2.1 Hamiltonian structure

A Hamiltonian is defined to be any C' function H : M — R, where M is a 2n-dimensional

manifold with coordinates denoted by

z:(qap):(qlaq27'"7qnap17p27"'7pn)' (221)

M is known as the phase space, while ¢ and p are typically referred to as position and momentum
variables, respectively. Furthermore, ¢, and p are each n-dimensional, and for this reason H is said
to have n degrees of freedom. Hamiltonians are special for several reasons. A Hamiltonian defines
motion on a 2n-dimensional manifold. Moreover, Hamiltonians have many important properties,
several of which we outline throughout the rest of this chapter [32, §9.3].

A Hamiltonian is associated with a system of ordinary differential equations defined by

dq OH
dp  OH

== 92.92
7 94 (¢,p), (2.22b)
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where the differentiation is performed componentwise. More explicitly, we have

dg; OH ,

e Ul —=1.2....
dt ap@(Qap)v 1 9 “y y Ty
dp; OH .

e _7H —1.2.....n.
I 9 (¢;p), i=1,2,...,n

The system (2.22) is a Hamiltonian system of ODEs with n degrees of freedom. Finally, notice that

we can write the system (2.22) more compactly as

dz 0 I
— =JVH, where J= . (2.23)

dr 70
In this notation, I is the n x n identity matrix, 0 is the n X n zero matrix, z is a point in phase
space defined in (2.21), and V = (9/9qu, . ..,0/0q,,0/0p1, . ..,0/0p,)T.
Next, let (g(t),p(t)) be an integral curve of the Hamiltonian system (2.22). We show next

that if H is autonomous, then there is a constant E such that

H(q(t),p(t)) = E. (2.24)

More succinctly, we say that energy is preserved along trajectories [7,32]. Furthermore, we define
a constant of the motion as a differentiable scalar function F'(q,p) with the property that for each

integral curve (q(t),p(t)) in M, there exists a constant K such that

F(q(t),p(t)) = K.

It follows that if (2.24) holds, then the Hamiltonian H is a constant of the motion.

Now define the Poisson bracket of two scalar functions F' = F(q,p) and G = G(q,p) as

" r F
(a oG 9 0G). (2.25)

FGY=VFlJvG = - = = =
{ } ; 8%’ apj 8pj qu

In particular, notice that

{me Qn} = 07 {pmapn} = 07 and {Qm’pn} = 6mn7

where 6,,, is the usual Kronecker delta.
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Observe the following

}1
"

d — ((OF dg; aF@
1 8q] dt 8pj dt

J

I
M:

<8F 0OH OF 8H)

- 0q; Opj 8pj 0q;

<.
Il

Il
—

F,H},

where we used (2.22) [7, §9.2]. As a result, a differentiable function F'(q,p) is a constant of the
motion if

(F,H} = 0.

Indeed, it is straightforward to see from the definition of the Poisson bracket that {H,H} = 0,
which verifies that H is a constant of the motion when H is independent of time.

We can interpret the constants of motion geometrically as follows. Each constant of the
motion constrains the motion of the Hamiltonian system to lie on a level set in phase space. In

particular, if F' is a constant of the motion, then the associated level set is defined via

St =1{(g,p) € M : F(q,p) = c},

where ¢ is in the range of F' and S% is a (2n — 1)-dimensional submanifold. It follows that if a
Hamiltonian system has k functionally independent constants of the motion, F} = H, Fy, ..., F},

then each integral curve (¢(t), p(t)) must lie on the intersection

Cc1C2Ck c1 Ck
SE Py T, = =Sp N ﬁSFk,

where ¢; is in the range of Fj for j =1,2,... k. S%C}QCE is a (2n — k)-dimensional submanifold,
where k < n. Note that functions Fj(q,p) are called functionally independent at a point if the k
gradient vectors VFj(q,p), j = 1,2,...,k are linearly independent. [7, §9.2].

We now return to the three-wave ODEs in (2.20). These equations constitute a Hamiltonian

system with three degrees of freedom and with Hamiltonian

H = —iH = ajasas — ajabal, (2.26)
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where H is a real constant. Later, we return to the fact that H in (2.26) is imaginary, as well as
the proof that (2.20) is a Hamiltonian system. For now, we begin by deriving the constants of the
motion.

Consider (2.20). Multiply both sides of the equation by a, to obtain

d
afn% = omalalal,. (2.27)

Similarly, multiply the conjugate of (2.20) by a,, to obtain

amdg—Tm = O AKAeQm,. (2.28)
Now add (2.27) and (2.28) to find
d 2 ® %k
ar lam(7)|” = om (akaram + agayay,) ,

where we used the fact that |a,,(7)|? = a,a’,. Dividing both sides of the equation by o, and using

the fact that o,, = 1/0,, (since o, = 1), we have

d k* ko k
Om— |am(7)* = agagan + ajalal,, (2.29)

dr
where (k,1,m) = (1,2,3) cyclically. In particular, subtracting (2.29) with m = 2 and m = 3 from

(2.29) with m =1 yields

2 (1l ~ 02 laa(r)2) =0,

% (01 a1 (7)[2 — o3 \a3(7)|2> —0.

That is, the quantities in parentheses above must be constant for all time. As a result, we define

the conserved quantities

Ky = o1 ]ai(r)]* = o2 |aa(7) [, (2.30)

K3 = oy |a1(7)]? — o3 |as(7)]?, (2.31)

where Ko and K3 are real constants. The expressions (2.30)-(2.31) are referred to as the Manley-

Rowe relations, named after the authors of [28].
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Next, return to (2.20), but this time multiply both sides of the equation by aias, and multiply

both sides of the conjugate equation by aya;. Now we have

da

akagF = o |agae”,
da*

apay d77'n = o |agay|

Subtracting the two equations above yields

Qam _ e e dm _ (2.32)
dr

arayg

Finally, since (2.32) holds for (k, ¢, m) = (1,2, 3) cyclically, it follows that (2.32) actually constitutes

three equations. Summing these three equations yields
e (a1a2a3 — ajasa3) = 0.

That is, the quantity in parentheses is constant for all time, which leads us to define a third

conserved quantity,

H = ajasag — ajajas, (2.33)

where H is a constant. Furthermore, if we write ap,(7) = |am(7)| €™ for some real function

©m(7) for m = 1,2,3, then it is straightforward to see that (2.33) becomes
H = la1agas| elPrtpate2) _ —ilp1+pates)
Define ®(7) = 1 + @2 + 3. Then we have
H = 2i|ajazas|sin ®, (2.34)

which shows that H = iH for some real constant H.
Now we show that our system (2.20) is, in fact, Hamiltonian. To that end, define p = (p1, p2, p3)

and ¢ = (q1, g2, ¢3) as follows

Pm = and g, = (2.35)
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Suppose, for instance, that o1 = 09 = 03 = 1. It follows from (2.26) that

H = —iH = pipap3 — 1243,

so that
OH OH
- = —_— = — 2.
op, — PiPe and - Qe (2.36)

m m

where as usual, (k, ¢, m) = (1,2,3) cyclically. Additionally, in this case, (2.20) becomes

dpm
while the conjugate of (2.20) becomes
dgm _
dr PkDe.
Comparing the equations for dg—;” and dg—;” with (2.36) shows that we have
d OH d OH
Sm _ 7 and P = % form=1,2,3. (2.37)
dr Opm, dr Oqm
The same procedure can be followed when o1 = 09 = 03 = —1, or when one of the o,,’s is different

from the other two. In any case, (2.22) is obtained. As a result, we have a Hamiltonian system with
three degrees of freedom, where the Hamiltonian is given by H in (2.26). Moreover, we determined
that there are three associated constants of the motion, given by the Hamiltonian (2.26), and
(2.30)-(2.31). In the special case where the degree of the Hamiltonian system equals the number
of constants of the motion, the system has the additional property of being integrable, which we
discuss in the next section.

Certain systems of PDEs can be thought of as infinite dimensional Hamiltonian systems. For

instance, consider the one-dimensional nonlinear wave equation with Dirichlet boundary conditions,

2 2
T = fuw). and w(0.0) = u(Lt) = 0 (2.35)

where x € (0,L), u = u(z,t) is a scalar function, and f(u,z) is a nonlinear term. We define the

associated Hamiltonian as

H(u,p) = /OL (;pQ + % (u')? +F(u,x)> dz, (2.39)
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where v’ = %, g—fz =f,and p = %7: [13, p.67-83]. Then (2.38) can be written as

ou

& p=v,H

ot ~P= Ve

op  O%*u

_ = — — = — UH’
ot  0z2 v

where the gradients are functional derivatives taken with respect to the L?() inner product. We

omit the details of functional derivatives here. Suffice it to say that for a functional of the form

b
Tl = [ Llzgla).g @) da,
it can be shown that the functional derivative is

5 _ oL dor
g Og dxdg’
where ¢’ = dg/dx [19]. For instance, with H (u,p) defined in (2.39), we have

BH_0 (1,
Sp  Op

1, .2 d 0 15 1, ,02
5P —1—2 (u') +F(u,x)> r [8}3’ <2p t5 (u)” + F(u,x)
Similarly, we have

SH 0 <;p2 N % (u/)2 +F(u,:c)) — d‘i L{Z, (;p + % (UI)Q +F(u,m)>]

Su Ou
oOF d
=— - —u
ou dx
:f_u//
where f(u,z) =25 and v’ = %.

More succinctly, we have

ov
oy _ JH,
5 JV

where v = (u,p)? and J is defined in (2.23).

The three-wave PDEs given in (2.5) constitute a Hamiltonian system with Hamiltonian

¥

3
1 * * k ok k
3 g em (apVay, —ar Vap) — (a1a2a3 — ajasaz) | dx, (2.40)
m=1
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for x € Q € R% In particular, suppose that we define p,, and ¢, for m = 1,2,3 using (2.35).
Suppose further that we are in one spatial dimension, and that o, = 1 for m = 1,2,3. Other

configurations of {01, 09,03} can be treated similarly. In this case, we have
Pm = am and ¢p=a,, m=123.

The Hamiltonian is then defined via

3
1
H(q,p) = — / [2 > em (Pmdhy, — @mp)n) — (p1p2ps — q1q2q3)] da,

m=1

where p/ = ag—;” and ¢,

_ 9gm
- Oz -

Observe the following

3
0H 0 1 . )
pm  Opm [_Qlecm (P — @mPln) + (P1p2p3 q1q2q3)]
3
d 0 1 . )
Cdx {8p§n [_2 mZ1 cm (P — dmpi) + (P102p3 — CI1Q2Q3)] }
__%m B d [cﬂ }
=75 m + PrDe 7 |5 Im
C c
= _77”% + prpe — 7mq§n
= —Cmlp, + PkDe
a*
= _CmT;L + aiayp,
_ Oay,
o

where we used ¢}, = Bg;” = %, and (k,¢,m) = (1,2,3) cyclically. Consquently, we have

OH  Oaym  Oqnm
Spm O O’

(2.41)

form=1,2,3.
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Next, we have

3
sH o [ 1 , ,
- - N — _l’_ —
S0~ D [ 21;16 Pmr, — GmPy) + (P1D203 6]16]2613)]
B
{8(] [ 5 mzz:l cm (Pmy — GmPiy) + (P1P2D3 — Q1Q2Q3)] }
= =[]
— 2 p qkqe dz 2 pm
= Cmp;n qkqe
Ooam .
= C a;.a
™ Ox ke
_ Oap,
o7

where we used p/, = %’—;“ = 85‘;”, and (k,¢,m) = (1,2,3) cyclically. Consquently, we have

0H Oam, Opm
- _ — 2.42
Oqm or or’ ( )

form=1,2,3.
The combination of (2.41) and (2.42) demonstrate that the three-wave PDEs in (2.5) consti-

tute a Hamiltonian system with Hamiltonian given by (2.40).

2.2.2 Integrability

There are many definitions of integrability for a system of ODEs, most of which have to do
with being able to solve the system completely using quadratures. For our purposes, we work in
the context of Liouville integrability.

First, we say that two scalar functions F(q,p) and G(q,p) are in involution if {F,G} = 0,
where {-,-} denotes the Poisson bracket in (2.25). Then according to Liouville’s Theorem, an n
degree-of-freedom Hamiltonian system of ODEs is completely integrable if there are n constants of
the motion Fj, j = 1,...,n, that are functionally independent and in involution, {F}, F}} = 0 [32,
§9.12]. It is trivially true that any Hamiltonian system with n = 1 is integrable.

For our system (2.20), it is straightforward to show that for the constants H, K, and Kj

defined in (2.26) and (2.30)-(2.31), we have {Ks, K3} = {Ky, H} = {K3, H} = 0. For instance,
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suppose 01 = 03 = 03 = 1. Then we can rewrite the conserved quantities (2.26) and (2.30)-(2.31)

in terms of p and ¢ as defined in (2.35),

H = p1pap3 — 19243
Ko = p1q1 — p2g2

K3 =pi1q1 — p3qg3.

Using the definition of the Poisson bracket with n = 3, we have

Koy, H) = IR O OR2 04
{ 2 } J; 3q]‘ apj apj 8(]]‘

0Ky, 0H 0K,0H 0Ky,0H 0Ky,0H 0Ky 0H 0Ky 0H

" Oq Op1 Op1 Bq1 | g2 Opa  Opy Dqa | Dgz Ops  Ops g

& <8K28ﬁ1 DI aﬁ)

= p1(p2p3) — ¢1(—q2g3) + (—p2)(p1p3) — (—q2)(—q1q3) +0 -0
= p1p2pP3 + 4142493 — P1P2P3 — 419293

=0.

The process for showing that {K3, H} = 0 and {K5, K3} = 0 is similar. The same procedure can
be followed for other configurations of the o,,. Moreover, it is straightforward to show that H, Ko,
and K33 are functionally independent. It follows that (2.20) is completely integrable in the Liouville

sense since it is a Hamiltonian system with three degrees of freedom and three constants of the

motion that are functionally independent and in involution.

Next, recall that z = (p, ¢) is a point in phase space and observe the following

s ~ ~
{z,ﬁ}zz (82 OH 92 8H>

=1
0z 0H 0z 0H L 02 OH 09z 0H L 02 0H 0z 0H
~ Oq1Op1 Op Oqi  Dq2Ops  Op2dqa  Oq3 Ops  Ops Ogs
_ Ozdq 0z dpy  O0zdqp | Oz dps Oz dgs Oz dps
" Oqudr ' Opydr | Oqydr ' Opy dr | Oqs dr ' Ops dr
_dz
=,

aq]' 8]9]' 8pj aq]'

where we used (2.37) to eliminate H from the equation. Consequently, a short-hand way of writing
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(2.20) in Hamiltonian form is

dz ~
E = {ZaH}’ (2.43)

where H is defined in (2.33), and the p and ¢ components of z are defined in (2.35).
It is possible to transform a Hamiltonian system into another Hamiltonian system using a
canonical transformation, a diffeomorphism that preserves the Hamiltonian structure of the system.

In particular, we can use such a transformation to write (2.43) in terms of a new set of coordinates

Z =(Q, P), where P = P(q,p) and Q = Q(q,p). In doing so, (2.43) becomes

dz
E = {ZaH}v

where H = H(Q, P) is the transformed Hamiltonian. In other words, we have

dQu _ oM . dPn __ OH

dr 0P, an dr __6Qm’

for m = 1,2,3. Furthermore, canonical transformations preserve the Poisson bracket so that we

have
{Pm7 Pn} =0, {Qma Qn} =0, and {va Pn} = Omn- (2~44)

Conversely, if a transformation @ = Q(q,p) and P = P(q,p) is found such that (2.44) holds, then
the transformation is canonical. We make use of canonical transformations in Section 3.1.
The system is said to be in “action-angle form” if H# only depends on P, H = H(P). In this
case, it follows that
dQm OH dP,

i op, wd =0

As a result, the variables P,, are invariant, and therefore must be functions of the constants of
the motion [32]. The functions P, for m = 1,2,3 are referred to as the action variables, while the
functions @, are called the angle variables.

Next, we return to the three-wave PDEs given in (2.5). A Hamiltonian set of PDEs is
completely integrable under the same conditions as the ODEs, but in an infinite dimensional phase

space. That is, a Hamiltonian system of PDEs is integrable if there is a canonical transformation



27

allowing the PDEs to be written in terms of an infinite set of action-angle variables. This theory
was first developed by Zakharov and Faddeev in 1971 for the Korteweg de Vries equation [45]. In
particular, they showed that solving the PDE using the inverse scattering transform (IST) amounts
to finding a canonical transformation to action-angle variables. Later, it was shown that the three-
wave equations (2.5) form an integrable Hamiltonian system [47].

As we discussed in the introduction, the full three-wave equations have been solved in various
configurations in the past. For instance, Zakharov and Manakov (1973, 1976) and Kaup (1976) used
IST to solve the three-wave equations in one spatial dimension on the real line. Similarly, solutions
in two or three spatial dimensions and time were worked out by Zakharov (1976), Kaup (1980),
and others. So far, little work has been done analytically on the problem with periodic boundary
conditions, although some numerical simulations of the problem make use of such conditions. We
hope to make some headway on this problem by constructing a near general solution of (2.5) that
is consistent with periodic boundary conditions. Indeed, our approach should give solutions that
are consistent with a wide variety of boundary conditions and any number of spatial dimensions

(see Chapter 5).

2.2.3 The explosive instability

Another key property of the three-wave equations is that, under certain conditions, any
nonzero solutions to (2.5) and (2.20) can blow up in finite time. We refer to this phenomenon as
the explosive instability. In general, it signifies that the assumptions underlying our model have
broken down. Moreover, the explosive instability indicates that the physical system has transitioned
from one state (in which the model’s underlying assumptions are valid) to another (in which they
are not) [38].

As usual, we first consider the three-wave ODEs. If 01, 09, and o3 are not all equal, then the
equations for the constants of the motion in (2.30)-(2.31) imply that |a,,|? is bounded for all T for
m = 1,2,3. It follows that 01 = 09 = 03 is a necessary condition for solutions to blow up in finite

time. In particular, one can show that if o1 = 09 = o3, then a,,(7) blows up in finite time as long
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as at least two of {a1(0),a2(0),a3(0)} are nonzero [11]. The proof that this condition is sufficient
for blow up can be found in detail in [38].
Consider the motivating example in which a;(7) is approximately constant, and as(7) and

a3(7) are much less than a;(7). The three-wave ODEs in (2.20) become

da1 dCLQ dag
e 0, = ogajaz, and = o3aia.
T T T

Differentiating the evolution equation for as(7) using the assumption that a1(7) is constant yields

d?ay ot day
22 _ 5y
dr? Var

2
= 0903 |a1|” as,

where we used the Conjugate equation Cf;;_g = 03a109 in the last equahty. Slmllarly, we obtain
d2a3 | |2
—F = 09203 |a as.
2 203 |a1]” ag

Now suppose that oy = o3, so that oq03 = 1. It follows that as(7) and as(7) behave
exponentially, with growth terms el and decay terms e~laalm, Conversely, suppose that oo = —o3,
so that o903 = —1. In this case, as(7) and as(7) behave periodically with frequency |a;].

This behavior is known as the explosive instability. A problem in plasma physics led to the
discovery that the same type of behavior is also observed when spatial dependence is reintroduced
[11], although the conditions required for blow-up are slightly more complicated, and have only

been worked out in certain cases [26].



Chapter 3

The Weierstrass Solution of the Three-Wave ODEs

Solutions of the three-wave ODEs have been well known for many decades in terms of elliptic
functions [5,8]. In this chapter, we derive the general solution of the three-wave ODEs in terms
of Weierstrass elliptic functions. We then analyze the behavior of solutions, and describe how the

explosive and nonexplosive cases can be contained within the same Weierstrass function.

3.1 The Hamiltonian system

In order to construct the general solution of the three wave ODEs in (2.20) using elliptic
functions, we first convert our existing Hamiltonian system into an equivalent Hamiltonian system

that has only one degree of freedom.

3.1.1 Change of variables

Recall that the three-wave ODEs in (2.20) constitute a Hamiltonian system with three degrees

of freedom, as detailed in Section 2.2.1. In particular, we have

dg OH

i~ op (¢,p), (3.1a)
dp oH

7 94 (¢, p), (3.1b)

where H is given in (2.26), and p = (p1,p2,p3) and q = (q1, 2, ¢3) are defined via

Pm = and g, = (3.2)
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To transform our Hamiltonian system into an equivalent system with one degree of freedom,

we begin by breaking a,,(7) into its magnitude and phase components as follows
A (7) = |am ()| €9 for m = 1,2, 3,

where ¢,,(7) is a real function of 7 for m = 1,2, 3. Next, we define new variables P = (Py, P», Ps3)

and Q = (Q17Q27 Q3) via

P = 0 |am|* (3.3a)

Qm = 1¥om. (3.3b)

We use (3.2) to write P and @ in terms of p and ¢ as follows

Py = 0mPmam, (343‘)
Om Pm
m=—1 — . 4
Q=% rog (22 (3.4b)

Then it is straightforward to see that

{Pn(q,p), Pu(q,p)} = {Qm(q,p), Qn(q,p)} =0,

for all m,n = 1,2,3, where the Poisson bracket is defined in (2.25). Furthermore, if m # n, then

{Pn(q,p),Qnlg,p)} = 0.

Finally, observe that

3
0Py, 0Q, 0Py, 3Qn>
Pm ) sy wwm\Y» = -
{Pn(q,0): Qm(g,p)} 2 < B¢; Op;  Op; Ouy
9P Q. 9P Q.
N 0qm Opm Opm Oqm

= (ompm) (UW L/ am ) — (Omam) <"m .Wm)

2 pm/Qm 7 pm/Qm

_l’_

N | =
N

=1.
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To summarize, we have

{Pm7 Pn} = O’ {Qma Qn} = 07 and {Qma Pn} = 6mnu

which we recall from (2.44) means that our transformation P = P(q, p) and @ = Q(q, p) is canonical.

As a result, we know that the three-wave ODEs under this transformation retain their Hamiltonian

structure.

3.1.2 Transformed Hamiltonian system

Recall from (2.26) and (2.34) that the Hamiltonian for the three-wave ODEs is given by

H = —iH = ajagas — ajaas

= 2i|ajagas| sin P, (3.5)

where H is real and ®(7) = ¢1(7) + p2(7) + ¢3(7). Next, from the definition of P,, and @Q,, in
(3.3), we have that

lam| = VomPrm and  @n = —iQm,
where we note that sign(P,,) = o, so the quantity under the square root is real and positive. It

follows from (3.5) that

H = —iH = 2i\/oP,PyPs sin (-i@)
= 24/0 P, P,P; sinh Q, (3.6)
where o = 010903, Q = Q1 + Q2 + Q3, and we used the fact that siniz = isinhz.

Next, we differentiate the equation for H above with respect to Py, and Q,, to find

oH

50, = 2v/o P, PyPs cosh Q, (3.7)
and
0H oP P~
op, = NEINA sinh Q
— o T G 6, (3.8)
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where (k,¢,m) = (1,2,3) are defined cyclically as usual.
Finally, we can differentiate (3.3), using the definitions of p and ¢ in (3.2) and the three-wave

ODEs in (2.20), to find

P pntn)
dr = dr OmPm4m
dpm dpm
= O'mLQm + O-QOL

dr dr

= ajazas + ajasaz

= 2|ajazas| cosh Q

= 2y/0 P, P,P; cosh Q. (3.9)
Additionally, we have
AQm _ i Im lo Pm
dr  dr | 2 & Qm
d rom
=— |5 m — | m :|
I [ 5 (08P —10g gm)
_Om | Ldpm 1 dim
2 |pm dr Gm dT
= —0m ara inh Q
Am,
PP, ~
= gy | R sinh Q. (3.10)
P,
From (3.7)-(3.10), we can see that g—g = 42 and g—g = —%. If we define # = —H, then we
obtain a Hamiltonian system of the form (3.1),
dQ OH dP OH
P YT d = = _=Z= 11
dar _op % o T T aq (3.11)
where
H =iH = —2\/0 P, P,Ps sinh Q. (3.12)
3.1.3 Reduction to a second-order system

Next, we want to solve the system defined in (3.9)-(3.12). To do so, we convert our sixth-

order system of ODEs to a second-order system of ODEs. That is, we convert the Hamiltonian
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system with three degrees of freedom in (3.9)-(3.12) to a Hamiltonian system with only one degree

of freedom. In order to do this, we define new variables in terms of P and @ as follows

p(r)=Pr=o1|ai(r)]? and (1) = p1(7) + 0a(7) + p3(r) = —~iQ(7), (3.13)

where Q = Q1 + Q2 + Q3 as before, and the definition of ®(7) was previously used in (3.5).
Recall from (3.3a) that P, = oy,]am|?. Tt follows that the conservation equations in (2.30)-
(2.31) become

p—P2:K2 and p—PgIKg,

where we used p = P;. Finally, solving for P, and Pj5 in terms of p and using the definition of ® in

(3.13) allows us to transform (3.12) into

H=iH = —2/op(p — K3) sinhi®

= —2i\/op(p — K3) sin ®.

Dropping the i, we have the following definition of H,

= —2/op(p — K3) sin ®. (3.14)

Note that H only depends on p and ®.
Our Hamiltonian system with one degree of freedom is found by differentiating (3.14) with

respect to p and ®. First, we have

a—H =—2/op(p — K3) cos ®. (3.15)

Differentiation of (3.14) with respect to p is slightly more complicated because we must keep track
of signs when we differentiate the square root. Recall once more that due to (3.3a), we have
sign (P,,) = o, assuming P, is nonzero. It follows that sign (p) = o1, sign(p — K3) = o092, and

sign (p — K3) = o3; alternatively, o1p > 0, o2(p — K2) > 0, and o3(p — K3) > 0. With this in mind,
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we have

0H 1
— [ (p— — K3)+op(p— Ks)+op(p )} sin @

__<Ul\/( K) —Ks) o, [oPle = Ks) K3 1/"’”’_ )smCI) (3.16)

Finally, to ensure that we have a Hamiltonian system, we must compute dp/dr and d®/dr.

First of all, from the equation for dP; /dr in (3.9), we have

£ =2op(p — K3) cos D, (3.17)

where we used the fact that cosh@ = coshi® = cos®. Summing the equations for dQ,, /dt in

(3.10) yields

dQ  .d® o(p — Kz)(p — K3) [op(p — K3) [op(p—K2)\ . ~
e E —<01\/ p + o2 7p—K2 + o3 710_1(3 )sth.

It follows that

e _ (p — Ks)(p — K3) ap(p — K3) Jop(p — K3) \
p (m\/ g + 02\/7—1—03 p—Kg) sin @, (3.18)

where we used sinh Q = sinhi® = i sin ®.

Equations (3.15)-(3.18) show that we have a Hamiltonian system with one degree of freedom,

where the Hamiltonian H is defined in (3.14). To summarize, we must solve the system

H = —2\/op(p— K2)(p — K3) sin®, (3.19a)

Zﬁ ——— =2/op(p — K3) cos @, (3.19b)
-

e ajf _ o(p — Ka)(p — Ks) op(p — K3) op(p— K2) \ .
oy — ((71\/ p + o9 P + o3 Py sin ®. (3.19c¢)

Note that the unknowns are p(7) and ®(7), while Ko, K3, and H are assumed to be known;

for instance, these constants can be determined using initial data for a,,(7), m = 1,2,3, through

equations (2.30)-(2.31) and (3.5).)
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3.2 Phase plane analysis

Before we solve (3.19), we first investigate the behavior of the system using a phase plane
analysis. First of all, consider the explosive regime, in which o1 = o2 = 03. Without loss of
generality, assume that o, = 1 for m = 1,2, 3. If instead o,,, = —1, then we can replace Ko — — K>
and K3 — — K3 in what follows.

With o, = 1, m = 1,2, 3, the conservation laws (2.30)-(2.31) can be rearranged slightly to

give

|az]® = p — Ko, (3.20)

las* = p— K3, (3.21)

where we used the fact that p = o1]a;|?>. When o1 = 1, by definition p is nonnegative. Additionally,
it follows from (3.20)-(3.21) that p > K5 and p > K3, respectively. As a result, we know that p lies
in the unbounded domain,

p > max { Ky, K3,0}, (3.22)

where we use strict inequality since (3.19¢) prohibits p = 0, p = Ka, and p = K3. Note that the
restriction p # {0, K2, K3} is a result of the change of variables (3.4b), which forces |a,(7)| to be
nonzero for m = 1,2,3. This is not true of the original three-wave ODEs in (2.20). That is, while
p cannot take on the values {0, Ko, K3} in the system (3.19), the original system (2.20) does allow
|am (7)| to take on these values, as long as (2.30)-(2.31) still hold. There are no restrictions on the
values of ® in (3.19).

Figure 3.1 depicts the phase plane for (3.19) with o1 = 09 = o3. First of all, the figure
is created using Ko = 2 and K3 = 3, so our domain is restricted to p > 3 in accordance with
(3.22). It is evident that when ® = nm, d®/dr = 0, which is consistent with (3.19¢). Moreover,
when ® = (2n + 1)7/2, we see that dp/dr = 0, which is consistent with (3.19b). For large values
of p (and if ® # (2n + 1)m/2), the magnitude of dp/dr grows, which is indicative of unbounded

solutions. This is confirmed in Section 3.6.
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Next, we investigate the behavior of the system (3.19) in the nonexplosive regime, when
01,09, and o3 are not all equal. Without loss of generality, assume that o1 = —09 = —03 = 1.
Other configurations of 1,02, and o3 can be dealt with by changing the signs of Ky and K3 in

what follows, or by a renumbering of the modes.

With 07 = —o9 = —03 = 1, the conservation laws (2.30)-(2.31) become, after rearranging,
laz]? = Ka — p, (3.23)
las|? = K3 — p. (3.24)

It follows that p < K5 and p < Kj3. Moreover, we know that p is nonnegative since o1 = 1. As a

result, we have that p is bounded by
0 < p < min {KQ, Kg}, (325)

where again, we use strict inequality due to (3.19c). Note that (3.25) implies that Ky > 0 and
K3 > 0 for this configuration of o1, 09, and 3. If we consider another configuration of the o,,’s,
say, 01 = —oy = o3 = 1, then we find that our domain is restricted to max {0, K3} < p < Kp,
where K5 is necessarily nonnegative and K3 < K». In fact, for any configuration of o1, g9, and o3
such that the three numbers are not equal, we find that p is bounded.

Figure 3.2 depicts the phase plane for (3.19) with 01 = —09 = —o3 = 1. As with Figure
3.1, the phase plot in Figure 3.2 is created with Ko = 2 and K3 = 3, so in this case we restrict
our domain to 0 < p < 2, to be consistent with (3.25). As in the explosive case, we still have that
d®/dr = 0 when ® = n7, and dp/dr = 0 when ® = (2n + 1)7/2. It is also clear from Figure 3.2
that the system (3.19) admits bounded, periodic solutions.

An alternative way of viewing the problem is to consider a plot of (dp/dr)? vs. p for a fixed
®. In particular, let ® = 2nw. Then (3.19b) gives

dp

2
<dT> =dop(p — K2)(p — K3), (3.26)

where we recall that ¢ = o10903. In both the explosive case with o1 = 09 = 03 = 1, and the

nonexplosive case with o1 = —09 = —03 = 1, we have that o = 1. Figure 3.3 shows a plot of (3.26)
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with 0 = 1, Ko = 2, and K3 = 3. From the plot, we see that the ODE admits both bounded and
unbounded solutions. The unbounded solutions are represented on the plot by the thick black line,
where p > max {0, Ky, K3}. The bounded solutions are represented by the dashed red line, where

p is restricted to 0 < p < min { Ky, K3}.
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Figure 3.1: The phase plane of the system (3.19a)-(3.19¢) with o3 = 02 = 03 = 1. This is the explo-
sive regime, with Ko = 2 and K3 = 3. In this case, the domain is restricted to p > max {K>, K3,0}.

3.3 Solution in terms of elliptic functions (I)

In order to solve (3.19), and thus obtain a solution of the three-wave ODEs, we first convert
(3.19b)-(3.19¢) into a single second-order ODE. First of all, notice that we can rewrite (3.19b) using

the definition of H in (3.19a) as

dp
—=—-H . 3.27
I cot (3.27)
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Figure 3.2: The phase plane of the system (3.19a)-(3.19¢) with 0y = —09 = —o3 = 1. This is
the nonexplosive regime, with Ko = 2 and K3 = 3. In this case, the domain is restricted to
0 < p < min {Ks, K3}. Bounded periodic solutions are seen.

Next, differentiate the equation above to obtain

2
@p ——a—HcotCD—HgiT(cotCI))

dr? ~ o1
0Hdp OH dd ,  d®
= (=82 O+ Hesc? D
(8pd7'+8<13d7'>00t RSy
:HCSCQQ’d—q),
dr

where we used the fact that 0H/0p = d®/dr and 0H/0® = —dp/dr to eliminate the first term.

Now we substitute H and d®/dr from (3.19a) and (3.19¢) to find

2 o(p— — op(p — op(p —
ZTp =2/op(p — Ka2)(p — K3) (01\/ (o KQp)(p Ks) 024 —pp(p_ Kljg‘) T34/ _p;p_ KZ{Z)>

— 20| (p— Ka2)(p — Ka) + plp — Ks) + plp — K2)| . (3.28)
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Figure 3.3: A plot of (dp/dr)? vs. p as given in (3.26) with 0 = 1, Ky = 2 and K3 = 3. In
particular, notice that the explosive regime with o1 = 09 = 03 = 1 is represented by the domain
p > max {0, Ko, K3}, where (dp/dr)* grows without bound (the thick black curve). Conversely,
the nonexplosive regime with o1 = —o9 = —o3 = 1 is represented by the bounded domain 0 < p <
min { Ky, K3}, where (dp/dr)? is bounded (the dashed red curve).

Notice that (3.28) allows p = 0, p = Ko, and p = K3, even though the system (3.19) does not. This
is desirable since the original three-wave ODEs (2.20) allow |a,,(7)| to take on values including
{0, K9, K3}, as long as (2.30)-(2.31) still hold.

We solve (3.28) in the complex plane by transforming it into a differential equation whose

solutions are known. To that end, we make the change of variables suggested by [23, Ch. 14],
1
p(t) =ocW(r)+ g(Kg + K3). (3.29)

Under this transformation, (3.28) becomes

d*w
7 = 6W?2 —q, (3.30)
where ¢ is the constant defined by
2 0 2
1= 3 (K3 + K3 — KaK3) (3.31)

which we note is nonnegative.
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The general solution of (3.30) is known in terms of Weierstrass elliptic p-functions. In par-

ticular, we find that

W(r) = o(T — 103 92 = 24, g3), (3.32)

where p is known as the Weierstrass elliptic p-function, with parameter values go and g3 [17, 23.3],

and 79 is a complex valued constant. Using (3.29) to transform back to the p, we have

Ko+ K3

T (3.33)

p(1) = op(T — 70592 = 24, 93) +

where ¢ is given in (3.31), g3 is to be determined, and 7 is a complex-valued constant with some
restrictions, namely that the imaginary part of 79 must be chosen so that p(7) is real for real 7
(a more in depth discussion of Im (7p) is found in Section 3.6). We would like to verify (3.33) by
substituting directly into (3.28). First, however, we require some background on Weierstrass elliptic

functions.

3.4 Weierstrass elliptic functions

An elliptic function is a single-valued doubly periodic function of a single complex variable
which is analytic except at poles [3, p. 629]. We first introduce the concept of a lattice. In
particular, if A; and Ay are two nonzero real or complex numbers such that Im (Ay/A;) > 0, then
the set of points 2mA; +2nAs with m,n € Z constitutes a lattice A. We call 2\ and 2\, the lattice
generators.

The Weierstrass p-function is defined by

1 1 1
p(2) = p(z; M1, X2) = — + Z [2 - 2] , (3.34)
2= (z—N) A
eA\{0}
where
A={X: XA=2mA; + 2n)y with m,n € Z}. (3.35)

The function p(z) is doubly periodic with periods 2A; and 2\, (that is, A\; and A\ are the half-

periods of the function). It is an even function with double poles at the lattice points, all of which
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have residue zero. In particular, p(z) has a double pole at z = 0. Note further that p(z) — % is

22
analytic in a neighborhood of the origin and vanishes at the origin.
The elliptic invariants of a Weierstrass p-function are defined by
1
g2(A) = g2 (A1, X2) =60 > T (3.36)
AEA\{0}
1
g3(A) = g3(A1, Xo) =140 > R (3.37)
AeA\{0}

The function p(z) is often written p(z) = p(z; g2, 93), so that the elliptic invariants are specified
instead of the half-periods. In fact, for our purposes it is typically more useful to specify the
invariants, rather than the half-periods.

The numbers g2 (A) and g3(A) are invariants of the lattice A in the sense that if g;(A) = g;(A’)
for j = 2,3, then A = A’. Additionally, given any g> and g3 such that g3 — 27¢2 # 0, there exists a
lattice A with go = g2(A) and g3 = g3(A) as its invariants.

We define the discriminant of @(z; go, g3) as
A = g3 —27g3.

If go and g3 are real, then p(z;g2,g3) is real along the real axis. Moreover, if A < 0, then the
lattice of poles A has a rhombic structure. In this case, the half-period A; is real and positive,
while the half-period A satisfies Im (A2) > 0 and Re (\2) = A1/2 [17, §23.5]. On the other hand, if
A > 0, then the lattice of poles A has a rectangular structure. In this case, A\; and Ay/i are both
real and positive. Note that a square is considered a special case of the rectangular lattice in which
A1 = Ag/i. Finally, note that the special case A = 0 is a degenerate case for which the Weierstrass
function is not defined. This case is discussed in more detail in Section 5.4.

The Weierstrass p-function is related to its derivative via

[6/(2)]" = 46°(2) — g20(2) — gs. (3.38)

Moreover, ¢(z) is related to its second derivative ¢”(z) through [17, 23.3.12],

9" (2) = 6p°(2) — 5. (3.39)
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Notice that (3.39) is equivalent to (3.30) with ¢ = g2/2, which is how we obtained (3.32).

3.5 Solution in terms of elliptic functions (II)

Now return to the three-wave ODEs in (2.20), where a,,(7) = |am,(7)|e¥() for m = 1,2, 3.
Recall that we defined p(7) = o1 |ai(7)|* and ®(7) = ©1(7) + @2(7) + 3(7), and in Section 3.3, we

found that
Ko+ K3

T (3.40)

p(1) = op(T — 703 92,93) +

where

4
go = § (K22 + Kg — K2K3) . (3‘41)

We now know that o(7 — 79; g2, g3) is a Weierstrass elliptic function, with elliptic invariants g
and g¢3. Indeed, substituting p(7) from (3.40) into (3.28) and using (3.41) yields the differential
equation satisfied by p(z), (3.39). As a result, we know that (3.40)-(3.41) satisfy (3.28). It remains
to determine g3, as well as ®(7). Once we do this, we can then recover ai(7), az(7), and az(7).

In order to find g3, we use the differential equation (3.38). First, rearrange (3.40) to give

_M]

O(T — 703 92,93) =0 [P(T) 3

Additionally, differentiating yields

K‘JI(T — 705 92, 93) = U,OI(T),

where the primes denote derivatives with respect to 7. Next, substitute p and @’ into (3.38) to

obtain
_ Kt Ky

3 ]3—920 [P(T)—

(9] =10 |o(r) R

3
where we used the fact that 02 = 1. Expanding terms, substituting gs from (3.41), and simplifying

yields

[p’(r)]2 =do [p* — (K2 + K3) p* + K2K3p| + % (K3 — 2K3) (2Ks — K3) (Ko + K3) — g3. (3.42)
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Next, recall from (3.19b) that

do)\ 2
(dp> = dop(p — K)(p — K3) cos®> @
-
=40 [p?’ — (Ko + K3) p* + KgKgp] cos® ®.

Substituting into (3.42) and rearranging gives

) 4o
40 (cos® @ = 1) [ — (Ko + K3) p* + K> Ksp] = oo (Ko — 2Ks) (2Ks — K3) (K2 + K3) — gs.
(3.43)

Finally, observe from (3.19a) that
H? =40 [p* — (K + K3) p* + K2 K3p] sin® .

Since sin? ® = 1 — cos? @, (3.43) becomes

4o
—H? = > (K2 — 2K3) (2K3 — K3) (K2 + K3) — g3.
It follows that
4o
93 = o (Ky = 2K3) 2Kz — K3) (Ko + Ky) + H”.

To summarize, so far we have fully determined p(7), half of the solution of (3.19), as

p(1) = op(T — 705 92, 93) + % (3.44)
where
4 2
92=3 (K3 + K§ — K2 K3), (3.45)
93 = % (K — 2K3) (2K, — K3) (K + K3) + H”. (3.46)

It is important to notice that g and g3 are both real. As a result, we know from Section 3.4 that the
Weierstrass function ¢(7; g2, g3) is real-valued along the real-axis. It follows that o(7 — 70; g2, g3) is
also real along the real axis, as long as 7y is real. Indeed, we need p(7 — 79; g2, g3) to be real along the
real axis because p(7) must, by definition, be real-valued for real 7 (recall that p(7) = o1|a1(7)|?

when 7 is real). For certain values of go and g3, it is possible for 75 to be complex, yet for
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(T — 705 g2, g3) to remain real along the real axis. However, the choice of the imaginary part of 7
is not arbitrary, and we discuss this matter further in Section 3.6.
Our next step is to use (3.19¢) in order to recover ®(7), given that we now know p(7) is

described by (3.44)-(3.46). The ODE (3.19¢) can be separated as follows,

4o :_<U\/( K) _Ks) /o—p K3 /ap K2>
sin @ !

Integrating both sides we obtain

log<tan(§>+cz_/T:<Ul\/ a(p K) — K3) \/m \/ﬂ)

(3.47)

where 7; is a constant.

In general, to satisfy the initial condition, we require

C = —log (tan q;), (3.48)

where ®; = ®(7 = 7;). Then the general solution for @ is given by

®(7) = 2arctan {m( ) exp U flp ]} (3.49)
1) = —al\/ % ‘K2p>(p —55) "p’fp_}é@ — oy w (3.50)

with p(7) given in (3.40).

where

Finally, we want to recover the original functions a,,(7) for m = 1,2,3 and for real 7. It
is straightforward to recover the magnitude of each mode. First of all, since p(7) = oy]ay(7)[?, it

follows that
a1 (7)] = /o1p(T).

Note that sign (p) = o1 (unless p = 0), so the term under the square root is necessarily nonnegative.

Next, consider (2.30)-(2.31). Rearranging slightly yields

lam () = o (p— Kp), m=2,3.
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It follows that
laz(7)| = Voo (p— K2)  and  as(7)| = Vo3 (p — K3).

Again, notice that sign (p — K,,) = oy, for m = 2,3, so the quantities under the square roots are
nonnegative. Since p(7) is known, we can determine |a,,(7)| for m = 1,2,3. In particular, using

the definition of p(7) in (3.44), we have

jax(7)|? = o —UKJ(T — 7092, 93) + KQ—:;K‘%} : (3.51)
las(7)|? = o _U@(T — 70:92,93) + K3—32K2] ) (3.52)
las(7)[* = o3 -0@(7 — 70 92, g3) + K2_32K3] : (3.53)
More succinctly, we have

|am (7)* = om [o0(T — 703 92, 93) + Cim] (3.54)

where C), is a constant defined by
o) = % (3.55)
o=t (3.56)
Cy = @ (3.57)

We can take a square root of each side of (3.54) to obtain |a,,(7)| for m = 1,2, 3.
It remains to find the phases ¢, (7) for m = 1,2,3. Recall from (3.3b) that ip,, = Q.,, and

Qm (1) satisfies the ODE in (3.10),

dQm . o PPy
dr om P,

sinh Q, (3.58)

where (k,¢,m) = (1,2,3) cyclically, Q = Q1 + Q2 + Q3, and P, is defined in (3.3a) for m = 1,2, 3.
In particular, we have that P, = 0y,|am|?, or |am|* = 0mPm. Consequently, the square root term

in (3.58) can be written

\/\ak(T)\Q\ae(T)IQ _ lax(@)lac(7)|

Jam (7)|? |am(7)]
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Lastly, we can rewrite (3.58) in terms of ¢,, as follows

dom __ la(@)las(0)l
dr = Jan(n) |

where we used sinh Q = isin ®. Integration yields

[ a@la)] _
pulr) = = [ B i 9(0) b + (). (359)

where 7; is a constant, |am,(7)| is given via (3.54) for m = 1,2,3, and ®(7) is defined in (3.49).

Finally, recall the definition of H in (3.5)
H = —2|a1(1)az(1)az(7)|sin [®(1)].

As a result, we can rewrite (3.59) as

_ o [T a®lac(®)] H -
om(T) = m/T lam (1)) —2|ay(t)az(t)as(t)] A+ om(7i)
omH [T '
"2 L e T oo

Consequently, (3.54) and (3.60) define the general solution of the three-wave ODEs in (2.20)
with @, (1) = |am(7)| €¥m(7) for m = 1,2,3. We refer to this solution as the “Weierstrass solu-
tion.” Note that while we derived the solution of the three-wave ODEs in terms of Weierstrass
elliptic functions, we could have equivalently derived the general solution in terms of Jacobi elliptic

functions. Some discussion of Jacobi elliptic functions is found in Section 4.4.

3.6 Analysis of solutions

In sections 3.3-3.5, we found the solution of the three-wave ODEs in terms of Weierstrass
elliptic functions. We now investigate the behavior of these solutions.

An important aspect of our solution is that there are six free constants, since the three-wave
ODEs constitute six real-valued equations. There are several ways in which to choose these six
constants. One possibility is to prescribe initial data for a,,(7) at some value 7 = 7;. In other
words, we choose |a,(7;)| and @, (7;) for m = 1,2,3 (or equivalently, we prescribe P, (7 = 7;) and

Qm (T = 7;), with P,,, and @, defined in (3.3)). This amounts to six real constants.



47

Consider a specific example in which we prescribe initial data along 7 = 0. Let
a1(0) = 3¢5, ay(0) = 2¢'7, and a3(0) = e 7’5, (3.61)

We know from (3.5) that H = —6+v/2. Now we consider an explosive case and a nonexplosive case
for the initial data in (3.61). In particular, we analyze the behavior of the magnitudes of a,,(7),

and then we analyze the behavior of the phases.

3.6.1 The explosive case

Suppose 01 = 03 = 03 = 1. In this case, (2.30)-(2.31) and (3.61) tell us that Ky = 5 and
K3 = 8. Now that we have Ky, K3, and H, we can determine the elliptic invariants, go and g3, of
the Weierstrass function in (3.44) using (3.45)-(3.46). This determines how the poles of p(7) are

arranged in the complex 7-plane. In particular, we find that
A= g3 —27g2 >0,

so we know that in the complex 7-plane, poles occur on a rectangular lattice (this structure is
described in Section 3.4). Using Mathematica’s built-in functionality,! we find that the half-

periods of p(7) for the known values of g, and g3 are given by
A1~ 0.630 and A2~ 0.682:. (3.62)

It remains to determine the value of 7y in (3.44). Since p(0) is known (in fact, from (3.61), we have

p(0) =9), we can find 7y by inverting the following

Ko + K3

p(0) = op(—70;92,93) + 3

In our example, we find that

70 ~ 0.528. (3.63)

! WeierstrassHalfPeriods[{ gz, g3 }] Support Article, Wolfram Research, Inc.,
http://functions.wolfram.com/EllipticFunctions/WeierstrassHalfPeriods/introductions/
WeierstrassUtilities/05/, 1998-2015.
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It follows that the poles of p(7) occur at 79 &= 2n\1 £ 2pAa, n, p € Z. Most significantly, we observe
that 79 is real, which means that poles necessarily occur along the real axis, and hence p(7) blows
up in finite time for real 7. Note that since p(7) is doubly periodic, we could replace 79 with
70 £ 2pA9, p € Z, and obtain the same solution. In this case, 79 has nonzero imaginary part, but
the imaginary part is equal to a multiple of the function’s period in the imaginary direction. As a
result, p(7) still has poles along the real axis.

Figure 3.4 shows a contour plot of |p(7)| for complex 7, in which we see the periodic lattice
of the Weierstrass elliptic function. The shading on the plot is darker at low values and lighter at
high values, meaning the poles are at the center of the white spots in the plot. Notice that the poles
are separated by 2A; ~ 1.261 in the real direction and 29 & 1.364¢ in the imaginary direction, and

that poles lie along the real axis. In particular, there is a pole at 7 = 79, with 79 given in (3.63).

(@) 30

2
® ©® O

1
20
g e o e
10

® @ e

-1.0 -05 0.0 0.5 1.0 1.5 2.0
Re(1)

Figure 3.4: Contour plot of |p(7)] in the explosive regime, where p(7) is given in (3.44). We use
01 = 09 = 03 = 1 and the initial data in (3.61). This yields Ky = 5, K3 = 8, H = —6+/2, and
70 ~ 0.528. Notice that the poles occur along the real axis, which means solutions of the three-wave
ODEs exhibit the explosive instability for real 7.
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— la(@)P?

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 T

Figure 3.5: Plot of p(7) = o1|a1(7)|?, as well as |az(7)|? and |az(7)|? for real 7 in the in the explosive

regime, where p(7) is given in (3.44). We use 01 = 02 = 03 = 1 and the initial data in (3.61). This
yields Ko = 5, K3 = 8, H = —6+/2, and 79 ~ 0.528. Notice that solutions blow up in finite time,
and that the half-period in the real direction is A\ = 0.571.

Figure 3.5 shows the unbounded behavior of |a,,(7)|* for m = 1,2,3 and for 7 real. Since
p(t) = o1]ai(7)]> when 7 is real, the curve for |a;(7)|* in Figure 3.5 can be compared to the
behavior of |p(7)| along the real axis in Figure 3.4. The poles along the real axis in Figure 3.4
correspond to the locations of the blow-ups seen in Figure 3.5.

Next, we consider the behavior of ®(7) in the explosive case, and subsequently the behavior
of the phases ¢, (7) for m = 1,2, 3. First of all, when considering the behavior of ®(7), we restrict
our attention to real values of 7 that lie between two adjacent poles. Specifically, we restrict our
attention to values of 7 such that 7o — 2\ < 7 < 79, where A\; and 79 are given in (3.62)-(3.63). In
other words, we consider values of 7 between the adjacent poles that occur on either side of 7 = 0.
Now we can consider the limiting behavior of ®(7) as 7 — 75, or 7 — (19 — 2\1) ™.

Consider the solution for ®(7) in (3.49). In order to determine how ®(7) behaves as 7 — 7,

or 7 — (19 — 2X\1) ™, we must first investigate the behavior of

i exp | [ 000 ],

where 7 = 75 or 7 = (10 — 2\1) ™, and f(p(7)) is defined in (3.50). As T — 75 or 7 — (19 — 2A1) T,
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Figure 3.6: Plot of f(p(7)) in the explosive regime, where p(7) is given in (3.44) and f(p) is given

n (3.50). We use 01 = 02 = 03 = 1 and the initial data in (3.61). This yields Ky = 5, K3 = 8,
H = —6v/2, and 79 ~ 0.528. We plot f(p(7)) for 70 — 2\; < 7 < 79, with the upper and lower
bounds being the closest poles to 7 = 0 in p(7).

we know that p(7) — +oo (for 01 = 09 = 03 = 1). Then it is straightforward from the definition of
f(p) to see that f(p) — —occ as 7 — 75 or 7 — (10 — 2A1)*. In fact, f(p) is depicted in Figure 3.6,
and it is clear that f(p) — —oo when 7 — 79 or 7 — (79 — 2A1)™", with A\; and 7y given in (3.62)
and (3.63), respectively.

It follows that

and thus

s e[ 1] -

As a result, we know from (3.49) that
lim &(7) = 2arctan0 = 0.
T—=Ty

On the other hand, we have that

lim t))dt = — lim
—>(T0—2)\1)+/0\ f(p( )) T— T() 2)\1 / f

Consequently, we have that
lim ex ~+00.
—(T0—2X\1)T P |:/ f :|
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As a result, we know from (3.49) that

lim ®(7) = lim 2arctanu =2- T_n
T*)(T072)\1)+ u—+00 2

Figure 3.7 depicts the behavior of ®(7) when o1 = 09 = 03 = 1 for the initial condition in
(3.61). It is clear from the figure that ®(7) — 0 as 7 — 7, and ®(7) = 7w as 7 — (70 — 2\1)*

where \; and 7y are given in (3.62) and (3.63), respectively.

(7)

3.0f

0.5-

Z06 204 02 0.0 02 0.4 T

Figure 3.7: Plot of ®(7) in the explosive regime, where ®(7) is given in (3.49). We use 01 = 09 =
o3 = 1 and the initial data in (3.61). This yields Ky = 5, K3 = 8, H = —6+/2, and 79 ~ 0.528. We
plot ®(7) for 79 — 2\1 < 7 < 79, with the upper and lower bounds being the closest poles to 7 =0
in p(7). Notice that ® — 0 as 7 — 7, , while 7 — m as 7 — (10 — 2\1) "

Finally, we investigate the behavior of ¢, (7), m = 1,2,3, where ¢,,(7) is given in (3.60).
The behavior of ¢, (7) is best understood by looking at its leading order behavior. We show in the

next section that

om(T) = g /OT [(t —70)> = O (t — 70)* + O ((t = 70)°)] dt + o (0), (3.64)

where we set 7; = 0 in (3.60), and C,, is defined in (3.55)-(3.57). Integrating, we find that

om(r) = om(0) + 5 (7~ )+ 78] ~ T (7~ m)® 4 78] + O ((7 — 7)) + D,

where D is a constant that incorporates all the remaining terms that come from evaluating the

integral’s antiderivative at 7 = 0. As 7 — 7, every (7 — 79) term approaches zero, and we are left
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with

. H HC,
lm o, (7) = ©m(0) + —Tg — mng + D.

T=Ty 6

Substituting ¢, (0) and 79 from (3.61) and (3.63), respectively, we obtain

lim ¢1(7) = 0.99+ D, lim ¢2(7)~0.55+ D, and lim ¢3(7)~—-1.384+D.  (3.65)

Ty Ty Ty
Figure 3.8 depicts the behavior of ¢, (7) for m = 1,2,3 on 79 —2X\; < 7 < 79. We can see that
while (3.65) is not exact (since D is unknown), it does give a good approximation of the behavior
of the phases as T approaches 7y, as long as D is small.
In order to determine the behavior of ¢,,(7) when 7 approaches 19 — 21, we follow the same
procedure, but we expand about 79 — 2); instead of 7y in (3.64). In this case, we find that ¢, (7)
increases away from ,,(0) as 7 — (19 — 2A1)", and again approaches a constant. We omit the

details, but the behavior is seen in Figure 3.8.

15
o
Z06 Z0.4 ~02%, 02 0.4 T 21
L (1)
Nos o @3(7)
Tl
B R
-20

Figure 3.8: Plot of ¢, (7) for m = 1,2, 3 in the nonexplosive regime, where ¢, (7) is given in (3.60).
We use 01 = 03 = 03 = 1 and the initial data in (3.61). This yields Ky = 5, K3 = 8, H = —6+/2,
and 19 ~ 0.528.

3.6.2 The nonexplosive case

Suppose 01 = —0y = —o3 = 1. This time (2.30)-(2.31) and (3.61) tell us that Ko = 13 and

K3 =10. Then we determine the elliptic invariants, go and g3, of the Weierstrass function in (3.44)
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using (3.45)-(3.46). In this case, we find that
A= g3 —27g3 >0,

so we know that in the complex 7-plane, poles occur on a rectangular lattice. We find that the

half-periods of p(7) are given by
A~ 0571 and g & 0.470i. (3.66)

As in the explosive case, it remains to determine the value of 7y in (3.44), which we determine by

applying the initial condition. In our example, we find that
70 ~ —0.460 + 0.4703. (3.67)

Again, the poles of p(7) occur at 79 £ 2n\; &+ 2pAg, n,p € Z. Most significantly, we observe
that 7y has a nonzero imaginary part. If the nonzero imaginary part is equal to a whole period in
the imaginary direction (that is, if Im (79) = 2nXa, n € Z), then the poles of p(7) lie along the real
axis, since the Weierstrass elliptic function naturally has poles along the real axis. This was the
true of the explosive case we considered previously. In this nonexplosive case, however, we have
that Im (79) = A2. As a result, the poles of the Weierstrass function are shifted away from the
real axis by one half period in the imaginary direction. Consequently, p(7) has no poles along the
real axis. More importantly, since p(7) is doubly periodic with a rectangular lattice, the poles are
aligned in such a way that for a given pole above the real axis, there is another pole below and
equidistant from the real axis. Because the poles above the real axis align with the poles below the
real axis in this way, p(7) remains real-valued and bounded along the real axis.

Figure 3.9 shows a contour plot of |p(7)| for complex 7, in which we see the rectangular
periodic lattice of the Weierstrass elliptic function. As with Figure 3.4, the shading on the plot is
darker at low values and lighter at high values, meaning the poles are at the center of the white
spots in the plot. Notice that the poles are separated by 2A; ~ 1.142 in the real direction and

2X9 &= —0.941: in the imaginary direction, and that poles do not lie along the real axis. Instead, the
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Figure 3.9: Contour plot of |p(7)| in the nonexplosive regime, where p(7) is given in (3.44). We
use 0] = —0y = —o03 = 1 and the initial data in (3.61). This yields Ko = 13, K3 = 10, H = —6v/2,
and 79 & —0.460 + 0.470¢. Notice that the poles occur off the real axis, which means solutions of
the three-wave ODES are bounded for real 7.

poles above the real axis are reflected across the real axis. In particular, there is a pole at 7 = 79,
with 79 given in (3.67).

Figure 3.10 shows the bounded periodic behavior of |a,,()|* for m = 1,2,3 and for 7 real.
Since p(7) = o1 |a1(7)|* when 7 is real, the curve for |ai(7)|? in Figure 3.10 can be compared to
the behavior of |p(7)| along the real axis in Figure 3.9.

Next we consider the behavior of ®(7) for real 7 in the nonexplosive case. There is no need
to restrict our attention to a specific domain of 7, since there are no poles along the real axis. First,
consider the behavior of f(p(7)) as defined in (3.50). f(p(7)) is bounded and periodic with period
2A1, and minimum values at 7 = Re (79) £ 2nA\1, n € Z. Additionally, f(p(7)) has zero mean over
a period. As a result, it follows from the definition of ®(7) in (3.49) that ®(7) is bounded and

periodic as well.
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Figure 3.10: Plot of p(7) = o1]a1(7)|?, as well as |aa(7)|? and |az(7)|? for real 7 in the nonexplosive

regime, where p(7) is given in (3.44). We use 01 = —03 = —o3 = 1 and the initial data in (3.61).
This yields Ky = 13, K3 = 10, H = —6+/2, and 79 ~ —0.460 + 0.470i. Notice that solutions are
bounded and periodic along the real 7-axis.

Figure 3.11 depicts f(p(7)) when 01 = —o9 = —o3 = 1 for the initial condition in (3.61).
Figure 3.12 depicts the behavior of ®(7) under the same conditions. It is clear from the figures

that both f(p(7)) and ®(7) are bounded and periodic.

f(p(1))
10,

=30+

Figure 3.11: Plot of f(p(7)) in the nonexplosive regime, where p(7) is given in (3.44) and f(p)
is given in (3.50). We use 01 = —o2 = —o3 = 1 and the initial data in (3.61). This yields
Ky =13,K3 =10, H = —6+/2, and 19 ~ —0.460 + 0.4703.

Finally, Figure 3.13 depicts the behavior of ¢,,(7) for m = 1,2,3. Recall the solution for
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Figure 3.12: Plot of ®(7) in the nonexplosive regime, where ®(7) is given in (3.49). We use
01 = —09 = —03 = 1 and the initial data in (3.61). This yields Ky = 13, K3 = 10, H = —6+/2, and
70 ~ —0.460 4 0.470i. Notice the bounded periodic behavior of ®(7).

©m/(7) in (3.60). We see in Figure 3.10 that |a,,(7)| is bounded, periodic, and positive for m = 1,2, 3.
As a result, the integrand in (3.60) is also bounded, periodic, and positive. The integral in (3.60)
amounts to adding up the area under the curve of 1/|a,,(7)>. Consequently, for each m, ., (7)
has a mean value that is either monotonically increasing or decreasing with 7, depending on o,,,

and ¢, (7) oscillates periodically about this uniformly changing mean.

6r

Figure 3.13: Plot of ¢,,(7) for m = 1,2,3 in the nonexplosive regime, where ¢,,(7) is given in
(3.60). We use 01 = —09 = —03 = 1 and the initial data in (3.61). This yields Ky = 13, K3 = 10,
H = —6v2, and 19 ~ —0.460 + 0.4704.
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We just investigated a particular explosive and nonexplosive case of the three-wave ODEs,
given the initial conditions in (3.61). At the beginning of this section, we explained that the
Weierstrass general solution of the three-wave ODEs outlined in (3.54) and (3.60) has six free
constants, since the three-wave ODEs constitute six real-valued equations. In our examples, we
assumed that the six free constants were specified using the initial data |a,,(7)| and ¢, (7) for
m = 1,2,3. This is just one possibility of how to choose the six constants.

An alternative choice is to pick the six constants to be Ko, K3, H, two of {1(7;), 02(73), p3(7:) },
and the real part of 79. First of all, the choice of Ko, K3, and H determines how the poles of p(7)
are arranged in the complex plane. From (3.44), we know that the locations of the poles of p(7)

are determined by
o(T — 710; 92, 93),

where gy and g3 are given in (3.45)-(3.46). In particular, go = go(K2, K3) and g3 = g3(K2, K3, H).
Recall from Section 3.4 that if go and g3 are real (which is always true for us since Ky, K3, and H
are real), then p(7;¢g2,93) is real for real 7. As a result, we know if 7( is real and arbitrary, then
(T —70; g2, g3) (and thus p(7)) is still real along the real axis. It remains to determine the allowed
values for the imaginary part of 7.

When g9 and g3 are real, we know that the poles of ©(7;g2,g3) occur in either a rhombic

periodic lattice or a rectangular periodic lattice. We define the discriminant of p(7 — 79; g2, g3) as
A = g5 —27g3. (3.68)

Then the poles occur in a rhombic lattice if A < 0, and in a rectangular lattice if A > 0. In
both of the examples we considered above, we found that A > 0. As a result, the poles of p(7)
occurred in a rectangular lattice, as seen in Figures 3.4 and 3.9. The key feature that distinguished
the explosive case from the nonexplosive case was the choice of the imaginary part of 7y5. Indeed,
Im (79) was responsible for determining whether the poles of p(7) occurred along the real axis (the
explosive case) or off the real axis (the nonexplosive case).

Recall that for a rectangular lattice, the half-periods A1 and Ao of the Weierstrass function
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are such that both A\; and \9/i are real and positive. When A > 0 there are two possibilities for

choosing the imaginary part of 7:

(1) The explosive case, 01 = 02 = 03: Im (79) = 2n|A2|, n € Z (the simplest example of which

is Im (79) = 0).
(2) The nonexplosive case, 01 = —09 = —0o3: Im (19) = (2n + 1)|A2|, n € Z.

These are the only possible choices of Im (1) that keep ©(7 — 70; g2, g3), and p(7), real along the
real axis. In the first case, the poles necessarily occur along the real axis. In the second case, the
poles are shifted off the real axis by exactly one half period in the imaginary direction. Since the
lattice is rectangular, the poles above the real axis are then reflected below the real axis, which
forces p(7 — 70; g2, g3) to be real along the real axis.

If the lattice associated with (7 — 70; g2, g3) is thombic (i.e. A < 0), then the half-period \;
is real and positive, while the half-period A2 satisfies Im (A2) > 0 and Re (A\2) = A;/2. In this case,
we are restricted to the explosive regime only. If 7y is real or 79 = 2nJq, then the poles occur along
the real axis, and p(7) is real along the real axis. However, if Im (79) # 2n\g, then p(7) is not real
along the real axis, which violates the definition p(7) = o1 |a1(7)|*>. Thus we cannot move the poles
away from the real axis in such a way that (7 — 70; g2, g3) is both bounded and real for real 7.

In summary, we have the following breakdown:
(1) The explosive case, 01 = 09 = 03:

(a) Rectangular lattice, A > 0: Im (79) = 2n|Aq|

(b) Rhombic lattice, A < 0: Im (79) = 2n|Ag|
(2) The nonexplosive case, 01 = —09 = —03:

(a) Rectangular lattice, A > 0: Im (79) = (2n + 1)|A2|

(b) No possibility of a rhombic lattice.
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Once Ko, K3, H, and 79 have been chosen, we see from (3.54) that |a,,(7)| is determined
for m = 1,2,3. Moreover, from (3.19a), sin ® is determined. In particular, ®(7;) is determined
(to within a multiple of 2nm). Since ®(7;) = w1(7i) + p2(7i) + @3(7), it follows that we can only
choose two of {¢1(7;), p2(7i), v3(7i)} independently. Then the solution of the three-wave ODEs is
fully determined.

There are other ways to choose the six free constants in the general Weierstrass solution, but

from now on, we work in the context of the six free real-valued constants

{K2, K3, H,Re (10), p1(7:), p2(7i) } - (3.69)



Chapter 4

The Laurent Series Solution of the Three-Wave ODEs

In Chapter 3, we determined the general solution of the three-wave ODEs (2.20) in terms
of Weierstrass elliptic functions. This solution is useful to us for many reasons throughout this
thesis, as we see in the next two chapters. In this chapter, we derive the general solution of the
three-wave ODEs in the explosive regime using an alternative method in order to motivate the
method of solution for the three-wave PDEs in Chapter 5. In particular, we build a convergent
Laurent series solution of the three-wave ODEs. We show that the Laurent series solution derived
in this chapter is equivalent to the Weierstrass solution of the previous chapter, and discuss where
the two solutions are known to converge. Finally, we end the chapter with a discussion of how our

Laurent series solution can be extended to the nonexplosive regime.

4.1 The Painlevé conjecture

In this section we give some motivation for our construction of the general solution of the
three-wave ODEs in terms of a Laurent series. We begin with some definitions and some history.
First, a critical point is understood to be any singularity of a solution of an ODE that is not a
pole of any order (thus critical points include branch points and essential singularities). A movable
critical point is a critical point whose location depends on the constants of integration. At the
beginning of the twentieth century, Painlevé and others investigated second-order nonlinear ODEs
of the form

w” = F(w',w,z), (4.1)
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where F' is rational in w’ and w, and locally analytic in z [23, Ch.14]. They determined that there
are fifty canonical equations with the property of having no movable critical points. This property
is now known as the Painlevé property. More specifically, a system of ODEs of any order is said to
possess the Painlevé property if for every solution, every movable singularity is a pole [2, §3.7].

According to the Painlevé conjecture, proposed in 1978, a system of nonlinear PDEs is
solvable by an inverse scattering transform (i.e., is integrable) only if every nonlinear ODE obtained
from the PDE by an exact reduction has the Painlevé property, perhaps after a transformation of
variables [2, §3.7.b]. There is no systematic way to find all reductions of a PDE, so the test is not
definitive in determining which equations can be solved by IST. However, it is an effective tool for
finding PDEs that cannot be solved by IST.

The Painlevé conjecture suggests a connection between the integrability of a nonlinear PDE
and the Painlevé property. We propose to use a Painlevé-type singularity analysis in order to
construct the general solution of a particular system of integrable nonlinear PDEs, namely the
three-wave equations in (2.5). Indeed, the structure of the full three-wave equations (2.5) turns out
to be so strongly linked to the structure of the three-wave ODEs, it is not surprising to discover
that the Painlevé property, a property of ODEs, is useful in motivating the general solution of this
set of PDEs.

The strategy is as follows. We start by constructing the general solution of the three-wave
ODEs in (2.20) using a series solution. Since (2.20) is a six-dimensional system of equations, the
general solution is one which satisfies the ODEs and has six constants of integration. Once we
have the general solution of the ODEs, we use its structure in order to guess a solution form of the
three-wave PDEs in (2.5).

To be precise, in order to find the general solution of the three-wave ODEs in (2.20), we use

the following procedure:

(1) Find the dominant behavior of a,,(7) in (2.20). Since (2.5) is completely integrable, the

Painlevé conjecture dictates that the only allowable movable singularities are poles.
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(2) Carry on the expansion to higher order until all six of the constants of integration appear.

This is the beginning of the Laurent series of the general solution of (2.20).

(3) Finally, find all remaining coefficients in the expansion in terms of the free constants, and

show that the series has a nonzero radius of convergence.

Subsequently, we use the same basic approach to construct the general solution of the three-

wave PDEs in (2.5). This is outlined more thoroughly in Chapter 5.

4.2 Construction of the Laurent series solution

Recall that the three-wave PDEs are known to be integrable [47]. It follows from the Painlevé
conjecture in the previous section that every set of ODEs obtained from the three-wave PDEs by
an exact reduction has the Painlevé property. Since the three-wave ODEs can be obtained from
the PDEs in a number of ways (see Chapter 6), it follows that the three-wave ODEs must possess
the Painlevé property. That is, for every solution of the ODEs, every movable singularity is a pole.
Indeed, the only singularities of the Weierstrass general solution in the previous section are movable
poles.

Recall that the three-wave ODEs are given by

da * %
d;” = OmQagQy, (42)

where (k,¢,m) = (1,2,3) are defined cyclically. To derive our alternative general solution of the
three-wave ODEs, we first want to find the dominant behavior of a,,(7) near a movable singularity.
We assume that there is a movable singularity at 7 = 79, and that as 7 — 79,

Qo

am, (T) ~ ( (4.3)

T’
where «, is a complex constant for m = 1,2, 3, and p is the same positive number for m =1, 2, 3.
Additionally, assume that 7 and 7 are real, so that (7 —79)* = 7 — 7. Substituting (4.3) into (4.2),
we obtain

DO, aja;

N (7' — To)p+1 ~ Om

(4.4)



63

It follows that the only choice is p = 1. As a result, we know that a,,(7) behaves like a simple pole
at leading order near 7 = 7.
Next, we continue the expansion beyond leading order. If the singularity is a pole, then the

expansion has the form

() = - E — [+ B = 1) + (= 0)? + G = o) -] (4.5)

where aumn, B, Ym, and d,, are complex constants for m = 1,2, 3. Substituting (4.5) into (4.2) yields

1
(TT>2{_O‘m+'7m(7—70)2+25m(7'—7-0)3_|_...}
=70
(X * %k * % * % % A% . % - )
= ﬁ{akaz + (B + i BE) (1 —10) + (BEBs + ajryy + ajvp) (1 — 710)

(007 + Qi+ Bii + Bik) (T —mo) + - |
At lowest order, we find that
—a1 = 01503, —ag = ogajas and  — ag = o3a] ;. (4.6)

Assuming o, # 0 for m = 1,2, 3, this implies that

|am|* = oo,
where (k,¢,m) = (1,2,3) are defined cyclically as usual. This is only possible if o7 = 09 = 03,
which means we are restricted to the explosive domain. This is consistent with our assumption
that 79 is real, meaning that a pole lies along the real axis, and solutions blow up in finite time. For
the remainder of this chapter, assume that we are in the explosive regime unless otherwise stated.

In this case, we have

1| = |ag| = |az| = 1.

Consequently, we write

Oy, = ewm, m=1,2,3,

where 1, is real for m = 1,2, 3. If we define the sum of the phases to be ¥ = 11 + 19 + 13, then

each equation in (4.6) reduces to
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0 = 0, = 010203 for m = 1,2, 3. Consequently, (4.6) is satisfied as long as
U=y + o+ = (4.7)
2n+1)m, o=1.

For simplicity, we now rewrite (4.5) as

eitm

am(7) = [1 + B (T — 10) + Ym (T — 7'0)2 + O (T — 7'0)3 + - ] , (4.8)

T—1T0
where the constants B, Ym, and 6, differ from those in (4.5) by a factor of e,

We know by now that the three-wave ODEs constitute a sixth-order system, and its general
solution has six real constants of integration. In the Laurent series solution posed in (4.8), the
first of these constants is 79. Furthermore, two of {11, 9,13} are free constants, while the third is
determined by (4.7). Thus, we have determined three real free constants so far (79, 11, and 2).
We must carry out our expansion (4.8) until we obtain the remaining three constants of integration.

To that end, substituting (4.8) into (4.2) yields

2 {_1+7m(7__7—0)2+25m(7—_7_0)3+"'}

ge—{(Yr+ie) 2
- i{1 + (85 + BE) (T —7m0) + (BEBr + 75 + 1) (T — 0)

(1 —10)?
+ (8 + 8+ B + B0 (T =) - ],

where we used 0, = o, which holds if 01 = 09 = 3. Next, we multiply both sides by (7 — To)zei(w”w@)

and use ¢’ = —¢ to find that
— A (T = 70)% = 20 (T —T0)> + - -
= (B7 + B5) (1 = 70) + (BB + 97 +700) (T = 10)* + (6 + & + Bivi + Bii) (T —70)* + - .
At order (7 — 79), we must solve
0= 85+ i, (1.9)

and the conjugate equations. The solution is given by

B =pB2=pP3=0. (4.10)
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At order (7 — 79)? with £, = 0 for m = 1,2, 3, we have
~Ym = Vi + - (4.11)
If we write v, = U, + 10y, where u,, and v, are real constants for m = 1,2, 3, then we obtain
up +us+u3 =0 and v =vy =v3=0.

We conclude that

N +72+73=0 and Im(y,)=0. (4.12)

Finally, at order (7 — 79)% with 3,, = 0 for m = 1,2, 3, we have
—20,, = 0f, + 05, (4.13)
We write 6,, = sy, + it;m, where s, and t,, are real constants for m = 1,2, 3, and we obtain
s1=8,=583=0 and ¢t =ty =13.

We conclude that

01=0,=03=0 and Re(d,)=0. (4.14)

At this point, we rewrite (4.8) as

ithm
am(T) = Tei p [1+ (7 — 70)% +i6(7 — 70)° + -], (4.15)

where 7,, and § are both real real.
Next, recall that the three-wave ODEs admit the conserved quantities in (2.26) and (2.30)-

(2.31), restated below

H = —iH = ajaza3 — ajajas, (4.16)
Ky = o1 |ay(7)]? — og |as (7)), (4.17)

K3 = o1 |a1(7)]* — o3 as(1)]?, (4.18)
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where Ko, K3, and H are real. Substituting (4.15) into (4.16) yields

A4

—i = (76 70)° {1+(71+72+73)(T—To)2+3i5(7—70)3+“‘}
=70
o—iv ) . ;
—()3{1—{—(714—724—73)(7'—7'0) — 340 (1 — 70) —|—} (4.19)
T — 1T
Since e’ = e~ = —g, the equation reduces to

—iH = —3i06 — 3icd + O(t — 1),

which implies that

0=—-.
6

This holds exactly; we discuss in the following two sections that the Laurent series of a,,(7) con-
verges in some deleted neighborhood of the pole at 7y, and that the series for a,,(7) must equal
am(7) inside this region. Since a.,,(7) satisfies (4.16), it follows that the Laurent series of an,(7)
must also satisfy (4.16) exactly wherever the series converges. As a result, all nonconstant terms
on the right-hand side of (4.19) are zero.

Lastly, substituting (4.15) into (4.17) and (4.18) gives

KQ:(7__07170)2{1—1—271(7—70)2—1—---}—(7__07270)2{14-272(7—70)24----}
K3:@-ifilm)?{l—i_?ﬂ(T_Toy—’_”'}_@-ifigm)?{1+273(7_7-0)2+”'}'

In the explosive case, where o1 = 09 = g3, we obtain

Ky =20(n —72)+0(7 —n), and Kz=20(n1 —13)+O(r - ),

where 0 = 0,,, = 010203. Using the fact that v1 + 2 + v3 = 0 from (4.12), we determine that

g

M= g(K2 + K3), (4.20)
ag

Y2 = E(KS — 2f{2)7 (421)
g

V3 = E(Kz —2K3). (4.22)
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In summary, the first terms of the Laurent series solution of (4.2) for the explosive case are
given by

am(7) = | L+ Yn(r =102+ ——(r =102 +--- |, (4.23)

where the real constants 7,, are given in (4.20)-(4.22).

At this point, we have found all six of the free constants in the series, namely K5, K3, H, 79,
11, and 1. Each of these constants is real, although later we discuss the possibility of allowing 7y to
have a nonzero imaginary part, and thus extending our Laurent series solution to the nonexplosive
case. These constants are equivalent to the constants (3.69) that arise in the Weierstrass solution.
The series solution (4.23) is complete once we determine all remaining terms in the series.

We write the full series solution a,,(7) more succinctly as

“z)m

Z Amen, (4.24)

where £ = 7 — 79, and we observe that d/drT = d/d§. Moreover, a comparison with (4.23) tells us

that
o H
6n =1, 'in =Y gn = Ym, and Agl = ZJ6 ) (425)

for m = 1,2,3, and with -, defined in (4.20)-(4.22).
In order to determine A" for n > 4, we start as usual by substituting (4.24) into (4.2). The

left-hand side becomes

d m i"p'm
% - 652 (A7 + AP + 2A06% + BAPE +4ATE + -]

= o Y- nazen
n=0

Likewise, the product aja; on the right-hand side is given by

—i(yr+ie)
—i(r+1pe) . .
ST e

n=0 p=0
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We substitute the expansions of the right and left-hand sides into (4.2), multiply both sides
by &2, and use the fact that e’¥ = —o (where in the explosive case, ¢ = o, for m = 1,2,3). It

follows that at O(£"), we obtain
(n—1Ay ==Y AkaAlr
p=0

Note that if n = 0,1,2 or 3, then we obtain equations (4.6), (4.9), (4.11), and (4.13), respectively.

Now if we also use the fact that Afj* =1 for m = 1,2, 3, then we are left with
n—1
(n— A7 + A+ Alr = =" Ak Al (4.26)
p=1

We can use (4.26) to determine all remaining terms in the series (4.23). In particular, we can

write (4.26) as the following linear system

n—1 0 0 0 1 1 Al b
0 n—-1 0 1 0 1 A2 b2
0 0 n-1 1 1 0 A3 b
=1 ", (4.27)
0 1 1 n-1 0 0 Alx bLx
1 0 1 0 n—-1 0 A2 b2
1 1 0 0 0 n-—1 A b3+
where
n—1
bp=—) AbAlr (4.28)
p=1

The determinant of the matrix in (4.27) is given by
D =n*(n+1)(n—2)*n - 3).

Thus, the system has a unique solution if n # —1,0,2,3, which explains why we obtained free
constants for n = 0,2,3. We already know A" for n = 0,1,2,3 from (4.25), so we use (4.27) to
determine A7 for n > 4 and for m = 1,2, 3.

To summarize, we have determined that the general solution of the three-wave ODEs in the
explosive regime is given by

el

wm o
an(r) = — > Apen, (4.29)
n=0
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where £ = 7 — 7y and the series coefficients are given by

1oH
6n: ) 1=0, 5 = Tm, Agn: 6 (4.30)
where 7, is defined in (4.20)-(4.22), and
n—1
(n— VAT + A + Alf = =Y AP A n>A4 (4.31)
p=1

We refer to (4.29)-(4.31) as the formal Laurent series solution of the three-wave ODEs, where the
modifier “formal” is removed once convergence of the series is proven in Chapter 5. Note that the

solution contains six real free constants,

{K27K37H7¢17¢277—0}' (432)

These constants are equivalent to those in (3.69).

4.2.1 Equivalence of solutions

Since both the Laurent series solution in (4.29)-(4.31) and the Weierstrass solution in (3.54)
and (3.60) satisfy the three-wave ODEs (4.2), and each contains six free constants, it follows that
they both describe the general solution of the ODEs. A standard result in complex variables states
that a meromorphic function has a Laurent series in a deleted neighborhood of each of its poles. The
radius of convergence of the series is the distance between the pole at the center of the expansion,
and the nearest singularity. Moreover, within the radius of convergence of the series, the function
is defined by its Laurent series [1]. As a result, if we can show that the Laurent series solution in
(4.29)-(4.31) has a nonzero radius of convergence, then it follows that the Laurent series solution
equals the Weierstrass solution inside that region. We show that the Laurent series has a nonzero
radius of convergence in Section 4.3. For now, however, we give some motivation for why the two
general solutions are equivalent. To that end, we expand the Weierstrass solution about 7 = 7
and show that we obtain the first few terms of the Laurent series solution.

We require the Laurent series expansion of p(&; g2, 93), where £ = 7 — 79. From [17, §23.9],
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we have
0(&; 92, 93) ch§2n 2 (4.33)

where co = ¢g2/20, ¢35 = g3/28, and ¢, is determined by

Cp =

(2n+ Zc]cn —j, n=>4

We restrict our attention to the explosive case, so that 01 = 09 = 03 = 0 and 79 € R. It

follows from (3.54) that |a,,(7)|? can be expanded as

|am (7)]* = p(&; g2, g3) + 0Cm

1 o0
=S+ 2400y
n=2

1
:?[

where C), is defined in (3.55)-(3.57).

14+ 0CR& + et + 3 +ea® + -], (4.34)

In order to determine |a,,(7)|, we take a square root of the series above using the binomial

expansion, (14 2)/2 =1+ 5— % + ---. This yields

lam (Tl = Q[H_g <f§+ )5 <i (ﬁ@+§>?+m]. (4.35)
Next, we consider ¢,,(7) in (3.60). First, we need to expand 1/|a,,(7)|?>. From (4.34), we
obtain
W = ¢ [1 — Oz 4 (C2 — )€ + (2000 — 3 — ¢3)2° _|_} :

where we used (1+2) ' =1—2+ 22— 23+ .... Then from (3.60), we have

cH 1
om(T) = — | ————5 dt + om(n)
2 Ti ’am(7)|2

:U2H/T(t—7'o)2 [1_Cm(t_TO)Z‘i‘(Cfn—CQ)(t—TO)4+...] dt + o ()

3 5
- Cmgy On”

where F}, incorporates all the constant terms, namely

Com c2
gln—nl'=-3

—Cy

ocH |1
Fm:SOm(Ti)_[ 7

: (7 = 70) T +---

(1i — 7’0)5 +
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for m = 1,2, 3. Note that since F,, involves the free constants ¢;(7;) and @2(7;) for m = 1 and 2,
respectively, we can assume that F} and F5 are free constants, and F3 is determined.

Since @, (7) = |am (7)), we also need the expansion of €m(7). To that end, we write

. H
e0n(7) = exp (iF,,) exp (“’ [ £ - —55 —m 2T ])
Thensinceeiz:1+iz—§—%+~--,wehave
; 2
iom(r) _ giFm | 4 10H W0HCm 5 H” 6 A
e e [+6§ 10 13 72£+ . (4.36)

Finally, we put (4.35) and (4.36) together to obtain

(1) = lan(r)] )

_ 1 Cmea | WH3 CCh e
g G e ()]

Substituting from the definition of Cy, in (3.55)-(3.57) and the definition of g2 in (3.45), we find
that

am(7) = 6|Fm [1 +ym€” + %53 + ( 7;” ) &+ ] (4.37)

A quick comparison of (4.37) with (4.23) shows that the first three terms of the series agree if
we let F,, = 1, (this is allowed since both are free constants). Indeed, if we compute further terms
n (4.23) using (4.29)-(4.30), we find that the £* term also agrees. This is a convincing argument,
though not a proof, that the Laurent series solution and the Weierstrass solution are equivalent.

Next, we show that the Laurent series converges, and therefore it must equal the Weierstrass

solution within its radius of convergence.

4.3 Convergence of solutions

In this section, we briefly discuss where the general solution of the three-wave ODEs con-
verges. The computation is trivial for the ODEs, but we discuss it here since it becomes important
when determining where the general solution of the three-wave PDEs converges.

First, consider the Weierstrass solution described in (3.54) and (3.60). We know where the

Weierstrass solution converges because its behavior is well understood. In particular, we know that
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the radius of convergence of the Weierstrass solution is the smallest distance between any two poles.
Let A1 and A9 be the half-periods of (7 — 70; g2, g3), where g, and g3 are defined in (3.45)-(3.46).

Then from (3.54), the radius of convergence of |a,,(7)|? for m = 1,2,3 is given by
RODE = min {2|/\1’,2‘)\2|}. (438)

We showed in Section 4.2.1 that ¢?=(7) does not have any poles, thus a,,(7) converges whenever
|am (7)| converges. As a result, (4.38) defines the radius of convergence of the general solution of
the three-wave ODEs.

An alternative approach is to compute the radius of convergence using the Laurent series
solution. In this case, we simply apply the ratio test to determine where the solution converges.
That is, we can see from (4.29) that the series for a,,(7) converges when

lim
n—oo

Am n+1
‘”*15 <1,

Am gn

where £ = 7 — 7g. It follows that the radius of convergence of the Laurent series solution is given

by

m -1

as long as the limit exists. In this case, (4.38) and (4.39) produce the same number. Moreover,
we know a priori that the radius of convergence of the Laurent series is the distance between the
pole at the center of the expansion and the nearest singularity, so the radius must be equal to the
radius in (4.38), which is the smallest distance between any two poles. Since the Laurent series has
a nonzero radius of convergence, it equals the Weierstrass solution in the region where the series
converges. This is interesting because the Weierstrass solution incorporates both the explosive and
the nonexplosive cases, while the Laurent series solution was derived for solutions in the explosive
regime. This suggests that we can extend the Laurent series solution in (4.29)-(4.31) to allow for
bounded, periodic solutions. In particular, we can choose the imaginary part of 7y to be nonzero in
order to force the Laurent series solutions along the real axis to be bounded. The choice of Im (79),

however, must be chosen by looking at the discriminant of the corresponding Weierstrass solution,
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as outlined in Section 3.6. We discuss the restrictions of the nonexplosive case in more detail in

Section 4.4.

4.4 The nonexplosive case

Constructing the Laurent series general solution of the three-wave ODEs in the nonexplosive
regime poses some difficulties, which we touched upon in Section 4.2. Here, we go into more
detail. In particular, we construct some solutions of the three-wave ODEs in the nonexplosive case,
although our analysis is not rigorous.

Typically, we pose a series solution of the three-wave ODEs of the form (4.5),

() = - E — [+ BT = 70) + (7 = 70 4 G = 7o) - (4.40)

where ayn, Bm, Ym, and d,, are complex constants for m = 1,2, 3, and 7 is real. In the nonexplosive
regime, it is assumed that the imaginary part of 7y is nonzero, so that the pole lies off the real axis.

As a result, substituting (4.40) into the three-wave ODEs (4.2) yields

1
(7-7-)2{_am+7m(7_7'0>2+2(5m(7'—70)3+...}
=70
g * % Pk « . o . .
— ﬁ{azae + (af By 4+ aiBy) (r—70) + (BB + afvyi + i) (1 — 73)?
0

(k07 + b+ Bivi + Bik) (=3P + - ]
It is not possible to solve the equation order by order for the unknown coefficients because the
(T —70) terms on the left-hand side do not match the (7 — 7j) terms on the right-hand side. Note
that this problem does not exist in the explosive case, in which 79 is real and 75 = 79.

In order to motivate a series solution in the nonexplosive case, we consider the Jacobian elliptic
functions. Elliptic functions in general are described at the start of Section 3.4. In particular, Jacobi
elliptic functions have simple poles at lattice points, while Weierstrass elliptic functions have double
poles at lattice points. Jacobi elliptic functions are defined as inverses of the elliptic integral of the
first kind,

(4.41)

u =

¢ do
F(é, k) = - —
(9.%) /0 v/1—k2sin?0
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There are twelve Jacobi elliptic functions, but we deal primarily with the three defined via

sn(u;k) =sing, cn(u;k) =cosp, and dn(u;k)=4/1— k2sin?¢. (4.42)

[16, Ch. 6]. The parameter k is known as the elliptic modulus.

The functions in (4.42) satisfy the identities
sn?(usk)+en?(usk) =1 and  k%sn?(u; k) +dn?(uj k) = 1. (4.43)

The functions also satisfy the following coupled nonlinear ODEs,

Jpsnu = cnudnu, (4.44)
gocnu= —snudnu, (4.45)
idmu = —k%snucnu (4.46)
du B ' '

These ODEs look somewhat similar to the three-wave ODEs due to the nonlinear products on the

right-hand side. Indeed, define
S(us k) = ksn(u; k), C(usk)=ken(u;k), and D(u;k)=dn(u;k). (4.47)

Then (4.44)-(4.46) become

d%S(u) — C(u) D(u), (4.48)
%C(u) — _S(u) D(u), (4.49)
d%p(u) = —S(u) C(u). (4.50)

At this point, (4.48)-(4.50) look like the three-wave ODEs when 01 = —oy = —o3 = 1, but with
no conjugates on the right-hand side. However, if k € [0, 1], then the Jacobi elliptic functions are
real-valued along the real u-axis [17, §22.2]. That is, if & € [0, 1], then S(u) = S*(u), C(u) = C*(u),
and D(u) = D*(u) for real u. As a result, along the real u-axis, we have

d

2 5(u) = 0" () D*(w), (4.51)
%C(U) — 5" (u) D*(u), (4.52)
L D(u) = -8 (u) C*(u). (4.53)

du
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A comparison with the three-wave ODEs in (4.2) shows that that S(u), C(u), and D(u) satisfy
the three-wave equations for real u in the nonexplosive regime, where {01, 02, 03} are not all equal.

Moreover, the identities (4.43) in terms of S(u),C(u), and D(u) become
S%(u) + C%(u) = k* and S*(u) + D?*(u) = 1. (4.54)

Let 7 = v and define

S
—
—~
=
~—
Il
»n
—~
\]
-
S
[NV
—~
=
~—
Il

C(r), and ag(r)= D(71).

Then (4.51)-(4.53) constitute the three-wave ODEs for real 7 with 07 = —09 = —03 = 1. Fur-
thermore, with these values, the identities in (4.54) are equivalent to the Manley-Rowe relations in
(2.30)-(2.31) with Ko = k? and K3 = 1.

We have now found a family of solutions of the three-wave ODEs in the nonexplosive regime.
Next, we want to use the Laurent series expansions of S(u), C(u), and D(u) in order to predict
the form we should pick for a,,(7), m = 1,2,3, in the nonexplosive case. It is known that sn (u; k),
cn (u; k), and dn (u; k) have poles at u = iK' and v = 2K + iK', where K is the complete elliptic

integral of the first kind, defined using (4.41) as
K = K(k) = F(r/2,k)
[17, §22.4]. Furthermore, K’ is defined by
K'=K'(k) = K(K'), where k' =+/1— k2.

Note that K'(k) # dK/dk. Additionally, notice that other poles occur on a rectangular periodic
lattice outside of 4K’ and 2K + ¢K’. This is consistent with our findings in Section 3.6; in par-
ticular, we determined in Section 3.6 that the Weierstrass general solution of the three-wave ODEs
must possess a rectangular lattice of poles in order for the solution to apply to the nonexplosive
regime.

Suppose ug is one of the poles of sn (u; k), cn (u; k), and dn (u; k). For example, suppose that

ug = iK'. Tt is straightforward to determine the first few terms of the Laurent series of sn (u; k),
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cn (u; k), and dn (u; k) about u = ug by subsituting an expression of the form (4.5) into (4.44)-
(4.46) and solving the resulting equations order by order. Following this procedure, we find that

the beginning of the Laurent series of sn (u; k), cn (u; k), and dn (u; k) about u = ug are given by

r 2
on (us k) = é % ! * ey 5 61% (7—22k% + ThY) ¢* ot O(gﬂ , (4.55)
[ i 2k2 —1 j
en (ui k) = 5 _—% + Z( o Jery 362% (—7 — 8k + 8Kk*) ¢* + C’)(CG)} : (4.56)
dn (u; k) = i_ —i— W“Q Uk =2) 2 o % (-8 +8k* + Tk*) ¢* + O(CG)] , (4.57)

where ( = u — ugp. It follows from (4.47) that the series expansions for S(u; k), C(u; k), and D(u; k)

are given by

r 2
S(us k) = 2 141 + i ¢+ % (7 —22k* + 7K*) ¢t + 0(46)] , (4.58)
C(u; k) = 2 -—i + 2(2]“26_1) ¢+ 3@@ (-7 —8k* +8k") ¢* + O(CG)} , (4.59)
- s .
D(u; k) = 2 —i— Z("”6_2) ¢? - 320 (=8 + 8k + 7k") ¢* + (’)(C6)] (4.60)

We know that S(u), C(u), and D(u) satisfy (4.51)-(4.53) along the real axis by construction.
Consider, for example, the evolution equation for S(u) in (4.51). If we substitute (4.58)-(4.60) into

(4.51) and simplify, we obtain

/{72
a2 T ¢ 0
1 1+ k2 1
:<<*>2[ 4 () (T- 228+ 78 () O], (@6)

where (* = u—1ug. Observe that the right and left-hand sides are only equal term by term if ¢ = (*.
This is impossible, however, since Im (ug) # 0. Similarly, we know that S(u),C(u), and D(u) are
real along the real axis by construction, yet (4.58)-(4.60) show that the Laurent series expansions
of these functions are clearly not real along the real axis on a term by term basis. We need to
resolve this issue before we can proceed.

Recall that a function f(z) equals its Laurent series within the radius of convergence of the

series, except at the singularity itself. In the case of S(u), C(u), and D(u), it can be shown that the
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region of convergence of their Laurent series intersects the real axis for many k-values, although
this is beyond the scope of the thesis. Consequently, for at least some k& and some portion of
the real axis, the infinite series represented by (4.58)-(4.60) must be real-valued. Although the
series are not real term-by-term, it turns out that as the number of terms in the series approaches
infinity, the imaginary part of the series goes to zero. In particular, numerical evidence suggests
that the number of zeros of the imaginary part of the series increases approximately linearly with
the number of terms in the series, although we have not proved this result.

This motivates us to look for solutions of the three-wave ODEs in the nonexplosive regime
of the form

am(7) = VT (7), (4.62)

where

Tr(1) = - _1 o [am + B (T = 70) + Ym (T — TO)2 + m (T — TO)3 + - ] :

In particular, we assume that 7y is complex, and that T),(7) is a real-valued function for real 7.
First, suppose that Im (79) = K’ £ 2nK’, n € Z, so that 79 is a pole of sn (75 k), cn (75 k), and
dn (7; k), and that T1(7) = S(7), Ta(7) = C(7), and T3(7) = D(7). In this case, substituting into

the three-wave ODEs and using the fact that T, (1) = T,5 (1) for m = 1,2, 3 yields

_dT .
eitm d;—n — Ume—z(zpfrwz)TjTE7

where (7,4, m) = (1,2,3) cyclically. If 01 = —09 = —03 = 1, then the three-wave ODEs are satisfied
by am(7) in (4.62) as long as

Y1 + P2 + 3 = 2nm, (4.63)

where n is an integer. Recall that the Manley-Rowe constants are Ky = k? and K3 = 1 in this case,
where k is the elliptic modulus. Notice that with a,,(7) defined in (4.62), we are allowing a,,(7),
m = 1,2,3, to be complex-valued along the real axis due to the phase e®¥m. However, the series
portion of a,,(7) is still assumed to be real. Finally, note that we can add any real number to 79,

and a,,(7) will still satisfy the three-wave ODEs for m = 1,2, 3.
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To summarize, we have

am (1) = emem(T), (4.64)
where
Tolr) = ¢ 3 ARE™ (4.65)
n=0

& =71 — 10, and T),(7) is real (though any truncated version of T),(7) is not real). The first two

coefficients for each m are given by

1+ k?
Ay =-1 Ay = i
: i(2k% -1
A} =—i A} = — ),
(k% —2
A= —i A= 22 - ),
and the remaining coefficients are determined by
n—1
(2n — 1) A, + AGAE, + AGAL, = o Yy A5 AS, ) on >3, (4.66)
p=1

where 01 = —09 = —03 = 1. Note that the definition of H in (3.5) implies that H = 0 in this case.
Additionally, note that although the imaginary part of 79 is fixed at Im (79) = K’ +2nK’', n € Z,

we are still free to choose Re (79). This leaves us with four free real constants,

{k,¥1,12,Re (10)},

with 13 determined via (4.63). Equations (4.64)-(4.66) constitute a four parameter family of
solutions of the three-wave ODEs in the nonexplosive regime. It is not a fully general solution,
which would require six free constants, but it is close.

So far in this section, we have used the Jacobi elliptic functions to derive a family of solutions
of the three-wave ODEs in the nonexplosive regime. Alternatively, suppose we formally pose the
expansion in (4.62) with the assumption that 7y is complex-valued (but so far unknown). Again,
we assume that T,,,(7) is real-valued for real 7. Finally, without loss of generality, assume that we

are in the nonexplosive regime with 01 = —o9 = —o3 = 1. Substituting (4.62) into the three-wave
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ODEs and the Manley-Rowe relations yields the following,
am (1) = €Ty (1), where Ty, (1) = = om Z AT €2, (4.67)

In (4.67), we have that ¢ + ¥ + 13 =2nm, a1 =1, g = ag = —i, AJ' =1 for m = 1,2, 3, and

Ky + K. K3 — 2K Ky — 2K,
Ap=22ER gz BT IR g a3 22T SR (4.68)
6 6 6
The remaining coefficients in (4.67) are determined by the recursion
n—1

for n > 3. Again, note that the definition of H in (3.5) implies that H = 0 in this case.
The coefficients A5 are the same as (4.20)-(4.22). Additionally, the coefficients A5 in (4.67)
are the same as those in (5.24) in the case where H = 0 (see, for example, equations (5.146)-(5.147),

page 131). Furthermore, if we write «,, in exponential form for m = 1,2,3, then we can rewrite

(4.67) as
el(j—m/2) X2

a;(1) = ZA 52”

where j = 2,3. Then the sum of the phases becomes ¥; + 13 + 13 — m = (2n — 1)7, using the fact

that ¢ + ¥ + 13 = 2nm. This recovers (4.7), since 0 = 1 when 01 = —09 = —o3 = 1. It follows
that (4.67)-(4.69) are equivalent to the Laurent series expansion we derived in (4.29)-(4.31) when
H = 0. Moreover, if we set Ky = k? and K3 = 1, it is straightforward to show that we recover
Ti(r) = S(1), Ta(1) = C(7), and T3(7) = D(7), where the expansions for S(7),C(7), and D(r) are
given in (4.58)-(4.60), respectively.

Next, notice that when H = 0, the discriminant in (3.68) becomes
A = K3K3(Ky — K3)?. (4.70)

Recall from Section 3.6 that when A < 0, we are restricted to the nonexplosive regime, while when
A > 0, we can obtain both the explosive and the nonexplosive cases. When H = 0, it is clear from

(4.70) that the discriminant is nonnegative. As a result, as long as Ko, K3 # 0 and Ky # K3, we
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can always obtain a nonexplosive solution of the three-wave ODEs when H = 0. Note that it is
possible to have A > 0 when H # 0, but this case is not covered by (4.67)-(4.69).

Finally, we need to know whether Im (79) can be chosen arbitrarily. Unsurprisingly, it turns
out that Im (79) must be chosen carefully. In particular, given Ky and K3, the elliptic invariants go
and gz must be computed using (3.45)-(3.46). Then the half-periods A\; and A2 of the associated
Weierstrass function can be calculated. For the rectangular lattice generated by Ko and Kj, we

know that A; is real, while Ay is pure imaginary. Consequently, we must choose

Im(To): |>\2|j:2n|)\2|, n € 7.

We are then able to choose Re (79) freely.
To summarize again, we hypothesize that the Laurent series solution of the three-wave ODEs

defined in (4.29)-(4.31) applies to the nonexplosive case at least under the following conditions
(1) H=0

(2) Im (19) = |A2| £ 2n|A2|, n € Z, where Ay is the imaginary half period of the Weierstrass

function associated with a given choice of K9 and K3.

We also assume that 01 = —oy = —o3 = 1, although this restriction can be relaxed to allow for
any nonexplosive configuration of {o1,09,03}. Note that this nonexplosive solution constitutes a

five parameter family of solutions, with free constants

{KQa K3) 1/}17 ¢2) Re (7—0)}’

There are some small additional restrictions on Im (79) that have to do with the radius of conver-
gence of the series solution. Specifically, if Ko and K3 (and the value of Im (7p) that they generate)
are such that the radius of convergence of the solution does not include any part of the real axis,

then we are not guaranteed that the solution is real anywhere along the real axis.



Chapter 5

The Three-Wave PDEs

In the previous chapter, we showed how to construct the general solution of the three-wave
ODEs in terms of a Laurent series using Painlevé analysis. In this chapter, we extend the solution
techniques of the previous chapter in order to construct a near-general solution of the three-wave
PDEs. In particular, we construct the solution of the PDEs using a formal Laurent series in time.
We then make the solution rigorous under certain conditions by showing that the series is convergent

in some region of the complex 7-plane.

5.1 A near-general solution

Recall the three-wave PDEs in (2.5). For simplicity, we restrict our attention in what follows
to a single spatial dimension, although this restriction can be easily lifted. Our method of solution
does not change if we increase the number of spatial dimensions.

The three-wave PDEs in one spatial dimension are given below,

Oa da v %
or Ty = Tk (51)

where (k, ¢, m) = (1,2, 3) cyclically, a,, = am(x,T), ¢, is the group velocity corresponding to mode
am, and o, = £1 for m = 1,2,3. In order to construct the general solution of the three-wave
PDEs in (5.1), we take advantage of the structure of the general solution of the three-wave ODEs.
In particular, we attempt to construct a solution of the PDEs that is similar to (4.29)-(4.31), the
Laurent series general solution of the ODEs. To do so, we follow a procedure similar to that outlined

in Section 4.2.
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Recall that for the series solution of the ODEs, we looked for six real, free constants since
the ODEs constitute six real-valued equations. For the series solution of the PDEs, however, we
look for free functions of x, rather than constants. A fully general solution of the PDEs would
contain six such functions, but we find five free functions of x and one free constant. For this
reason, we refer to our solution of the three-wave PDEs as a “near-general” solution. In particular,
currently we do not allow the center of our expansion, the pole 7 = 7y, to depend on x. Whether
this constraint can be eliminated is an open question.

First of all, we assume that there is a simple pole at 7 = 19, with 79 € R, and that as 7 — 79,

am(T)
T—19

(2, T) ~

(5.2)

where a;, () is to be determined. The postulation above is analagous to (4.3). Substituting into

(5.1) yields, for real T,

e~ o

where the prime denotes a derivative with respect to x. Notice that the spatial derivative term is
less singular than the other terms in (5.3). As a result, the leading order behavior of the three-wave
PDEs is the same as the leading order behavior of the three-wave ODEs; this motivates us to use

the structure of the ODEs to build a solution of the PDEs. At leading order we have

an(z) _  aj@)aj()

(1 —10)? " (1 —70)% "’

which is equivalent to (4.4) with p = 1.
On the other hand, suppose we try to introduce spatial dependence into 7 by posing a

solution of the form

()

am(x,7) ~ 7__77_0(33)

for 7 near 79(z). Then substituting into (5.1) yields

oale) (i) anie))  oifeleite)

(r — () T—70(z) (1 - 1o(x))’ " (r = ro(x))®

We can see that part of the spatial derivative term is as singular as the temporal derivative term and

the nonlinear product on the right-hand side. In this case, the dominant behavior of the three-wave
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PDEs does not match the dominant behavior of the three-wave ODEs. This means it no longer
makes sense to use the structure of the three-wave ODEs in order to predict the solution of the
PDEs. For this reason, we assume the dominant behavior of solutions of the three-wave PDEs is
given by (5.2). In particular, we assume that 7 is independent of z, and accept the restriction that
the solution we derive is not fully general.

We now pose the following series solution of the three-wave PDEs, comparable to (4.5),

am (2, 7) = - _1 - [am(x) + B () (T — 70) + Ym () (T — 70)2 + O () (T — 70)3 + .- ] , (5.4)

where vy, (), Bm (), Ym(x), and 6,,(x) are complex-valued functions for m = 1,2, 3, and 7 is real.

Substituting (5.4) into (5.1) yields

(7_170)2{ — () + V(@) (T — 70)? + 20, (2) (T — 70)° + -+ }
+ (Tfimm)z{a;n(x)ﬁ —70) + B (@) (7 = 70)* + Y () (T — 70)° + - - }
_ (Tiimmp{aﬂx)aﬂx) + o (2) B8 (x) + o (2) 81 (z)] (T — 7o)

+ [Bi(2)8; (2) + e ()7 (2) + o (2)7k(2)] (T — 70)°
+ [ag6 (2) + o ()8 (2) + B ()i (2) + B (@) (2)] (1 = 10)° + - }

where we assume that 7 € R.

At lowest order, we find that
—om(z) = omog(z)ag (z), (5.5)

which is the same as (4.6) since the three-wave ODEs and PDEs have the same dominant behavior
at leading order. As a result, we know that (5.5) has a solution when o1 = 09 = 03, the explosive
regime. This is consistent with our assumption that 79 € R. In fact, for the remainder of this
chapter, assume that we are restricted to the explosive regime unless otherwise stated.

The solution to (5.5) is given by

Qm (:L‘) = e¥m () )
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where 1,,(x) is a real function of z for m = 1,2, 3, satisfying

2nm, o=-—1
U(z) = Y1(x) + Pa(z) + 3(x) = (5.6)

2n+1)m, o=1.
In particular, we observe that two of {11 (z), ¥2(x),1s(x)} are real, free functions of z, while the
third is determined by (5.6). It remains to find the last three free functions.
Next, for simplicity, we rewrite (5.4) as follows

am(z,7) = P [1 + B () (T — 70) + Ym () (T — 70)2 + O (2) (T — 7'0)3 + .- } , (5.7)

where B, (), vm(z), and d,,(x) are complex-valued functions of = that differ from those in (5.4)
by a factor of €¥m(®), When we substitute (5.7) into (5.1), we obtain
hm ()
{1 @) (7= )+ 20m(a) (7~ )+ )

(1 —10)
cmewm(m){m, (1 —70) + (i, B + BL) (T — 10)2 + (0], Y + 1) (T — 7 )3—|—~--}
(7. _7_0)2 m 0 m Pm m 0 m Tm 'm 0
o e—l(¢k($)+¢z(w)) " " " x " * 2

CIP {1 + 18 (@) + B ()] (1 = 70) + [Br(2) 57 (2) + 7 (2) + 7 ()] (T = 70)

_l’_

+ (07 (z) + 67 () + Bi(x)7i () + Bf () 7k (@)] (7 = 70)° + - - }

where the primes denote derivatives with respect to x, and we used the fact that we are now

in the explosive regime, so that o,, can be replaced with ¢. Finally, we multiply both sides by

(1 — 79)2e’Wr@)+e@) and use ¢™¥(*) = —¢ to find that

— Y () (1 = 70)% = 20, () (T — T0)* + - -
= em{#in (T = 70) + (W B+ Bin) (7 = 70)% + (W0 Yon + i) (7 = 70)* -+ |
= 57 (x) + Bi(2)] (r = 70) + [Bi() 5 (x) + 7 (&) + 7 ()] (7 = 70)?
+ (67 (x) + 6(2) + Bl (2) + B (@)7k (2)] (r = 10)* + -

At order (7 — 7p), we must solve

et (z) = Bi(@) + Bi (@), (5.8)
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The solution for f,,(x) is unique, and is given by

() = £ st () + catie) — emt()], (59)

where (k,¢,m) = (1,2,3) are defined cyclically. Note that (,,(x) is pure imaginary for m = 1,2, 3.
Additionally, notice that if the phases v, (z) are independent of z, then S,,(x) = 0. This is
comparable to what we found at first order for the series solution of the three-wave ODEs in (4.10).

At order (7 — 79)?, we have

—Ym (%) = em [i,(2) B () + B ()] = Bi(2)B7 (x) + 77 (x) + i (). (5.10)

The solution of (5.10) for v,,(x) is not unique, so free constants arise at this order. In order to
solve (5.10), we break the equation into its real and imaginary parts. We find that the imaginary

part of ,,(x) is uniquely determined to be

T (i (2)) = 7 [em et + c0) ¥ () — (e — o) (e i) — cov () |, (5.11)

where we substituted §,,(x) from (5.9).
Conversely, the real part of 7,,(z) is not uniquely determined. However, we find that the

sum of the real parts of v,,(x) for m = 1,2, 3 satisfy

Re (71(7)) + Re (72(z)) + Re (y3(z))

1
=~ [ + B + Ah)? — 210ty — 2ercavih — 2] (5.12)

As a result, we can choose two of {Re (y1(x)), Re (72(z)), Re (v3(2))} independently, and the third
is determined by (5.12). Additionally, notice that if ¢, (z) is independent of x for m = 1,2, 3, then
(5.11)-(5.12) reduce to (4.12). In particular, if the phases have no x dependence, then Im (y,,(z)) =

0 for m = 1,2,3, and (5.12) becomes

Re (m(2)) + Re (72(2)) + Re (v3(2)) = 0.

Finally, at order (7 — 79)3, we have

=20m (@) = em [V, (@) Y (%) + Y ()] = 07 () + 05(2) + B (x)7] () + B (@)vic(x).  (5.13)
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Again, (5.13) does not admit unique solutions. We split d,,(x) into its real and imaginary parts
and discover that the real part of d,,(x) is uniquely determined for m = 1,2,3. In particular, we

have

1

Re (0m(2))(2) = ¢ {2 [crRe (11(2)) + eeRe (77(2))] — 6emRe (17, ()

+ emWl, [2em(—cm + i + c)tl, + (em — cu)ery, + (cm — co)coty]

+ cpty [2em(em — ¢k + co)y, + crlcr — em)W), — co(cm + o)y

ot [2emen+ 0= vl = nlem + vkt aler—en)if] b 614)
for (k,¢,m) = (1,2, 3) cyclically, where we reiterate that only two of {Re (71(x)), Re (v2(x)), Re (y3(x))}

are free functions, and the third is determined by (5.12).

The imaginary part of i (x) for k = 1,2 is given by
(64 e)) () = T (82 + 15 { Re (0 (0)) [~ 0) + 2t (o) — 2ty

+ Re (e(@)) [deppy (z) — desipy(2)]

+ Re (y3(2)) [2ex) (%) — 2e09 (@) + Gezvy ()]

— 1Y [eges + exlee + 2¢3)] + et [eneq — es(2ex + c)]

+ estp$) [es(2er + co) — Bexel) }7 (5.15)
where (k,¢) = (1,2) cyclically, and Im (d3(z)) is a real, free function of z. Notice that if the phases
are independent of x, and if Re (72(x)) and Re (y3(x)) are chosen to be constant, then (5.14)-(5.15)
reduce to (4.14).

At this point, we have found five free real functions in the formal Laurent series solution (5.7)

of the three-wave PDEs, as well as one free real constant. The free functions and constant are

{1(x),Y2(z),Re (71(z)), Re (72(x)), Im (63(x))} and Re (). (5.16)

The series (5.7) is fully determined once we find all remaining terms in the series. To that

end, we write the series solution a,,(x,7) more succinctly as

Z (5.17)

m/;m (z)

am(z,7)
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where £ = 7 — 79, and we observe that /01 = 9/0¢. Moreover, a comparison with (4.23) tells us

that

Ap'(z) =1, A (@) = Bm(z),  A3'(2) = ym(z), and A3'(z) = om(2), (5.18)

for m = 1,2, 3, where ,,(x) is given in (5.9), the imaginary and real parts of v,,(x) are given in
(5.11) and (5.12), respectively, and the real and imaginary parts of d,,(z) are given in (5.14) and
(5.15), respectively.

In order to determine A} (x) for n > 4, we start as usual by substituting (5.17) into (5.1).

The left-hand side becomes

857’_” + em a;; - G?;m [— AT+ APE2 4 24765 + BAPE + 4425 + -]
bon o (A8 + UL AR+ (AT + L ADIE + (A 4 it ABYE 4
- 6?2’” li(n — 1) AT + cmil (Aﬁl + i, ?1)] : (5.19)
while the product afaj on the right-hand side is given by
aaf = ei(?;ww [abr A + (Al AG + Ab AT € (ADAS + APAT + AP AR) € 4]

—iWnthe) kx 0% n
ZZA ALr €. (5.20)
n=0 p=0
Note that we dropped the explicit = dependence of ,,(x) and A" (z) for notational simplicity.
We substitute (5.19)-(5.20) into the three-wave PDEs in (5.1), multiply by &2e/(¥s+%¢) and

use the fact that e’V = —g. Then at order ", we obtain

(0 = VAT + e (A + i, AT ) = IS ARA, w1

p=0
Finally, we use the fact that Aj'(z) =1 for m = 1,2, 3 in order to rewrite the above equation as

n—1

(= 1)AT () + A (@) + A5 (2) = = [AT 4 (@) + 90, (0) AT ()] = 30 AB (@) AL (). (5.21)

p=1
Notice that for n = 1,2, 3, we obtain equations of the form (5.8), (5.10), and (5.13), respec-

tively. Additionally, equation (5.21) is analogous to the recursion relation (4.26) that defines the
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coefficients in the ODE series solution. In particular, (5.21) has an extra term on the right-hand

side of the recursion due to the spatial derivative term in the three-wave PDEs.

Finally, we can write (5.21) as a matrix equation of the form (4.27). We have

n—1 0 0 0 1 1 Al () bl (x)
0 n—-1 0 1 0 1 A2 (z) b2 (x)
0 0 n—-1 1 1 0 A3 () b3 (x)
0 1 1 n—-1 0 0 AL (z) - bl* () ’
1 0 1 0 n—-1 0 A2*(z) b2 ()
1 1 0 0 0 n-—1 A*(z) b ()

where
b () = —cm [ A4 () + it () ATy ()| — S0 AR (@) AL (2)

Recall from Section 4.2 that the determinant of the matrix above is

D =n*(n+1)(n—2)*n—3),

(5.22)

(5.23)

which indicates that (5.22) does not admit unique solutions when n = 0,2,3. This is consistent

with the five free constants we found in (5.16) that arose at orders n = 0, 2, and 3.

In summary, we have determined that the near-general solution of the three-wave PDEs in

the explosive regime is given by the formal Laurent series

e’L

am(x,7) =

Ym X
> A (@)En,
E n=0
where £ = 7 — 79, and the series coefficients are given by
Ag'(z) =1, AT (2) = Bm(2),  A3'(2) =ym(z), A3 (%) = dm(2),

and for n > 4,

n—1

(5.24)

(5.25)

(n = 1)AT (@) + A (@) + A (2) = = [AT 1 (@) + 90, () AT (2)] = D0 B (@) A7, (). (5.26)

p=1

The functions ¥, (z), Bm(x), Ym(x), and §,,(x) are defined via (5.6), (5.9), (5.11)-(5.12), and

(5.14)-(5.15), respectively.
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Again, note that the solution contains five real, free functions of x, and one real constant,

{1(x),Y2(z), Re (71(z)), Re (72(x)), Im (63(x))} and Re (). (5.27)

It is useful later to be able to relate the functions in (5.27) to the free constants in (4.32). To that

end, we define the following

Ka(xz) =Re(11(x)), Ks(xr) =Re(y2(z)), and H(z)=6Im(d3(x)),

where the factor of 6 in H(x) is introduced for convenience. With these definitions, (5.27) becomes

{th1(2), P2(x), Ko(2), K3(z), H(x)} and Re (7o), (5.28)

which looks similar to (4.32).

We reiterate that the solution of the three-wave PDEs formed by (5.24)-(5.26) with the free
functions and constants in (5.27) is not fully general. In order for the solution to be general, we
must introduce x dependence into 79, which is difficult for the reasons outlined at the start of
this section. Nonetheless, our formal solution is more general than existing solutions for several
reasons. First of all, our derivation could be easily repeated in more than one spatial dimension
with no change. Indeed, our method of solution holds for an arbitrary number of spatial dimensions.
Additionally, we have imposed no boundary data in constructing our solution, which means the

solution should be compatible with any type of boundary conditions.

5.2 Convergence of solutions

In the previous section, we used Painlevé analysis to construct a formal Laurent series solution
of the three-wave PDEs with five free functions of x, and one free constant. In this section, we
want to make our solution rigorous by determining under what conditions the series in (5.24)-(5.26)
converges, so that we can determine where our solution is valid.

In this section, we show where the series solution of the three-wave PDEs converges for

several special cases. In particular, we consider the case where the phases, ¥, (z), are constant
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for m = 1,2,3. We then consider several subcases. First of all, we consider what happens when
Ka(z) = Ks(x) = 0 and H(z) # 0. This appears to be the simplest case. Next, we consider what
happens when #H(x) = 0, and at least one of {ICa(z),C3(x)} is nonzero. Within this case, we
consider three situations: (i) Ka(z) = K3(z), (ii) one of {Ka(z), L3(x)} is zero, and (iii) KLo(x) and
K3(x) are nonzero and unrelated. The results of our analysis are summarized in the last column of
Table 5.1. The rest of the contents of Table 5.1 are explained as we progress through the chapter.

In order to gain some traction with our convergence proofs, we enforce certain smoothness
restrictions on the functions {KCo(z), K3(x), H(z)}. These restrictions are detailed later.

Before we outline the form of the convergence proofs, we first examine the relation between
the free constants (4.32) that appear in the series solution of the three-wave ODEs, and the free
functions (5.28) that appear in the series solution of the three-wave PDEs. In particular, suppose
that the functions in (5.28) are independent of z. Then the series solution of the ODEs in (4.29)-

(4.31) is equivalent to the series solution of the PDEs in (5.24)-(5.26) under the following conditions

o

ICQ(CC) 6

(Ko + K3), Ks(z)= %(Kg —2K), and H(z)=cH. (5.29)

Indeed, under these conditions, we have that A" = A" (z) for n > 0, and for m = 1, 2,3, where A"
are the constants that appear in the ODE series solution in (4.29), and A} (x) are the functions that
appear in the PDE series solution in (5.24). Moreover, if the functions in (5.28) are independent
of x, then ¥, (x) = ¥, for m = 1,2,3, where 1), is the phase that appears in (4.29). Then the

series solutions of the three-wave PDEs and ODEs are equivalent.

5.2.1 Outline of Proof

The structure of the convergence proofs for each of the cases in Table 5.1 is similar, although
Case 2(iii) deviates slightly from the usual procedure. In all cases, the goal is to find the radius
of convergence of the series solution of the three-wave PDEs by writing the series in a way that

admits the use of the ratio test. We outline the structure of the proofs below.
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ODE Vals PDE Vals ODE Radius PDE Radius
{ Ko, K3, H} {2, K3, H}
x Le .
Case1 | 0,01} | {o,0,%2} €l < 5% [Slesetll < L2055
. x T s §C ™
Case 2() | {0,K,0p | {52,520} €l < o eledeel < e
.. 2e .
Case 2i) | {K,2K,0} | {5200} €] < (23 [Ele2 el < it
¢leeHel <
ceey ok : 2.57 T 1.28
Case 2(111) {K27K3a0} {ICQ($)7IC3(:U)>O} |£| < mln{|K2‘1/2a \K3\1/2} [max{HlC2||,||lC3H}]1/2

Table 5.1: The radius of convergence of the Laurent series solution of the three-wave ODEs and
PDEs for some configurations of {Ks, K3, H} (in the ODEs) and {Ka(z),K3(z), H(z)} (in the
PDEs). In the table, || - || = || - ||co-
*The proof of Case 2(iii) involves a numerical observation that is not needed in the other cases.

5.2.1.1

The convergence proof

To begin, choose one of the following cases from Table 5.1. In each case, assume the phases

Ym(x) are constant for the PDE series solution.

Case 1: Ky(z) = K3(z) = 0, which corresponds to the ODE case in which Ko = K3 = 0.

Case 2: H(x) = 0, which corresponds to the ODE case in which H = 0. Within this case, we

consider three possible subcases.

(i) Kao(x) = K3(z) = K(x)/6, where IC(z) is a real function of x and the factor of 1/6

is introduced for convenience. From (5.29), we see that this case corresponds to the

assumption in the ODEs that Ky = 0 and K3 = K, where K is some real constant.

(il) Ko(z) = K(z)/2 and K3(x) = 0, where K(z) is a real function of z and the factor of

1/2 is introduced for convenience. From (5.29), we see that this corresponds to the
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ODE case where Ko = K and K3 = 2K for some real constant K.

(i) KCa(z) and K3(z) are nonzero and unrelated. Similarly, in the ODEs, this corresponds
to the case where Ky and K3 are real constants without any special relation between

them.

Next, follow Steps 1-6 below in order to find the radius of convergence of the formal series

solution of the three-wave PDEs.

STEP 1: For the chosen case, find the series solution of the three-wave ODEs, a,,(7), for the given
values of { K2, K3, H} using (4.29)-(4.31). In particular, for our special cases, we show that
67/17217'77/ o0

an () = — > A, (5.30)

=0

where £ = 7 — 79, and where p = 3 for Case 1 and pu = 2 for Case 2. We then find the
radius of convergence of the series using one of the methods outline in Section 4.3. Denote
the radius of convergence by Ropg. (Note: There is a slight caveat involved with finding

the radius of convergence for Case 2(i) which we explain in detail in Section 5.4.)

STEP 2: Next, find the series solution of the three-wave PDEs, a,,(z, 7), for the chosen values of

{Kq(x), Cs(x), H(x)} using (5.24)-(5.26).

STEP 3: Define

¢ = max {|c1], |ca|, |cs}- (5.31)

Furthermore, assume there is a finite positive k such that one of the following is true

Case 1: ‘ d—’l—[(x) < K" oo (5.32)
dx™ .
. . d"
Case 2(i), 2(ii): ‘ dx—nlC(a:) < E"||K]| s0s (5.33)
d" n .
Case 2(iii): ‘ %Kj(x) <k llos 7 =2,3. (5.34)

STEP 4: Bound the series for a,,(x,7) from Step 3 using (5.31) and one of (5.32)-(5.34). This

amounts to repeated application of the triangle inequality. The bound on a,,(z, 7) should
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be of the form

lam (2, 7)| < Al Z Z ap, (ck)" P |g|" (5.35)

p=0 n=pp

where { = 7 — 79 as usual, ¢, are real nonnegative constants, and u = 3 or u = 2 for Case

1 or 2, respectively.

STEP 5: The goal in this step is to reduce the double sum in (5.35) to a single sum, so that we can
then easily apply the ratio test and find the radius of convergence of the series for a,,(z, 7).
Case 1 and 2 must be treated slightly differently here. Note that the procedure for Case 1
turns out to be easier than the procedure for Case 2, although the principle for each case
is the same. Additionally, note that the procedure for Case 2(iii) is slightly different from

that used for Case 2(i)-(ii). This is explained further in Section 5.6.

Case 1: It is possible to find an exact formula for the constants g;',, in (5.35). In particular,
it can be shown that

n—
P Hp

Anp = Gnp = Anp = ( Np) qu,pa n > up, (5.36)

where ;1 = 3 (See Appendix B). Furthermore, it turns out that g,,, = |A,|, where
A,y is the coefficient from the ODE series in (5.30) when H = 0. We omit the

dependence of A, on m since for Case 1, A;lzp = Aip = Azp (see Section 5.3).

We substitute (5.36) into (5.35). After some simplification, we obtain a single infinite

sum of the form

| (2, 7)| < If\ unppygwpe%ma (5.37)

Case 2: Here we define
3
)= |am(z,7)
m=1

We can show that A(z,7) is bounded as follows

Z Z np(Ck) TR IEN™ (5.38)
p=0 n=p
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where = 2 and r, ;, are real constants defined via

n 4 p—1 n—p(p—~)

1
roo = = _|\pp _ —1—75 E Ti g Tn—in—t |, T > up. 5.39
n,p (n T 1)(’/1 — 2) Prn—1p 2 & = 3 Tn—j,p—L up ( )

It can then be shown that

n—up
< )

rnv — ap—’_ﬁ r ,P n>Mp7 540
P (o — )t ) Tur (5.40)

where «, 8, and v are real constants to be determined, with o and ~ positive, and
2 3
Tupp = qup,p + qupp + qupp ‘A p‘ + ‘Aup| + ‘Aup|‘

Then substitute the bound on r, ), in (5.40) into (5.38). Simplify to obtain a single

infinite sum of the form

1 o0
< > pléMP (ap + B)erRrIel, (5.41)

Note that the proof of (5.40) has two main parts:

(1) Prove that

y—kp b~
Tnp < (n— ) ' ZTMMT 1(p—0),p—t- (5.42)
(See Appendix C.)
(2) Prove that
p—1
Z Tl t T p(p—£),p—2 < (Oép + /8) Tpp,p- (543)
(=1

STEP 6: Find the radius of convergence for a,,(x,7) using the ratio test.

Case 1: Apply the ratio test to the bounded series in (5.37). Then the series converges if

‘§|,ueck|§| lim Qu(p+1),p+1

p—0o0

<1,

Qup.p
where ;1 = 3. Rearranging and using the fact that g, = |A,y| yields

ck|€| ck\T 70l
H ’ﬂ < RODE or e ‘7’ — T0| < RODE7

where Ropg is the radius of convergence from Step 2, with |H| replaced by ||H||oo-
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Case 2: Apply the ratio test to the bounded series in (5.41). Then the series converges if

|§|,u€'yck|£| lim "u(p+1),p+1

p—00

<1,

Tup,p

where ;1 = 2. Rearranging and using the fact that r,,, = ]A}l

ol 14

p] + \Aip\ yields

e vyek|T—7gl

k€] ~ ~
e # |[§f<R or e # |T—1| <R,

where ;
1 2 3 —1/u
R= | lim ‘Au(p+1)| + |Au(p+1)| + ‘Au(p+1)| '
proe |Alpl + [ AZp| + 143,

Notice that R can be determined from the ODE series solution in Step 2.

Steps 1-6 give a general outline for how to go about finding the radius of convergence of the
formal Laurent series solution of the three-wave PDEs for all of the cases in Table 5.1, although
the details vary with each case. In the following sections, we give more details for each of the cases.
The bulk of the work for all cases is in Step 5, namely in proving equations like (5.36), and in
establishing bounds like (5.42)-(5.43). The proofs of these results in some cases are lengthy and
extremely technical. At times, the specifics of theses proofs are placed in the appendices for the

sake of readability.

5.3 Radius of convergence: Case 1

Consider Case 1, in which Ky(z) = K3(x) = 0 in the solution of the three-wave PDEs, and
Ky = K3 = 0 in the solution of the three-wave ODEs. In order to find the radius of convergence of
the Laurent series solution of the three-wave PDEs in this case, we follow the steps outlined in the

previous section. Recall that the phases ¢, (z) in the PDE solution are assumed to be constant.

STEP 1: First, we want to find the series solution of the three-wave ODEs when Ko = K3 = 0
using (4.29)-(4.31). The first few terms of the series are given by

am /(1) = [1 +

T—1T0

icH 5 H? ¢ ioH3 o 11H4
(T=70)"+ 55 (T—70)"+ (T—10) T 5476656

12
6 252 1536 (r=m0)"+ (5-44)
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It is straightforward to show by induction that when Ky = K3 = 0, then (4.29) reduces to

Wm X
am(T) = 65 > Agn &, (5.45)
n=0

where £ =7 — 19, Ag = 1, A3 = i0cH/6, and (4.31) becomes
n—1
(3n — 1)As, + 245, = — Z Az, A3y, forn >2.
p=1

Notice that the dependence on the mode m in (5.44) and (5.45) only appears in the phase, so
AR = Az, form = 1,2, 3.

To determine the radius of convergence of (5.45), recall Section 4.3. The radius of convergence
of the solution of the three-wave ODEs can be determined in one of two ways: using the Weierstrass
solution in (3.54) and (3.60), or using the Laurent series solution in (4.29)-(4.31).

First, consider the Weierstrass solution. When Ky = K3 = 0, the elliptic invariants in (3.45)-
(3.46) are given by go = 0 and g3 = H?. Further, if go = 0 and g3 is real, then the half-periods \;

and A are explicitly defined as follows [17, §23.5]

. r(H?
A o=e T3, = [(31)/]6 (5.46)
4mg,

and the lattice generated by A; and Ay is rhombic. As a result, we know from (4.38) that the
general solution of the three-wave ODEs converges when

2[r(H)]°  3.06
Ar |H|Y3  |H|V¥

|7 — 70| < (5.47)

where we substituted g3 = H? into (5.46). Note that since \; = e™/3 )y, the lattice of poles is
rhombic, and thus we are restricted to the explosive regime only.
Alternatively, we can apply the ratio test to (5.45) to determine the radius of convergence.

In this case, the ratio test indicates that the series (5.45) converges if

Ag 1)€Y

Ay €5 <1

n—oo

However, in practice, it turns out that this limit does not exist; for each increase in n, the value

of |A3(41)/Asn| oscillates between two numbers. In order to deal with this, we split the series in
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(5.45) into its even and odd parts. To that end, we define

o0

Z Az(angr) G, (5.48)
n=0

iw77L ©
Seven - eT Z AGn 5611 and Sodd =

n=0

citom

50 that @, (7) = Seven + Sodd- The even and odd sums converge, respectively, under the conditions

AG(n+1)§6(n+1) 2(n+1)+1)

A6n£ 6n

Aso(nr1)+1)E

1.
Ag(2p41) 3@+ =

<1 and lim

n—oo

n—oo

Rearranging, and using £ = 7 — 7y yields the following convergence criteria for the even and odd

series in (5.48)

A6(n+1)
A6n

1/ . [ Asemen+n
and |7 —7| < | lim | —————F"—=
n—00 A3(2n+1)

>_l/6 L (5.49)

Each of the limits in 5.49 yields the same value. In particular, we find that both the even and odd

|7 — 10| < (hm ’

n—0o0

series in (5.48) converge under the condition

3.05991

|7 — 70| < 7‘1{‘1/3 .

It follows that the full series (5.45) converges with radius of convergence

3.06
|H|1/3’

ODE ~
which is equivalent to (5.47). That is, we find the same radius of convergence using both the
Weierstrass solution and the Laurent series solution of the three-wave ODEs. This is reassuring,
as the two solutions should be interchangeable.

Note that (5.47) and (5.49) combined imply that
A —1/6 A
<lim ‘ 6(n+1) ) _ (lim ' 3(2(n+1)+1)
n—oo | Azony1)

n—oo AGTL

e 2r (§)]°
>  dn |H|MYR (550)

which becomes useful later.

STEP 2: Next, we find the series solution of the three-wave PDEs when Ka(x) = Ks(z) = 0 using
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(5.24)-(5.26). The first few terms of (5.24) are given by

citm

£

7

24

am(z,7) = (2 + cp +co) H {4

7
1+ —HE —
+ 1;—() (3c§n + c% + cpcp —|—c§ + 2¢p, (e + Cg)) H" &0

1
T 5010 [20%2 — 7i (46, + &} + cRer + erc] + ¢ + 3¢5, (cx + o)

+ 2¢m (i + crer + 67) )H(g)}fﬁ

+[(~--)’H7—['+(-~~)H(4)]§7+-~-}, (5.51)

where (k,¢,m) = (1,2, 3) cyclically, and where H3) and H* denote the third and fourth derivative
of H with respect to z, respectively. Notice that increasingly higher derivatives of H(x) appear as
the number of terms in the series increases, as well as more nonlinear terms in H and its derivatives.
Also, notice that the dependence on the mode m in (5.51) only appears through the group velocities
and the phase.

From (5.51), we can see that the series solution of the three-wave PDEs quickly becomes
complicated as the number of terms increases, even in this simple case. In order to determine
under what conditions (5.51) converges, we restrict our attention to a particular family of functions

H(z) in the next step.

STEP 3: In accordance with (5.32), we assume that

oo

< K[| (5.52)

o0
where k is a real positive constant. This is relatively general since it allows H () to be, for example,

any trigonometric polynomial.

STEP 4: Using (5.52) and the definition of ¢ in (5.31), we bound (5.51) using the triangle inequality.
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This first few terms in the bounded series are given by

on 2, 7)] < ,5‘{ o 00y 0P g 120 g [I2E I ] g
+ :Hl}éyjck-i- ”fﬂ (ck)4] €17+ [”g‘g( k)? + ”;;(L’( k)5] HE
+ :”ﬁgcw ”;‘2‘; (ck)? 3’(’)’;1\0 (C,ﬂ €10
+ :mj(ck)Z + ”;Z!Z(ck)*—’ + 2z|1|17é|2|0(6k)8] N
[ S B}

where ||| = ||H]|co and m = 1,2, 3.

First, notice that the coefficients of terms of the form ||H||"|£|>" can be identified with the
coefficients |Agy| that appear in the ODE series in (5.44) and (5.45). Next, notice that for every
n > 3, the term multiplying |¢|™ in (5.53) is a polynomial in (ck) of degree n — 3, where every third

term is nonzero. More precisely, we can rewrite (5.53) as

oo [n/3]

|am (2, 7)| < \5! LY guplck)™ )|, (5.54)

n=3 p=1

where ¢, , are nonnegative constants, independent of the mode m. Alternatively, we can change

the order of summation and write

1+ Z Z Gnp(ck) 2P| (5.55)

p=1n=3p

|am (z,7)| <

€]
The first few constants g, , are listed in Table 5.2. The index n corresponds to the nth row
of the table, while the index p indicates the pth nonzero diagonal of the table. The columns of the

table represent powers of (ck).

STEP 5: In this step, we reduce (5.55) to a single infinite sum. Let S, be the inner sum in (5.55),

namely

Sp=">_ qnplck)" | (5.56)

n=3p
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oSN N N S N Y o
s | g o o o 0 0 0 0
6
4 0 I 0 0 0 0 0 0
6
5 0 o Mg 0 0 0 0 0
2
6 | 1 0 o I 0 0 0 0
12 I
! ’ 129 MP ’ ﬂzu% ’ ’ ’
° @P 0 @P ’ ﬁjn% ’ ’
0| s H??H3 0o n?9n2 o am n;1H ’
0| o 0o 0 o o g
al oo N e o 0w Yy
11H’H||4 1008 H’HH?’ 945 H’HH2 241920
12 2476656 0 O 1008 0 O 2835 0 O

Table 5.2: The coefficients gy, , from (5.55). Note that n indicates the nth row of the table, while

p indicates the pth nonzero diagonal (that is, the diagonal that begins in the row corresponding to

2
n = 3p). For instance, g9 = Hﬁlgl) )

Then (5.55) becomes

1 o
Jam (2, 7)< 2 {14+ DS, - (5.57)

We show in Appendix B that

n—3p
Inp = n—3p)! QBpp, 1 =3P, (5.58)
where gsp,/||H|[% = |Asp|/|H|P, and As, is the coefficient that appears in the Laurent series
solution of the three-wave ODEs in (5.45).
Substituting (5.58) into (5.56) yields
00 n—3
=3 s ()€l

@y~ (ckplE)"
 (ckp)?» 2 (n — 3p)!

n=3p

_ _3pp i (Ckp‘f‘)n+3p
(ckp)?p vt n!

3p o~ (chp [€)"

| PZ n!

n=0

= @app |€

= 43pp ‘f|3p ecklel,
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Now (5.57) gives

[ [o.¢]
Jam (2, 7)< 7 |14+ D5,
p=1

o0
=2t Z G3p,p [P ekl

p=1

1 o0
= 1g] 2 G € e (5.59)
p=0

where we defined ggo = 1.

STEP 6: We now want to use (5.59) in order to determine the radius of convergence of (5.51). From

(5.59), we know that the Laurent series for a,,(x,7) converges absolutely when

; B (p+1)pt1 ’5‘3 p+1) ock(p+1)[¢]
im 3 ok < 1.
p—r00 Q3p,p ’€| D eC pl¢]
Simplifying, we have that (5.51) converges if
[H|—={Hl]oo A
eIl g3 Tim Bp+)prl| A el |g3 Tim 34D |
p—0o0 Q3p7p p—o0 3p ’

where we used the fact that ¢sp, = |Asp| if we replace |H| in As, with ||H||oc. However, recall from

Step 1 of this section that

Az(pt1)
As,

lim ‘

p—0o0

does not exist. As with the series solution of the three-wave ODEs, we must split (5.59) into its
even and odd parts.

Define the following

1
Seven = ‘Z%mpm(sp 2Pl and  Sogq = mz% (2p+1), 2p+1|§|3(2p+1) ck(2p+1)[¢]

I3

Then we know from (5.59) that |am,(x,7)| < Seven + Sodd- Additionally, the ratio test tells us that

Seven converges when

6(p+1) p2ck(p+1)[¢]
lim q6(p+1),2(p+1) ’f\

< 1.
p—00 d6p,2p ’£|6p QQCka'
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Simplifying, we have that Seyen converges under the condition

G6(p+1).20p+1) Aspry)

620k|§\ |§‘6 lim
d6p,2p

N 2kl €] lim
p—r00

p—o0

|H|=#]|o
| <1

6p

Rearranging, we find that the radius of convergence of Seyen is given by

)1/6, (5.60)

where |H| is replaced by |||/ in Agp. In this case, we know the value of the right-hand side of

eécklﬁlm < <1im 'AG(pH)
p—o0 A6p

(5.60) from (5.50). That is, (5.60) becomes

2[I(H)]°  3.05991

1
es<klel|g) < ~ _
A | (L IHIYE

(5.61)

Similarly, we find that the radius of convergence of Syqq is also given by (5.61). Then since
|am (2, T)| < Seven + Sodd, it follows that a,,(z,T) converges absolutely under the condition (5.61).
In other words, the radius of convergence of the formal Laurent series near-general solution of the

three-wave PDEs with constant phases when Ko(z) = K3(x) = 0 is given implicitly by

 tape 2[0(3)]° 3.05991
I7 = oles < i3
A | HIL" M

(5.62)

To summarize, we found that the radius of convergence for the general solution of the three-

wave ODEs with Ko = K3 =0 is given by

|70 — 7| < Robe, (5.63)

where

aoo2[r (1] 3.05991
OPE T i H R T HE

Meanwhile, we determined that the radius of convergence for the near-general solution of the three-

wave PDEs with constant phases and the analogous condition Ka(z) = KC3(z) = 0 is given by
7o — 7| e3*I™=™| < Ropg, (5.64)

where we replaced |H| with ||H||e in RopEg.
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Compare (5.63) to (5.64). The two convergence conditions differ only by the factor of
e3klT=mol i (5.64). This is a known, dimensionless factor that causes the radius of convergence of
the PDE solution to be smaller than that of the ODE solution. However, the factor depends only
on k, which tells us how quickly the derivatives of H(z) are growing, and ¢, which is the largest
group velocity (in magnitude) of the three wavetrains. This indicates that for this special case, we
are losing very little information in moving from the ODEs to the PDEs. The inclusion of spatial
dependence in the three-wave PDEs affects where our near-general solution is valid, but it does not

affect the overall structure of the solutions.

5.4 Radius of convergence: Case 2(i)

Consider Case 2(i), in which H(z) = 0 and Ka(x) = K3(z) = K(z)/6 in the solution of the
three-wave PDEs, while H = K9 = 0 and K3 = K in the solution of the three-wave ODEs. In
order to find the radius of convergence of the Laurent series solution of the three-wave PDEs in
this case, we follow the steps outlined in Section 5.2. Recall that the phases i, (z) in the PDE

solution are assumed to be constant.

STEP 1: We begin by finding the series solution of the three-wave ODEs when H = K9 = 0 and
K3 = K using (4.29)-(4.31). The first few terms of the series for a,,(7), m = 1,2, 3 are given by

TK? 310K3

e oK 9 4 6

a(m) = T [1+T(7_T°) * 360" ™) F 5130 ) +] (5.65a)
ei3 oK ) K2 . 20 K3 6

oalr) = T (L= T = = g ) = ) =, (5.65b)

where 7 = 1,2 in the first line.

It is straightforward to show by induction that when H = 0, then (4.29) reduces to
eltbm
£
where { =7 — 79, Ag = 1, AL = A3 = 0 K/6, A3 = —0K/3, and (4.31) becomes

am(7) =

> Az, (5.66)
n=0

n—1
(2n — 1) AR, + A5y + Af, = = Y ASRAY: ), forn > 2.
p=1
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In fact, it is simple to show that when H = 0, A3} is real for m = 1,2,3 and for n > 0. As a result,

the recursion relation becomes
n—1
(2n — DAg, + A5, + A5, = = > A5 A5, . forn>2. (5.67)
p=1

Next, we want to determine the radius of convergence of (5.66). There are two options here.

First of all, we can apply the ratio test. Then we find that (5.66) converges when

m 2(n+1
lim —AMH)U ) <1
n—00 A%éﬂn

for m = 1,2, 3. Rearranging, we have that the series converges if

A ~1/2
€] < <lim ‘ 2nt1) ) . (5.68)

The limit on the right-hand side exists, and is numerically found to equal 7/|K|'/? . That is, we

find that (5.66) converges under the condition

[T — 70| < (5.69)

7T
| K‘ 1/2°

In most cases, we can alternatively determine the radius of convergence of the general solution
of the three-wave ODEs using the Weierstrass solution in (3.54) and (3.60). However, recall the

definition of the discriminant associated with the Weierstrass function in (3.68). That is, we have
A = g5 = 2793,

where g2 = ¢2(K2, K3) and g3 = g3(K2, K3, H) are defined in (3.45)-(3.46). In our case, with
H =Ky =0 and K3 = K, we find that

A=0.

This is a special degenerate case in which the Weierstrass function is not defined. Instead, the
general solution of the three-wave ODEs in this case can be found in terms of sec .

Return to the Hamiltonian system in (3.19). In Chapter 3, we solved the system in order
to find the Weierstrass general solution of the three-wave ODEs. However, with H = K9 = 0 and
K3 =K, (3.19b) becomes

dp

= 2v/op? (p— K). (5.70)
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The equation is separable, so the solution is found by integrating,

=
= [ dr.
2v/op*(p — K)
Without loss of generality, assume o = 1 and K > 0 (the cases for the other signs are analogous). In
particular, assume that o1 = 1, which means p(7) > 0. Using the change of variables p = K sec? 0,
where 0 < 6 < 7/2, we obtain
do

— +C,
JE

where C is a constant of integration. As a result, we find that § = K (7 + C), so that
p(T) = K sec? [\/E(T + C)} (5.71)

It remains to determine the integration constant C. First, suppose that we are in the explosive
regime, and that p — 400 as 7 — 79, where 7y is a real constant. This allows us to determine C,

so that our expression for p(7) becomes

p(T) = K sec? [\/? (T —10) + g] (5.72)

In this case, we observe that p(7) has a double pole at 7 = 7, which is also true in the Weierstrass
defininition of p(7) in (3.44).

In the case of the Weierstrass solution, p(7) is defined in terms of p(7 — 79). Moreover, real
values of 79 correspond to the explosive regime, while certain complex values of 1y correspond to
the nonexplosive regime. This suggests that we might be able to let 79 be complex in (5.72) in order
to find the solution of (5.70) in the nonexplosive case. However, this actually turns out not to be
true. The functions sec z and sec? z for z € C are real-valued only along the real axis. There is no
complex shift 2 that can make sec? (z — z) real along the real axis. Since p(7) must, by definition,
be real along the real axis, it follows that (5.72) with 79 € R is the only possible solution when
H = K5 = 0. That is, when H = K = 0, we are necessarily restricted to the explosive regime.

An alternative way to see this is the following. Return to (5.71). We try to determine the

integration constant C without assuming that our solutions lie in the explosive regime. Instead,
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suppose we know that p(7;) = p; for some real 7;. Then we have
K sec? {\/E(T, + C)} = pi.

This implies that

sec [\/E(TZ + C)} = \/E,

where we took the positive square root since we assumed 0 < 6 < 7/2. Then we have

1 Pi
C' = ——arcsec/— — ;. 5.73
VK V K (5.73)

Recall that arcsecant only takes arguments that are greater than 1, which means we require
that p; > K. By assumption, o = o1 = 1. As a result, the possible regimes are (1) the explosive
regime with o1 = 09 = 03 = 1, and (2) the nonexplosive regime with o1 = —09 = —03 = 1. Recall
from Section 3.2 that if 01 = 09 = 03 = 1, then p > max {Ky, K3,0}. In our case, with Ko = 0
and K3 = K > 0, we have that p > K. In particular, we have that p; > K, so that the definition
of C' above makes sense. On the other hand, if 01 = —092 = —o3 = 1, then p(7) lies in the domain
0 < p < min{Kos, K3}, where Ko, K3 > 0. In our case, with Ko = 0 and K3 = K > 0, it follows
that 0 < p < 0, which is impossible. (Recall that p(7) = 0 is not allowed in (3.19), although |a,(7)|
is allowed to be zero valued.) As a result, we are restricted to the explosive case.

Using (5.73), we have

p(T) = K sec? [\/E(T — 7;) 4 arcsec \/E } : (5.74)

Here we find that a singularity occurs when

VE |2 K

Regardless of whether we formulate the solution to (5.70) as (5.72) or (5.74), the maximum

1 [77 pi]
T—T;=—— | = —arcsec,/ — |.

possible distance between two singularities is 7/v/K since sec? z has singularities at z = 7/2 4+ nr

for n € Z. In other words, the radius of convergence of p(7), and thus a,,(7), when H = K3 =0 is

™

Hove = iz
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This agrees with our findings in (5.69). Again, this is reassuring since the general solution of the
three-wave ODEs in terms of sec? 7 in (5.72) and (5.74) should be equivalent to the general Laurent

series solution.

STEP 2: Next, we find the series solution of the three-wave PDEs, a,,(z,T), when the phases are

constant, H(x) =0, and Ka(x) = K3(x). For convenience, let
Ka(z) = Ks(z) = ZK(z),

where K(x) is a real function of x, and the factor of 1/6 is introduced for convenience. Using

(5.24)-(5.26), the first few terms of the series for a,,(x, ) are

i K 1
aj(z,7) = ¢’ {1 + 652 — —(3¢j —cp +2c3) K €3

£ 24
7K2 L 2 2 2 " ¢4
* [% — oqp (71265 + 3¢ + 3cj(ce — 3ea) + cues — 6c3) K }5
! ! 3 3 2
0| — (565 + 9ce + Leg) KK + (106} + 26} + 263 (e — dey)
+¢; (26? + cec3 — 603) + c§03 — 4c§) /C(3)]§5
31K3 o , W] .6
* [15120 + () KD+ () RET+ () K ]5 e, (5.75)
i3 K 1
az(z,7) = 65 {1 - 352 + b1 (c1 +co +6e3) K &3
ICZ - 2 2 2 1" 4
+ [— = 210 (3¢1 — 2c162 + 3¢5 + 6eycs + Beacs + 24¢3) K }g

1
+ 20 [ (2(3c1 + 32 + 10¢3)) KK’ + (2¢5 — ¢ (c2 — 4c3)

—c1 (3 + 2cac3 — 6¢3) + 2 (c3 + 2c5e3 + 3eaci + 103) ) IC(S)]SE’

+ [—+(~--)(IC’)2+(---)ICIC"+(~--)IC(4)}£6+~--}, (5.76)

where (7,¢) = (1,2) cyclically. Observe that increasingly higher derivatives of (z) appear as the
number of terms increases, as well as more nonlinear terms in X and its derivatives.

As with Case 1, we can see that the series solution of the three-wave PDEs quickly becomes
complicated as the number of terms in the series increases. As a result, we restrict our attention

to a particular family of functions for IC(z).
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STEP 3: Following (5.33), we assume that

Hniq:c) < KK (5.77)

where k is a real positive constant.

STEP 4: Using (5.77) and the definition of ¢ in (5.31), we bound (5.75)-(5.76) using the triangle

inequality. This first few terms in the bounded series of a,,(x,7) for m = 1,2, 3 are given by

|aj(z,7)| < lél{

L PP L R L A [
€2+ Eheklgl? + | S+ —rocH(ch)? | 1€
[149\16\2 I

i)+ ool e

LK 509] K] KL, ] e
[15120 11340 240 RV IER A+ (5.78)

K IC Kl? 11K
e T>\<,ﬂ{ + Belge o Ilenpe 4 [ 4 S ay?] g

2
+ Yoo + ”’C”< o)l

(ck)* +

90 15
2IK|1® 331K 1Kl ] e
[ ois T 1amon (R e (eR) €S - g (5.79)

where j = 1,2, and ||K| = ||K]|c0-

Notice that coefficients of the form [|KC||"[£|?" can be identified with the coefficients |AZ,
that appear in the ODE series in (5.65) and (5.66). Next, notice that for every n > 2, the terms
multiplying [£|™ in (5.78)-(5.79) are polynomials in (ck) of degree n — 2, where every second term

is nonzero. More precisely, we can rewrite (5.78)-(5.79) as

oo [n/2]

‘am(x T | < |§’ 1+Z Z qnp Ck " 2p|£’n

n=2 p=1
where ¢y, are nonnegative constants. Alternatively, we can change the order of summation and

write

|am(z,7) S +Z Z Qo (ck)"2PIEN" | (5.80)

p=1n=2p
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The first few coefficients g,", for m = 1,2 are listed in Table 5.3, while the constants qf’l’p are

listed in Table 5.4. In both tables, the index n corresponds to the nth row of the table, while the

index p indicates the pth nonzero diagonal of the table. The columns of the table represent powers

of (ck).

n| (ck)° (ck)t  (ck)? (ck)? (ck)* (ck)®> (ck)®

2| 1M 0 0 0 0 0 0

3/ 0 I 0 0 0 0 0
7IK]? 17| K]l

4| X 0w 0 0 0 0

50 0 e 0 Ix]| 0 0 0
3K 7IKl? L[]

6 15120 31||(I)CH3 180 397ﬁ]ICH2 840 SH(I)CH 0

7 0 5040 0 . 15120 0 1120 0

8 127||K|* 0 31K|3 0 12293|1K|? 0 83||K]|
604800 3360 907200 181440

Table 5.3: The first few coefficients ¢;;, from (5.80) for m = 1,2. Note that n indicates the nth
row of the table, while p indicates the pth nonzero diagonal (that is, the diagonal that begins in

_ 397|IK|?

the row corresponding to n = 2p). For instance, q7%9 = 513 for m=1,2.

n | (ck)? (ck)t  (ck)? (ck)®  (ck)*  (ck)® (ck)®
o [ KT 0 0 0 0 0
3] o g 0 0 0 0
2
4| S MK g 0 0 0
50 o AKE o UK 0 0 0
2K 27| 1K
6 0 HKE Ix] 0 0
A 11 A T B
S 1 A V0] 1 LI AR I T
8 4725 0 105 0 201600 0 25920

Table 5.4: The first few coefficients q;?p from (5.80). Note that n indicates the nth row of the
table, while p indicates the pth nonzero diagonal (that is, the diagonal that begins in the row

_ 331K

corresponding to n = 2p). For instance, qg2 = oo

STEP 5: We now want to reduce (5.80) to a single sum so that we can find where the series converges

using the ratio test. However, unlike Case 1 of the previous section, we are unable to find a closed
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form for the coefficients g, when H(z) = K2(z) = 0. Moreover, recall that the coefficients in
(5.55) are independent of the mode m, which is not the case in (5.80). To simplify matters, we

proceed to find the radius of convergence of

3

Az, 7) = lam(x,7)] (5.81)

m=1

when H(z) = K(z) = 0, and conclude that a,,(z,7) must converge absolutely with an equal or
larger radius of convergence for m = 1,2, 3.
From (5.80), we know that

1 x [oe)
A, 7)< = (34 ) (anp,+ a0y + ) (k)" PIE"

’f‘ p=1n=2p

However, since we do not have a nice formula for g;’,, this is not necessarily useful in helping us
determine the radius of convergence of A(z, 7). Instead, we return to the series solution of a,,(z, )
once more, and try to write A(x,7) in a form that is easy to handle.

We know from (5.24)-(5.26) and (5.75)-(5.76) that a,,(z, ) is given by

PR

m (2, T) = > A (@)

for m =1,2,3, where £ =7 — 19 and ¥, is a real constant. It follows that

|am (2, 7)] < GPA ZHA’” )N

where || - || = || - [|co. Substituting into (5.81) yields

S Z @] + 4 @) | + 4@ el
We now seek a bound on ||A} ()| + H.AT% )| + |43 (2)]]-

Recall the recursion relation in (5.26) for n > 4,

n—1

(0= 1) A5 () + AL (@) AL (2) = —em [ AT (2) + i, (2) ATy (2)] = 30 A (@) A (@), (5.82)

p=1
When #H(x) = 0, it follows that all coefficients A} (z) in the series for n > 0 are purely real.

Consequently, (5.82) becomes

(n — 1) A™(z) + AF (z) + AL (2) = —cp | A™ [ (z) + i), (z) AT } ZAk _(@). (5.83)
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Inverting the linear system formed by (5.83), it is straightforward to determine that

m_; m 1k 1l
A = [nbn b bn}, n>3, (5.84)

where
n—2
by (z) = cmAply = > ASAL (5.85)
p=2
Note that the sum in (5.85) goes from p = 2 to p = n — 2 because A7*(z) = 0 for m = 1,2,3 when

the phases 1, are constant.

Substituting (5.85) into (5.84), collecting terms, and rearranging yields
1
Al = ———— | — (n+ DA, — (n+ 1) Z.Ak
3 §
+Y A+ Z (ApAZ_, + AJAS  + A2 A5 ) ] :
= =2

Notice that the second line is independent of m.

Observe the following

” 1
421 < =gy | (T Ve ‘ H+n+1ZHAk H
3
+edo |4 +Z(H«4§>H 4+ 14 A + 1431 HA?L_;,H)],
— =

where ¢ = max {|c1], |ca|, |c3|}, as usual. Lastly, we sum over m to obtain

ZHA’”II_T (vt e 3 |47
n—2
+n+1) 3 (A AR+ A A |+ (A [ An— )
=

A%_lH +3Z(H«4})H AR |+ A A7 ||+ A HAi-pH)]-
p=2
Simplifying, we have

m n+4
Fue g Ll

n—

2
e A Il 150 180+ 1504 pH)]-

(5.86)
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Finally, observe that

2 UM IR+ 1A AR+ LAB] 1147
p=2

;i (AR -+ 1421+ A0 AL+ 2 )+ 42

As a result, (5.86) becomes

m n+4
zlwrm_n+[

1 n—2
+5 2 (Al + 1430+ A1) (Amp || + AR | + AT 1D |- (5.87)
p=2
Now recall from our work in Step 4 of this section that under the assumption (5.77), we have

AT < gy (k)™ + i (ck)™ ™+ anig(ck)" =0 4 -+ gy (ck)" 22,

(a2 (k)" ™2 + 2q;7% (ck)" ™" + 3qp13(ck)"™° + - + pay, (ck)" ]
where p = |n/2] and g, are the constants that appear in (5.80). This motivates us to write
(AL + [AZI 4 (|42 ]| < ra(ck)™ 2 + rna(ck) ™ + ras(ck)™ ™0 + -+ ry p(ck)™ 2P, (5.88)

A <k

[m;(ck)”f2 + 2rn72(ck)”74 + 37"”73(ck)"76 + et prmp(ck)"”p} ,  (5.89)
where 7, , are constants defined for n > 2p, independent of m. We seek a closed form for r,, ,,. As
a result, we do not define r,, ;, = q}%p + qfw + qf;’p since a formula for g", is not known. Rather, we
find an expression for r,,, that turns out to satisfy
Trp = Qnp + oy T G
Substituting (5.88)-(5.89) into (5.87) yields

m n+4 n— n— n—1—
Z (A < )( 3 {ckz [rn_lyl(ck) 34 2rp—1,2(ck) Sy + pry—1,p(ck) 1 2”]

n—2
1

3 (%ﬂwv2+%wmp*%~Hmwamwp2+mwﬂmwp4+~d}
p=2

‘Xn+nm_m{”1ﬂw> 2012k pray k)
1n—2

+ 5 2 (rpaeh)P ™+ rpa(ch) ™ 4 ) (rnpa (k)" 7% 7 (ck) P + )}
p=2
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Finally, assuming n is sufficiently large, collecting powers of (ck) gives

3 TL+4 1 n—2
Z AR = (n+1)(n_2){7“n—1,1(0k?)"2 + <2rn—1,2 + 3 er7lrn—p,l> (ck;)”*4
m=1

p=2
1 n—4 1 n—2
+ <3rn1,3 + 5 Z Tp,1Tn—p,2 + 5 Z Tp,anpJ) (Ck)n_fi
p=2 p=4
n—6 n—2 n—4
+ <4Tn 1,4 + = Z Tp,1Tn—p,3 + = Z Tp,3Tn—p,1 + = Z Tp2Tn—p,2 > (ck)”—8
p 2 p 6 p 4

+}

Simplifying again, we obtain

n—2
+4 ) 1 -
Z AR < CFSCED)) +n)( %) {Tn—l,l(ck)" 2+ (2%—1,2 +3 ZTj,lM—j,l) (ck)"—*

m=1 =2

2 n—2(3-Y)
<3rn 13+ = Z Z T n—7j,3— g)(ck)

= Jj=2¢

3 n—2(4-¢)
<4rn 14+ ¢ Z Z TjeTn—j,4— K) (Ck)

= j=2¢
+}
p 1 n—2(p—2)

m n+4 .
ZHA < —=/—5 R Prn—1p+ 5 Z Z TjeTn—jp—t| (ck)" 2. (5.90)

=1 = j=2¢

As a result, we have

'B

It follows that we can bound A(z,7) by

Az, 7) ? +Z Z gl KCIP (k)22 €™ | (5.91)

p=1n=2p

where || K]| = ||K||cc and we are motivated by (5.90) to define

1 n—2(p—¥)
n+4 1=
Tnp = m PTn-1p+ 5 ; ]Z;E TjfTn—jp—t| , formn > 2p. (5.92a)

T2p,p = |K|p (’A2p| + ‘A%p‘ + ’A ) ) (592b)
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n| (ck)? (ck) (ck)® (ck)® (ck)* (ck)® (ck)®

2| 2 0 0 0 0 0 0

3] 0 u 0 0 0 0 0

11 14

4] & 0 n 0 0 0 0

5/ 0 = 0 L 0 0 0

6| =5 0 20 : 0 0

7 0 8107 0 82423 0 11 0

g 101 75800 1333 10??00 9161 260 11
302400 4200 15120 1080

Table 5.5: The first few coefficients r,, , in (5.91), defined by (5.92). Note that n indicates the nth
row of the table, while p indicates the pth nonzero diagonal (that is, the diagonal that begins in the
row corresponding to n = 2p). For instance, r¢2 = %. Also, note that the first column contains

the entries 72, ,, which are defined in terms of the ODE series coefficients in (5.92b).

where (5.92a) is defined for p > 2 and (5.92b) is defined for p > 1. Note that in (5.92b), A5 are
the coefficients from the ODE series solution in (5.66) with H = K3 =0 and K3 = K.

Finally, note that when p = 1, (5.92a) reduces to

n+4
Tn,1 = Tn—1,1-

(n+1)(n—2)
It is straightforward to show that this is equivalent to

= o

The first few constants r,, ;, can be found in Table 5.5.

It still remains to reduce the double sum in (5.91) to a single sum so that we can apply the
ratio test. In order to do this, we must use the definition of r, , in (5.92) and (5.93) to find a nice
bound on 7, ,. To simplify our notation in what follows, we let rop,,, = 79).

It is shown by induction in Appendix C that

—1
(3p)" "% %
Y L S ”
/=1

for n > 2p and for p > 2. When p = 1, (5.93) easily gives

3n72

Tn,1 < =2y 2)'7"2, (5.95)

which can be thought of as (5.94) for p = 1 without the sum.
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Next, we show that
p—1

> raurapen < (Op+Y)rap, P2, (5.96)
=1

where § and ~ are real nonnegative constants.

Let the coefficients in the ODE series solution in (5.66) be decomposed as follows
oy = a5y K™ (5.97)

where o) is real for n > 0. The proof of (5.96) requires the following information about the
constants a5 . Note that these facts are specific to the ODE series solution with H = K3 = 0 and

K3 = K. Without loss of generality, assume that o = 1.
i. a3, >0, 03, >0,and a3, <0 for all n > 0.
ii. a%n = a%n for all n > 0.
cee ’ 1 < 3
iii. aQn‘ <2 ‘aQn} for all n > 0.
: 3 1
iv. ’aQn‘ <2 ‘04271} for all n > 0.

Properties (i) and (ii) follow from the ODE series solution in (5.66), with A} = A2 = K/6 and
Al = —K/3. Properties (iii)-(iv) require slightly more work to show. We use induction to prove
that the results in (iii)-(iv) hold.

We prove (iii)-(iv) together. In particular, we have oft = 1 for m = 1,2,3, as well as a3 = 1/6
and a3 = —1/3. Tt follows that (iii)-(iv) hold when n = 0,1. Next, suppose that (iii)-(iv) hold for

all n such that 2 < n < N. That is, assume that
lag,| <2]ad,], 2<n<N, (5.98)

la3,| <2]a3,], 2<n<AN. (5.99)

We show that (iii)-(iv) hold for n = N.
First, observe that solving the linear system defined by the recursion relation in (5.67) and

canceling a factor of 1/K™ gives

1
ot = @ T D) by — bk — b5 |, n>2, (5.100)
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where
n—1
k ¢
== D_ 0500
j=1
and (k,¢,m) = (1,2, 3) cyclically. Note that b} = b3 due to (ii). Furthermore, we can use (i)-(ii)

to write

(5.101)

n—1 n—1
1 32 _ 1 3 3 1 1
by, = b3, = E ‘0‘23'0‘2(717]')‘ and by, = E ’042]'042(%]‘)
j=1 j=1

since |a3,| = —a3,, for n > 0.
Now we show that (5.98) holds when n = N, or that 2 ‘a§N| - ’a%N‘ > 0. Observe the

following, which makes use of (i), (ii), and (5.100)-(5.101)

2 ‘Q§N| - ‘O‘%N‘ = 203y — agy
1
- 2(2N+ 1)(N— 1) [_2 (QNng - 2b%N) o (2Nb%N - b%N - ng)}
1
T 2N+ 1) (N —1) [(=4N + )3y + (5 — 2N)byy ]
. N-1 N-1
e )2 ‘0‘230‘2 ‘ )0‘230‘2 ‘
J=1 ]:1
N-1
N 1 ok, | [(4N ~1) ‘a%(ij)‘ — (2N —5) ‘ag(ij)H .

j=1
Since N > 2, the terms (4N — 1)\045(]\,_3.)\ and (2N — 5)\04%(N_j)\ are positive. Moreover, we know
from (5.99) that ’O‘%(N—j)’ < 2[(1%(]\,_].)] since N — j is at most N — 1. Thus we have the following

=z

2|ody| = |odx| > g 2 lobl (43 = Dobe | - 205 = 5)ab

.
Il
-

=

1
T 22N+ 1)(N 1)

(AN —1—2(2N —5)) ‘aéja;(ij)‘

<.
Il
-

=

1
— 9‘ 1,4l ’
202N + 1)(N — 1) & 7 [*2%2(N=j)

<.
Il
—

> 0.

To summarize, we showed that

2 o3y | — adn| >0 (5.102)
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as long as both of the inductive hypotheses in (5.98)-(5.99) hold.
It remains to show that (5.99) holds when n = N, or that 2 |a%N‘ — ‘a§N| > 0. Observe the

following

2 |oagy| — |edn| = 205y + ady
1
T2@N+1)(N 1)
1
T 22N+ 1)(N 1)

[2 (2Nbyy — by — b3y) + (2Nb3 N — 203y )]

(4N — 4)byy + (2N — 2)b3 ]

-1 N-1
1
_ T ]Z; ‘OZQJOZQ(N ‘ (2N —2) ; )azjag(zv ])‘

N-1

oy [(AN = 4) [ad v | = 2N = 2) |adn_y ]
J=1

22N + 1)(
We know that the terms (4N — 4)|a§(N_j)| and (2N — 2)]a5(N_j)] are positive since N > 2, and we

know from (5.98) that |a§(N_‘ | < 2|a§ N— })\. As a result, we have

N-1
2|ody| - ady| > 2(2N+ z; oy | [(4N = ) [adv_p)| - 22N = 2) |adiv_y ||
-1
3
(2N+ ; (4N — 4 — 2 2N—2))‘agja2(N )‘
= 0.
That is, we showed that
2 |lagn| — |adn| =0 (5.103)

as long as both of the inductive hypotheses in (5.98)-(5.99) hold. The combination of (5.102)-(5.103)
with the base cases for n = 0,1 prove by induction that (iii)-(iv) hold for n > 0.

We are now able to use (i)-(iv) to show that (5.96) holds. That is, we want to prove that

n—1
ZT% Totn—t) < (O +7Y) 120, n>2, (5.104)
=1

where d and v are real nonnegative constants. We proceed inductively, and determine what values

d and v can take on in the process. First, from (5.92b), we have that

Ton = ‘O‘%n| + ‘O‘%n’ + }O[%n’ )
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where we used A5}, = o} K™. It follows that

L, 1 2
ro=—-4+—-+-=—.
276 373

S| =

Moreover, for n = 2, we have
7 7 1 11

" =360 7360 T 45 1807

Since 73 = 4/9, it follows that (5.104) holds for n = 2 as long as

In other words, for the base case, n = 2, of (5.104) to be satisfied, § and v must be chosen such
that

2+ > % (5.105)
Henceforth, assume that § and - satisfy this condition.

Before we tackle the inductive step of the proof, we first manipulate each side of the inequality

in (5.104) into a more useful form. To that end, using (5.100) and (5.101), we have, for n > 1,

Ton = !a%n‘ + ’a%n‘ + ‘a%n‘

= 20‘%71 - agn
1
= 2(2nbs — bt — b3 ) — (2nb3 — 20}
22n+1)(n — 1) [2(2nbg,, — by, — b3,) — (2nbi, on)]
1
= 4nbl — (2n + 2)b3
2020+ 1)(n — 1) [4nbzy, = (2n+ )b
1 n—1 n—1
= 4 )1-3~‘2 2 ‘1‘1.‘. 5.106
22n + 1)(n — 1) ”; 350 (n—j)| + (20 + ); 3§05 j) (5.106)
We also have
n—1 n—1
J=1 j=1
n—1

™

3
Lo

1 1 1 3 3 1 3 .3
(40{2’]()[2(”7]-) — 2a2j062(n7j) — 20[2]'0[2(7117.]-) + Oé2ja2(nij))

<
I

(4 ’a%jaé(nfj)’ +2 ’aéjag(nﬁ)‘ +2 ‘agja%(nfj)‘ + ‘a%ja%(nﬂ-)’) . (5.107)

<.
Il
—
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Now we return to the proof of (5.104). Consider the quantity

n—1

(0n +y)ron — Z 72572(n—j)- (5.108)
j=1

We know that (5.108) is nonnegative when n = 2 as long as vy and 4 satisfy (5.105). Furthermore,

assume that (5.108) is nonnegative for n < 3 < N. Then we show that (5.108) is also nonnegative

when n = N. This is sufficient to prove (5.104).

Define
on+
= > 2. 5.109
“0) = e D=1y "2 (5.109)
Then using (5.106)-(5.107) with n = N, we have
N-1
(ON +7)ran = Y rajra(n—j)
j=1

N—-1 N-1
— k(N) 4NZ’a;ja§(N_j)’+(2N+2 Z’%aw ‘
j=1 j=1

=

1

1 1 1 .3 3 1 3 3
(4 ‘O‘2j0‘2(ij)‘ +2 ‘O‘QJ'O‘Q(ij)’ +2 ’asz‘z(ij)‘ + ‘0‘210‘2(%]’) D

i

= { [ANkK(N) — 2] ’a%jag(ij)‘ +[(2N 4+ 2)k(N) — 4] ’a%jaé(ij)‘

<.
Il
—

B 3 1 .33
2 ‘azj%(N—j)‘ ‘%%(N—j)’ }

We know from (iv) that |a3y| < 2|ady|. It follows that
3

3 1 1 1 3 1 3
‘OéQjOéz(N_j)‘ § 2 ‘O&QJCXQ(N_])‘ and ‘OéQ]aQ(N—])’ S 2 ‘042]042(]\]_])}

for j=1,2,...,N — 1. As a result, we have

N-1
(6N +v)ran — Z T2jT2(N—j)

=1

-
> 3 {[aNn(N) -2 ‘aéjagw_j)‘ 2N + 2)k(N) — 4] ‘a;ja;(,v_j)’
j=1
—4|odjosoy |~ 2|adodn )| |

N-1

=3 {BVs(V) 4 (agjag(N,j)‘ + (2N + 2)k(N) — § ’a;ja;(,v,j)’ .
1

<.
Il
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The quantity above is nonnegative if k(n) satisifies
dnk(n) —4>0 and (2n+2)k(n) —8>0.
Consequently, we can satisfy both inequalities by choosing x(n) to satisfy
(n+ 1)r(n) > 4,

where we note that «(n) is only defined for n > 2. Using the definiton of x(n) in (5.109), we must

pick the real constants § and « such that

(n+D@n+7)

(0 D) = S s i —1) =

A simple choice is 6 = 16 and v = 0. Importantly, notice that this choice of § and ~ satisfies
(5.105). As a result, with these values, we have shown by induction that (5.104) holds for all n > 2.

That is, we proved
n—1

D rajra(njy < 16n79,. (5.110)
j=1

Combining (5.94) and (5.110), we have

n—2p

(3p)
Tnp < (n—2p)! 16nrop, n>2p, p>1. (5.111)

Note that the result for p =1 is a consequence of (5.95).
Finally, we reduce (5.91) to a single sum. To that end, let S, be the inner sum in (5.91),

namely
o)

Sp =3 ruplKIP(ck)" > le]". (5.112)

n=2p
Then (5.91) becomes

A(g;,r)gi 34> 5y - (5.113)
€l =
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Using (5.111) in the definition of S, gives

o0

Sp = Z Tnp

n=2p

K| (ck)" =2 €|

o0

(30)" -
<> (,f’_—?mmpmpnicnf’(ck) ¢)

H’CHpsz Z (3ckplg)™
3ckp (3ckp)® (n —2p)!

n=2p

n+2p

KNP r2p < 3C’fp|§|)
=16
P (3ckp)?? Z

(3ckplé])"
n!

= 16p [|KC[|P rap €[ Z

n=0

= 160 P rap e 3L
Now substituting into (5.113) gives

A(z,T) gé‘ 3+ 5,

1 o
S@ 3416 pllK|Pray, €2 ePFPIEH] (5.114)
p=1

STEP 6: Finally, we determine the radius of convergence of A(x,7) in (5.81) using (5.114). In

particular, we find that the series A(x,7) converges when

po | P DI 7oy [€P0HD DI

< 1.
p—>00 p || K||P T2p ‘§|2p e3ckplé]

That is, A(z,7) converges under the condition

"2(p+1)

I 1&]% €2HE Tim
p—r0o0 Top

<1,

where we used the fact that lim, . (p+1)/p = 1. Finally, rearranging gives that A(x, ) converges

when
"2(p+1)

T‘Qp

—1/2
) . (5.115)

e3eHlellg| < <HICH lim
pP—r00
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Recall from (5.68)-(5.69) that

Am

lim 2(p+1) _ |K|
p—oo 5 2
for m =1,2,3. Then using A% = aof’ K", we have
m
li a2(p+1) - i
m 2
p=oo | aly, T

for m = 1,2,3. Moreover, recall that
1 2 3
T2p = ‘O‘2p| + ‘O‘2p‘ + ‘O‘2p| :
Then it is straightforward to find that

"2(p+1)
7"2p

lim

p—o0

= lim =
7 fody] +[ag] +[ag)

Lastly, substituting into (5.115) tells us that the series A(x,7) converges when

™

K52

e%Ck‘TfTO”T — 70| <

(5.116)

Since A(xz,7) = |a1(z,7)| + |az(x, 7)| + |as(z, 7)| converges under the condition (5.116), it
follows that a,,(x,7) for m = 1,2,3 must converge absolutely at least under the same condition,
or possibly under a less restrictive condition.

To summarize, we found that the general solution of the three-wave ODEs when H = Ky =0
and K3 = K converges when

‘7’ — 7’0| < RopE, (5.117)

where
m
Home = [Rjire
Meanwhile, we determined that the analagous near-general solution of the three-wave PDEs with

constant phases, H(x) = 0, and Ka(x) = K3(x) = K(x)/6 converges when

e2ekIT=ml|- _ 701 < Rop, (5.118)
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where we replace |K| with |||/« in RopE-
Compare (5.117) with (5.118). As with the convergence criteria (5.63) and (5.64) in Case 1,
the two convergence conditions (5.117) and (5.118) differ only by an exponential factor. Indeed,

3

the convergence conditions for the solutions of the ODEs and PDEs differ by the factor of e2°* 7=l
in (5.118). This is a known, dimensionless factor that causes the radius of convergence of the PDE
solution to be smaller than that of the ODE solution. However, the factor depends only on &k, which
tells us how quickly the derivatives of IC(z) are growing, and ¢, which is the largest group velocity
(in magnitude) of the three wavetrains. This indicates that we are losing very little information in
moving from the ODEs to the PDEs. The inclusion of spatial dependence in the three-wave PDEs

affects where our near-general solution is valid, but it does not affect the overall structure of the

solutions, at least in the two special cases considered so far.

5.5 Radius of convergence: Case 2(ii)

In this section, we consider Case 2(ii), in which Ka(x) = K(2)/2 and H(z) = K3(z) = 0 in
the solution of the three-wave PDEs, while H = 0, K5 = K and K3 = 2K in the solution of the
three-wave ODEs. Additionally, recall that the phases ¢, (z) in the PDE solution are assumed
to be constant. In order to find the radius of convergence of the Laurent series solution of the
three-wave PDEs in this case, we follow the steps outlined in Section 5.2. Moreover, the proof of

this section follows closely from that in the previous section for Case 2(i).

STEP 1: We begin by finding the series solution of the three-wave ODEs when H = 0, Ky = K,

and K3 = 2K using (4.29)-(4.31). The first few terms of the series for a,,(7), m = 1,2, 3, are

e [ K., K*, K}, K'., K° , K®
_ lp e D e N s N0 B ep 5.119
a =" 18 0t TRt Tooot Tmw®  teeaoot | (M)
e [ 5 K? 4, 6 K g 10 K° 1
= 1+0&2+ ¢t 1065+ ——¢5 40 5.119b
a(7) = = |1+ 08+ o0+ 08+ G+ 060+ 5555587 4+ | ( )
es [ K, K, K3, K'., K° , K%
_ I N T T L DU (| U S SN B R ST
@M=" 1755 "% “%° Toe0° 380 Teaoon’ (5:115¢)
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Note that since H = 0 in this case, a,,(7) has the form (5.66),

§

for m =1,2,3, where A}, is real and defined in (5.67) for n > 2.

Wy, X
am(r) = = A, &, (5.120)
n=0

It is straightforward to find the radius of convergence of the series for a,,(7) using the
Weierstrass general solution of the three-wave ODEs in (3.54). In particular, the elliptic invariants

g2 and g3 in (3.45)-(3.46) with Ky = K, K3 = 2K, and H = 0, are
g2 =4K? and g3 =0.

In this case, we know that the lattice associated with the Weierstrass elliptic function in (3.54)
is rectangular since the discriminant is A = g3 — 27g§ > 0. Moreover, in the special case where
g3 = 0, the lattice is lemniscatic, meaning the poles occur on a square lattice [17, §23.5(iii)]. In
particular, we have that Ao = i\1, where A1 and Ao are the half-periods of the Weierstrass function.
In this special case, the relationship between the half-periods and the invariants of p(z; g2, 9g3) is

known explicitly. In particular, we have

_ o)y

92 = 956m2A]

[17, §23.5.4]. Solving for A; yields

N LY S N CY)

gt T LR PR

where we used the fact that go = 4K?2. Since the radius of convergence of the Weierstrass general
solution of the three-wave ODEs is given by R = max {2|\1],2|\2|}, it follows that the radius of

convergence of a,,(7) is
2N (H)]®  2.62206
42712 - |K|1/2 TOK2

Rope = (5.121)

Alternatively, we can find the radius of convergence of (5.119a)-(5.119c) by applying the
ratio test to (5.120) for m = 1,2,3. Then we find that the Laurent series for a,,(7) converges for

m =1,2,3 when
Agrén+1)§2(n+1)

—apa | <t
n

n—oo
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or
m N2
. 2(n+1)
1 .
6] < <n5n A )

Unfortunately, the limit on the right-hand side does not exist. As n increases, the value of
|A3En +1) /AR | alternates between two numbers. As a result, we follow the procedure outlined
for Case 1 in Section 5.3. That is, we split the series (5.120) into its even and odd parts and find
the radius of convergence of each.

Define the following

o0

> Ay £, (5.122)
n=0

m eiwm — m ¢4n m 6iwm
Seven = Z A4n€ and Sodd =
§ = £
so that ap, (1) = ST, + S™,. First, we find that S2;; converges with an infinite radius of conver-

even O

gence because Ag@n 41y = 0 for all n > 0. Furthermore, the ratio test tells us that the even sums

for m = 1,2,3 and the odd sums for m = 1,3 converge, respectively, under the conditions

m 4(n+1) m 2(2(n+1)+1)
fn [0S T g g | 2 <1
n—00 AZ;L£4" n—00 Ag%2n+1)§2(2"+1)

Rearranging, and using £ = 7 — 7y yields the following convergence criteria for the even and odd

series in (5.122)

Am ]\ VA
m . 4(n+1)
Seven & |T—70] < [ lim - , m=123 (5.123)
n—oo | A}l
Am —-1/4
mo |T—Toy<<im 2(2m(”+”“)> , m=1,3. (5.124)
noee A2(2n+1)

We find numerically that the limits in (5.123) for m = 1,3 yield the same value. In particular, we

find )
Al I 3.70815
. (n+1) 9 .
(nhm " > ~ 7‘ 7 m=1,3. (5.125)

Furthermore, we find that the limit in (5.123) for m = 2 and the limits in (5.124) yield the same

value. Specifically, we have

A2 —1/4 A™ —1/4 92 622
lim |2 = [ lim |20EDEY ~ '671/026, m=1,3. (5.126)
n—00 A4n n—00 A2(2n+1) ‘K’
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Since the radius of convergence defined in (5.126) is smaller than the radius in (5.125), it

follows that a,,(7) = ST, + S™, converges for m = 1,2,3 with a radius of at least 2.62/|K|'/2.

even

That is, we find that the full series an,(7) in (5.120) converges for m = 1,2,3 with radius of

convergence
2.62

Rope = )
|K|l/2

which is equivalent to (5.121). In other words, we find the same radius of convergence using both

the Weierstrass solution and the Laurent series general solution of the three-wave ODEs.

STEP 2: Now we find the series solution of the three-wave PDEs when H(x) = K3(z) = 0 and

Ka(z) = K(x)/2. The first few terms of the series are given by

W1 K 3 1
a1($,7') = e§ {1+2£2— <801+8C3> ,C/§3
__i 2 i 2 i i _i i 2 1" 4
+ _ 40’C + <2061+ 806102+ TR 800263+ 8063> K }f
+ _(-~)ICIC’+(---)IC(3)+}§5
+_(--.)IC3+(~-)(IC’)2+(~-)ICIC”+(~.)IC(4)]§6+---}, (5.127a)
W2 1 1
CLQ(IIZ',T) = eg {1 +O§2 + <8C1 - 803) IC'§3
(1o (.3, 1 1 3 o\ | 4
T +( 801 20'3102+206203+8()C3>’C}f
i -(---)/CIC’+(---)IC(3)+}§5
+ _(---)IC3+(---)(IC’)2+(---)ICIC”+(---)IC(4)]§6+~-}, (5.127b)
Ws K 1 3
ag(fl?,’r) = ef {1 — 552 + <8Cl + 803) ,C,€3
-_i 2 i?_i i i 32 1| 4
+ _ 40,C <8061 8001CQ+ 166103—1— 806203+ 2003) K :|f
i _(---)ICIC’+(---)IC(3)+}§5
+_(---)IC?’+(---)(IC’)2+(---)ICIC”+(---)IC(4)]§6+---}. (5.127c)
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As with Case 2(i) in the previous section, notice that increasingly higher derivatives of K(x)
appear as the number of terms in the series increases, as well as more nonlinear terms in /C and
its derivatives. The series solution becomes complicated quickly, and thus we consider a particular

family of functions for K(x).

STEP 3: Following (5.33), we assume that

| k@) < F K (5.128)

where k is a real positive constant.

STEP 4: Using (5.128) and the definition of ¢ in (5.31), we bound the series for a,,(z,7) in (5.127)
using the triangle inequality. Similar to Case 2(i), we find that a,,(x,7) is bounded by a series of

the form

1+ Z Z . (ck)"2Plem | (5.129)

p=1n=2p

|am(z,7)| <

\ﬁl

where ¢y, are nonnegative constants for m = 1,2, 3.
We have been unable to find an exact formula for the coefficients g;’,, so instead we bound

the sum
3
= lam(z, 7). (5.130)
m=1

We then find the radius of convergence of A(x,7), and infer that a,,(z, 7) must converge absolutely
within at least that radius of convergence for m = 1,2,3. To that end, we follow the procedure

outlined in Step 4 of the previous section to find that

Az, 7) ? +Z Z Fap|KIIP (k)2 |Em | (5.131)

p=1n=2p
where ||| = ||K||cc and 7y, is defined in (5.92) and (5.93).
It is shown in Appendix C that if #(x) = 0, then 7, , satisifies

n 2p P~ L
Tnp < (n— 2p ,er“zp 0, nN>2p, p=2. (5.132)
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Moreover, when p = 1, (5.93) gives
3n72

<
il = (n—2)!

ro. (5.133)

Note that we defined 7o, = r9,, for p > 1. We can also show that when Ky(z) = K(z)/2 and

H(x) = K3(x) = 0, we have

p—1
> rarrape < 36(2p + 1)y, (5.134)
/=1

The proof of (5.134) is lengthy and involves a great deal of algebra. As a result, the details of this
proof are omitted from the body of this thesis, and instead can be found in Appendix D.

Combining (5.132)-(5.134), we have

(3p)" 2P

< _36(2p+1 2, p> 1. 5.135
(n—2p)] (2p+1)rep, n>2p, p> (5.135)

Note that the result for p =1 is a simple consequence of (5.133).

Finally, we reduce (5.131) to a single sum. To that end, let S, be the inner sum in (5.131),

namely
Sp= D rapllKIP(ck)" P l¢[". (5.136)
n=2p
Then (5.131) becomes
A(z, S 3+ Z Syl - (5.137)

Again, following the procedure of the previous section, we find that
Sp < 36(2p + 1) | KC|[P 72y [€[*P 37181,

where we used (5.135) in (5.136). Then substituting into (5.137) gives

Az, 7) <’; 3+ 5,

1 > ,
< |3+ 236(2p+ 1) [[KCI[P o €] 3Pl
= Z 2+ 1) [P rap €[22 €718, (5.138)

=0

where we defined ro = 1/12.
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STEP 6: Finally, we determine the radius of convergence of A(x,7) in (5.130) using (5.138). In

particular, we find that the series A(x,7) converges by the ratio test when

@+ D)+ DK gy [€2PTD ek
lim
P00 (2p + 1) [|KCI|P oy |€[?P eBckple]

< 1.

That is, A(z,7) converges under the condition

"2(p+1)
T2p

K| 1€]% €3FIEl lim <1,
p—00

where we used the fact that lim, ,~(2p + 3)/(2p + 1) = 1. Finally, rearranging gives that A(x,7)

converges when

"2(p+1)
T‘Qp

~1/2
el < (K fim ) (5.139)
p—r00

which is equivalent to (5.115).
It remains to determine limy o ro(p1) /T2p, where we dropped the absolute values since
rop > 0 by definition for all p. Recall that we can write
on = g, K™, (5.140)

for n > 0 and for m = 1,2, 3, where A%}, are the series coefficients in the ODE solution in (5.120).

Then by (5.92b), we have that
rap = |agy| + |03, | + [0, ]

As a result, we want to determine

lim
p—00 1 2 3

2 3
‘0‘5(“1)‘ + ‘0‘2<p+1>’ + ’a2(p+1)’

It turns out that this limit does not exist, which is not surprising since lim, ]a;'zp ) gy
does not exist for m = 1,2,3. As a result, we are forced to split (5.138) into its even and odd parts,

and investigate the convergence of each separately. To that end, define

Seven = Y _(4p + 1) [|K[|*P 14y [£]*P €5kP1, (5.141)
p=0
Soad = Y _(22p+ 1) + 1) [|K[PPH rygap 4y [¢[2EPHY) eSRCEPHIEL (5.142)

p=0
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Then we have that

36
A _
(w,7) < E

Using the ratio test and simplifying, we have that Seven and Soqq converge when

(Seven + Sodd) .

~1/4
 eledee 2 | [Y 7 262200
Soven +[e]e? = <"C‘ p@;o Tap [/’
—1/4
3. . 2(2(p+1)+1 2.62206
poo | To(2p+1) K]

where we used what we know of the ODE series coefficients to determine the limit on the right-hand
side. It follows that since Seven and Spqq both converge with the same radius of convergence, A(z, T)
must also converge with this radius. Moreover, since A(z,7) = |ai(x, 7)| + |az(x, 7)| + |as(x, 7)],
we know that a,,(z,7) for m = 1,2,3 must converge absolutely at least under the same condition,
or possibly under a less restrictive condition.

To summarize, we found that the general solution of the three-wave ODEs when H = 0,

Ky = K and K3 = 2K converges when
|7 — 70| < Rope, (5.143)
where

2[M(H)]®  2.62206
42712 - |K|1/2 TOK2

Rope = (5.144)

Meanwhile, we determined that the analagous near-general solution of the three-wave PDEs with

constant phases, Ka(z) = K(x)/2, and K3(x) = H(z) = 0, converges when
ek Im=ml|- _ 701 < Rop, (5.145)

where we replace |K| with ||K|| in RopE-
As usual, we compare (5.143) with (5.145). Similar to Case 1 and Case 2(i), the two con-
vergence conditions (5.143) and (5.145) for the ODE series solution and the PDE series solution,

3

respectively, differ only by an exponential factor, e2*7=70l.

This is a known, dimensionless factor
that causes the radius of convergence of the PDE solution to be smaller than that of the ODE

solution. It indicates that we are losing very little information in moving from the ODEs to the
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PDEs. Moreover, the loss of information can be attributed to the growth rate, k, of the derivatives

of K(z), and the largest group velocity (in magnitude), ¢, of the three waves.

5.6 Radius of convergence: Case 2(iii)

In this section, we consider Case 2(iii), in which the phases are constant and H(z) = 0, while
K2(z) and K3(z) are nonzero in the solution of the three-wave PDEs. Similarly, in the solution of
the three-wave ODEs, we assume that H = 0, and K5 and K3 are nonzero. In order to find the
radius of convergence of the Laurent series solution of the three-wave PDEs in this case, we must
deviate slightly from the set of steps outlined in Section 5.2. The idea of the proof is the same, in
that we use the radius of convergence of the ODE series solution in order to determine the radius of
convergence of the PDE series solution. However, this case is more complicated than the previous

cases, which forces us to take a slightly different approach.

STEP 1: We begin as usual by finding the series solution of the three-wave ODEs when H = 0 and

Ky, K3 # 0 using (4.29)-(4.31). The first few terms of the series for a,,(7), m = 1,2, 3 are given by

eiwl
a(7) = ¢ [ G T (Ky+ K3)€E2 + £(7K2 — 22K,K3 + TK2)¢
15120(31K2 15K3 K3 — 15K, K3 + 31K35)¢0 + - } , (5.1468)
o 1 2 2 ¢4
a2(7-) = ¢ 6 (K3 - 2K2)£ + %( 8K;5 + 8Ky K3 + 7K3)£
€i¢3
a3(t) = ; [ +5 T (Ky — 2K3)€2 + %(71(2 + 8Ky K3 — 8K2)¢*

Note that since H = 0 in this case, a,,(7) has the form (5.66),

(5.147)

for m =1,2,3, where A7 is real and defined in (5.67) for n > 2.
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We can immediately see from (5.146) that this case is more difficult than the previous cases
due to the presence of two free constants, Ky and K3, in the series coefficients of a,,(7). In
Case 1, we only had to deal with H in the series coefficients (see (5.44)), and in Case 2(i)-2(ii), a
particular relationship existed between K5 and K3, which allowed us to reduce the series coefficients
to functions of a single variable (see (5.65) and (5.119)). It was then straightforward to find the
radius of convergence of the series using a simple application of the ratio test. This is no longer
possible in (5.146) since each term in the series is a polynomial in K9 and K3. Consequently, we
introduce a change of variables in an attempt to simplify our calculations.

We introduce the change of variables
Ky =20K(1—a), and Ks3=20K(2+ a), (5.148)

where K and « are real constants with o € [—1, 1] and K # 0. The restriction on o amounts to a
scaling of the series solution. Note that we still have two free constants to choose from, o and K.
Moreover, notice that when a = 0, we recover Case 2(ii) in which K3 = 2K5. Additionally, when
a = 1, we recover Case 2(i) in which Ky = 0 and K3 # 0. Finally, observe that under the change
of variables (5.148), we have that A} = K, A2 = aK, and A3 = —(1 + a)K.

Using (5.148), the first few terms of (5.147) become

eVt T ,  K? o, KP 2y ¢6
ai(r) = : L+ K&+ J5 (-1 +dat+4a) & 4 —o(T+12a +1205) &€ +--- |, (5.149)
ez [ ,  K? 2y o1, KO 2 3y ¢6
as(t) = : L+aKe+ (A4 da—a?) '+ (120 +120° +7a%) €€ + -+ |, (5.149D)
13 . K2 K3
az(7) = eg 1K(1+a)5210(1+6a+a2)5470(7+904+90l2+7043)56+“‘} :
(5.149¢)
Observe that a,,(7) can be written
am(7) = ¢ > oD dy, AP K (5.150)
n=0 p=0

where d))',, are real constants that could be zero. If we try to apply the ratio test to one of the
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series in (5.149), we find that the series converges when

ZZié dZEnH) paPK”+1§2(n+1)

ZZ:O dg?LLpapKnéﬂn

< 1.

—-1/2
1 _ P
&< i <7}£’80 ) :

Assuming the limit on the right-hand side exists, we see that the radius of convergence should go

n—oo

Rearranging, the condition for convergence becomes

n+1 ym
szo d2(n+1),pa

n m
Zp:l) d2n,pap

like 1/|K|'/2. This is the same form as the radius of convergence of the ODE series solution in
Case 2(i) and 2(ii), given in (5.69) and (5.144), respectively. However, computing the limit is less
straightforward since it involves a ratio of polynomials. Moreover, if we try to use the Weierstrass
general solution of the three-wave ODEs in order to determine the radius of convergence of (5.146)
or (5.149), we find that there is not a nice analytic formula for the half-periods, A; and Ag, of the
Weierstrass function when Ky and K3 are arbitrary. Case 1 and Case 2(i) were special in that one
of the elliptic invariants, go and g3, was zero in each case, which makes the relationship between the
invariants and the half-periods simple. When go and g3 are both nonzero, there is not an explicit
formula for \; = A;(g2,93), j = 1,2.

The best we can do for now is to bound (5.149) using the triangle inequality as follows,

1 [ 9 31 |

()] = gy |1+ IKIIEE + g Plel” + SEIRTER + - | (5.151a)
17 2 9 2|¢14 31 3|¢16 ]

aa(r)] = g7 |1+ IKIIEE + g Plel* + ZEIRTER + - | (5.151D)
I 2 4 2|¢14 16 3|¢|6 ]

(7)) = 17 |1+ 2AKIIEE + SIPIel* + KP4 | (5.151¢)

A straightforward numerical application of the ratio test tells us that each of the functions converges

absolutely approximately when

1.2826
€l < TALE (5.152)

Next, observe the following. Rearranging the relations in (5.148), we have that

1 2|11 — qf 4 1 2|2 + af 6
— = < , and — = < .
K| | Ka| | Ka| K| | K| | K|
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This implies that

1 < m { 4 6 }
— <min<§ —, 5 ¢-
K|~ [ Ko [ K

Consequently, the convergence condition in (5.152) becomes

\§|<12826m1n{1/|K2 ”|K3 }

. 2.57 T
%mm{][(Ql/?’ |K3|1/2}' (5.153)

Consider the results of Table 5.1. For instance, consider Case 2(ii), in which K3 = 2K5. It

follows that 4/|K2| > 6/|K3|. As a result, the convergence criteria in (5.153) becomes

2.22

v
K3l ©~ \2[K,|  |Ko|V?

This is a slightly smaller radius (by about 15%) than the one we found in Section 5.5, which was

€| < 1.2826

Ropg =~ 2.62/|K3|'/2. Tt is not surprising, however, that we lose some information by computing
the radius of convergence of the ODE solution using (5.151). The bound in (5.151) is not tight due
to our use of the triangle inequality. Nevertheless, we have still managed to find a good estimate
for where the general solution of the three-wave ODEs converges in the case where H = 0 and Ky
and K3 are nonzero.

Finally, notice that as Ko — 0, we have that 4/|K2| > 6/|K3|. Thus for small values of Ko,

we have

which is the same as the radius of convergence found in Table 5.1 for Case 2(i), in which Ky = 0.
Later, it turns out to be useful to formulate (5.146) and (5.149) in yet another way, which

uses the known Laurent series expansion of the Weierstrass function. We return to this in Step 5.

STEP 2: Following the usual procedure, now we construct the formal series solution of the three-

wave PDEs when H(x) = 0 and Ka(z), Ks(z) # 0 using (5.24)-(5.26). Moreover, recall that when
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H(x) = 0, the recursion relation in (5.26) reduces to (5.83). The first few terms of the series are

i1
ar(z, 1) = 65 {1 + Kot + i [ — (3e1 + ¢3)Kh + (e2 — 03)K§]§3

1
+ 0 [ (12¢ + c1eo + 5eres — eacs + 3c3) Ky (5.154a)

+ (c3 — c2)(4er + 3(ca + ¢3))Kh + 16K2K5 — 4’C% + 16/C§:| ¢t },

itha
ag(z,7) = 65 {1 + K3&2 + i {(cl —3)Kh — (3ca + c;;)/Cé} £

1
+ 47) |:(63 — Cl)(3C1 + 4co + 363)/C/2, (5.154b)

+ (6102 —c1c3 + 126% + 5cocy + 36%) ,Cg(:(}) + 16K K3 + 16/(:% — 4]C§:| §4 =+ },

eiwiu’

3

{1 — (K2 + ’C3)§2 + i [(01 + 363)/C/2 + (e2 + 363)]@)}} §3

1
+ 10 [ — (3¢f —c1(ca — 5es) + es(ca + 12¢3)) K (5.154c)
— (c1(e3 — e2) + 3¢ + 5eacs + 1203) Ky — 4 (6K2K3 + K3 + /C:Qz,) } &t }

Note that even low order terms are complicated due to the presence of two free functions. As more
terms are computed, higher derivatives of Ky(z) and K3(x) appear, as well as nonlinear terms in
Ka(z), K3(x), and their derivatives. In order to gain traction in our convergence proof, we restrict

our attention to certain families of functions for Ko(z) and KC3(z).

STEP 3: Following (5.34), we assume that

Kj(@)|| <k IKjlloo, =23 (5.155)

o)

a
dx™

where k; is a real positive constant for j = 2,3. Moreover, define

kM = max{k:z, kg} and ’CM = maX{HICgHOO, H/CgHoo}

It follows that
dn

dx™

Kj(z)

< kYK, =23 (5.156)

[e.o]
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STEP 4: Next, we use (5.156) and the definition of ¢ in (5.31) in order to bound the series in

(5.154). We obtain, as usual, a series of the form

1 +Z Z @ (ckar)" "l | (5.157)

p=1n=2p

|am (z, T)

\?I

where ¢;,", are nonnegative constants for m = 1,2, 3.
As with Case 2(i) and 2(ii), it is difficult to find an exact formula for the coefficients g,,",,.

Instead we bound the sum
3
= lam(z, 7). (5.158)
m=1

We then find the radius of convergence of A(x,7), and infer that a,,(z, 7) must converge absolutely

within at least that radius of convergence for m = 1,2, 3.

STEP 5: We follow the procedure outlined in Step 4 of Section 5.4 to find that

Az, g 3+ Z Z T Koy (ckar)" 2P €™ | (5.159)
p=1n=2p

where 7, , is defined in (5.92a) for p > 1 and for n > 2p. In the previous cases, ry, for n = 2p is

defined in (5.92b) as

T2pp = ’K‘p (}AZP‘ + ‘A | + ‘A%p‘) :

However, in our case, Aj, is a polynomial in a. Indeed, we know from (5.150) that

Z d2p s
It follows that

{<Z|d2ps )

since @ € [—1,1]. As a result, in the case where H(z) = 0, and Ko(z) and Ks(x) are arbitrary

(except for (5.156)), we define

3 p
T2pp = T2p = Z Z b s | (5.160)

m=1 s=0
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It is shown in Appendix C that if H(x) = 0, then 7, , satisifies

n op P—1

Tnp < (n— 2p , ZT%TQ (p—0), T >2p, p=>2. (5.161)
Moreover, when p = 1, (5.93) gives
3n—2
In Case 2(i) and 2(ii), we also have the bound
p—1
> rarap-ny < (6p+ ) rap, P =2, (5.163)
(=1

where § and 7 are nonnegative constants. The combination of (5.161) and (5.163) allowed us to
reduce the double sums in (5.80) and (5.129) to a single sum. We then applied the ratio test to
the single sum in order to determine where A(x,7) converges in those cases. In the present case,
however, it is difficult to prove (5.163). In fact, proving the bound is prohibitively complicated.

Instead, we seek an alternative bound on

p—1

Z Ty (p—t)s P = 2. (5.164)
=1

To be precise, we seek to bound (5.164), not in terms of r9,, which involves the coeflicients of the
series for a,,(7), but rather in terms of the coefficients of the series for |a,,(7)[?.

To that end, recall the Weierstrass general solution of the three-wave ODEs in Chapter 3.

In particular, recall (3.54), which gives |a,(7)| in terms of the Weierstrass elliptic function for

m=1,2,3 as
|am (T)° = o [o0(T — 703 92, 93) + Cim] (5.165)
where C,,, = 2A5". That is, we have
o = K2t hs ‘3”{3, (5.166)
o, = B3~ 2K2 _32K2, (5.167)
Oy = B2 =285 (5.168)
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Moreover, recall the Laurent series expansion of p(&; g2, g3) in (4.33),

1 < -
0(&; 92,93) = 2] + Z con&®" 2, (5.169)
n=2

where £ = 7 — 79, ¢4 = g2/20, cg = g3/28, and ¢y, is determined by

n—2
3
n — iCo(n—17)s > 4. 1
T Gt D)(n-3) ]Z_;%Cz( pn (5.170)

Without loss of generality, assume we are in the explosive regime with 01 = 09 =03 = 0. It

follows from (5.165) and (5.169) that |a,,(7)|* can be expanded as

1
‘am(T)F = ?

1+> 0%62”] : (5.171)
n=1

where ' = Cy, and ¢}, = 3, = ¢3,, = ca, for n > 2, with cg, defined in (5.170). We want to
bound rg, in (5.164) using the coefficients cay, in (5.171).

Recall that in Step 1 of this section, we made the change of variables (5.148). Under this
change of variables, Al = K, A2 = aK, and A3 = —(1+«a)K. As a result, using c* = C,,, = 247",
we have

A =2K, 3=2aK, and ¢ =-2(1+a)kK. (5.172)

Furthermore, under the same change of variables, we have that the elliptic invariants go and g3
become

g2 =16K*(1+a+a?) and g3 =320K3(a+a?).
Consequently, we have

4 8
=2 =1k bava?) and o= 2= Kiaral), (5173)

where we set 0 = 1 in the formula for gs. In particular, we notice from (5.170) and (5.172)-(5.173)

that ¢} is always an nth degree (or less) polynomial in «, and we write 5!, = 5 (a).

We introduce the notation

n
o (a) = K™ [h} o + B3+ Bl o0 + -+ BB 0] = K'h, o (5.174)
s=0
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Then define
fam(a th , n>1, (5.175)
so that
cop (@) = K" f3,(a).
As with ¢, when n > 2, we have that fi, = f2 = f3 = fon. It follows from (5.170) that fo,(c)

can be computed via

fon(er) = (Qnﬂ ngj o) fons (@) n >4, (5.176)

using f4 = ¢2/20 and fg = g3/28.

When n =1, (5.172) and (5.174) imply that
hyo=h5,=—h3g=—h3; =2, and hy; =h3,=0. (5.177)

Additionally, for n > 2, it is clear from (5.170) and (5.173) that hQns = h2ns h2ns = hop,s > 0.

Furthermore, observe that since hg, s > 0 for n > 2, we have

’f2n( | <f2n ZhQnSa n > 2.

Later, we need the notation

lon = Z Z ‘hQns

m=1 s=0

. n>1. (5.178)
It follows from (5.177) that to = 8. Moreover, since ha, s > 0 for n > 2, (5.175) gives
ton = 3fan(1). (5.179)
We now want to bound (5.164) in terms of ¢5,. To begin, we can see from Figure 5.1 that
ron < lon, (5.180)

for n > 1, where rg, is defined in (5.160). In fact, it is clear from Figure 5.2 that both rg, and
tan, behave like Ce™™/2 for sufficiently large n, where C' is a real positive constant. As a result, as

n — 00, we conjecture that ro, and t9, approach zero exponentially fast, with ro, < to,.
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Figure 5.1: A log plot of rg, and ta,, up to n = 1000, with 79, defined in (5.160) and t,, defined in
(5.178). Note that ry, < tg, for n > 1.
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Figure 5.2: A log plot of 7oy, ta,, and 100e~"/2 up to n = 100, with ro, defined in (5.160) and to,
defined in (5.178). Note that for sufficiently large n, ra, < 100e~™/2 < to,,.
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Assume that n > 4. Observe the following, making use of (5.180),

n—1 n—1
D raramg) £ ) tajtamy)
Jj=1 Jj=1
n—2
= 2lalo(n—1) + Z t2jta(n—j)
j72

—16t2n 1) +92f2] f2n ])( )

=2

:48]02(”,1 +9Zf2j f2n ]) )

— 48 fy(1y(1) + 3(20 + 1)(n — 3) fon(1)
< [48 1302+ 1)(n— 3)} Fatnn)(1)
- [6n2 — 15+ 39] Fatnny(1), (5.181)

where we used the definitions of fa, and t2, in (5.176) and (5.179), respectively, and the last

inequality used the fact that

fan(1) < fo-n(1), n=2. (5.182)
Note that this fact can be easily proved using the technique of Section 5.4, Step 5 (in particular,
see the proofs of (iii)-(iv) on page 115).

Next, consider the quantity
(Bn2 + 10+ 6) tan_1) — [6n2 —15n + 39} Fanon (1), n >4,
for some real constants 3,~, and §. Observe the following
(Bn® +yn + 8) ta(m_1) — [6n2 —15n + 39] Fatn1y(1)
- [3 (Bn2 + yn + 6) — 602 + 150 — 39] Fatn1y(1)

- [(35 —6)n2 + (37 + 15)n + (30 — 39)] Fann)(1),

where we used the fact that t9, = 3f2,(1) for n > 2. This quantity is clearly nonnegative if we

choose f =2, v =0, and § = 13. As a result, we know that

(2n* + 13)ta(n—1) > (6n° — 150 + 39) fo(n—1)(1), (5.183)
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for n > 4. Consequently, combining (5.183) with (5.181), we find that

n—1

ZTQJTQ(n -5 = (2n +13)t2(n 1) n > 4.
j=1

The inequality (5.6) can also be verified for n = 2 and n = 3 directly.

We now have a bound for the sum in (5.164). Combined with (5.161), we find that

Bp)"* 5
Tn,p S m (2p + 13)t2(p_1), n 2 2p, P 2 1. (5184)

Note that the result for p = 1 follows from (5.162) if we define ¢ty = rs.

Returning to the original problem, we were investigating the convergence of the series solution
of the three-wave PDEs. In particular, we seek the radius of convergence of A(x,7) in (5.159).
Applying (5.184) to (5.159) and following the procedure of the previous sections yields

1
A(xﬂ_) < = 3+Z Z 7ﬁnp CkM)n 2p‘§|n

p=1n=2p

<> 3+§: S O o 18 K (ka2 €]
= D) 2(p—1) M VM

—_

o
< 2 B D207 4 13) by ) Ky [P HPE
p=1

STEP 6: The series for A(x,7) converges by the ratio test if

i (2(p + 1)2 + 13) t, KEF €2+ D g3ckn (D]
1m

<1.
p—0o0 (2p2 + ].3) t2(p71) ,C?M |§|2p63ckMp\§|

Simplifying, the convergence condition becomes

top

/CM|§|2 3ckmlél 1im
ba(p-1)

p—o0

<1,

where we used the fact that limy,_,oo(2(p+ 1) + 13)/(2p? + 13) = 1. Simplifying further, we obtain

)1/2

the condition
top

ta(p—1)

\§|e§CkM|5‘ < <ICM lim

pP—0o0
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Numerically, we can see that

which gives

tgp
ta(p—1)

—1/2
< lim > ~ 1.2826.
p—r00

As a result, we know that the series (5.159) converges approximately when

1.2 1.2
karfro=rl 1/82 = i 73 (5.185)
Ky fmax{[Ial, [IC]1}]

|70 — 7] e2

Consider the results summarized in Table 5.1. For instance, consider Case 2(i), in which
Ko(x) = K3(x) = K(x)/6. Substituting into (5.185), we find that the convergence condition for the

PDE series solution becomes

Sehimr| _ 1:28V6  w
|70 — 7| e2 ~ .
Itz K2

This is exactly the condition we determined in Case 2(i). Next, consider Case 2(ii), in which

Ko(x) = K(x)/2 and K3(z) = 0. In this case, (5.185) becomes

3 1.28v/2 1.81
70 — 7] €2 ~

NRERNIS A

ck|mo—|

The radius of convergence we determined in Section 5.5 for this case was approximately 2.62/||K||*/2.

As a result, we did lose some information by using (5.185) here, but this is not surprising. We had
to make several bounds on the series for a,,(z,7) in order to derive (5.185), and most of those
bounds were not tight due to our use of the triangle inequality. As a result, we can expect some
loss of information in the more general convergence criteria, (5.185), which applies to any case in
which H(z) = 0, and Ka(z) and K3(x) are arbitrary (as long as (5.156) is satisfied).

To summarize, we found that the general solution of the three-wave ODEs when H = 0 and
Ky, K3 # 0 converges when

|7 — 70| < Rop, (5.186)
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where, following (5.153),

1.283
Ropg K12
) 2.565 us
:mln{|K2|l/2, |K3|1/2}7 (5187)

with K defined in (5.148). Meanwhile, we determined that the analagous near-general solution of

the three-wave PDEs with constant phases, H(x) = 0, and Ka(x), K3(x) # 0, converges when

ezekulT=mol|7 _ 7| < Rppg, (5.188)
where
1.283
R = , 5.189
PDE max{||/C2||1/2, H’C3H1/2} ( )
and || - || = [|  [|oo-

The two convergence conditions (5.143) and (5.145) for the ODE series solution and the

cka|T=70l  This is a known,

PDE series solution, respectively, differ only by an exponential factor, e
dimensionless factor that causes the radius of convergence of the PDE solution to be smaller than
that of the ODE solution. It indicates that we are losing very little information in moving from the
ODEs to the PDEs. Moreover, the loss of information can be attributed to the maximum growth
rate, ks, of the derivatives of Ka(x) and Ks(z), and the largest group velocity (in magnitude),
¢, of the three waves. Finally, if we try to apply the convergence criteria in (5.186)-(5.189) to
previously studied cases like Case 2(ii), we find another small loss of information. Again, this is

not surprising since we had to make several bounds on the series for a,,(7) and a,,(x, 7) in order

to derive (5.186)-(5.189), and most of these bounds were not tight.

5.7 The nonexplosive case

Our work in this chapter has focused so far on the explosive regime in which o1 = 09 = o3.
In this section, we discuss the nonexplosive case of the three-wave PDEs. This work of this section

is less rigorous than the rest of the chapter, but it gives some insight into the bounded solutions



145

of the three-wave PDEs. This section follows closely from the end of Section 4.4, which gives a
possible solution of the three-wave ODEs in the nonexplosive regime.
Motivated by (4.67), we seek a solution of the three-wave PDEs in the nonexplosive regime

of the form

am(z,7) = ¥ T (2, 7), where Tp(z,7) = a?m ZA?(x)ﬁ”, (5.190)
n=0

for m =1,2,3, and £ = 7 — 79. We assume that T}, (x, ) is real-valued for real = and 7, and that
Im (79) # 0. Additionally, a,, € C is a constant for m = 1,2,3. Note that we could generalize and
assume that 1, = ¥, (x), but for convenience, we assume that v, is constant for m = 1,2, 3.
Suppose that 01 = —o9 = —o3 = 1. Then under the assumption that T, (z, 7) is real for real
x and T, if we substitute (5.190) into the three-wave PDEs, we find that for m =1,2,3, A7*(z) =1

and AJ"(xz) = 0. Moreover, we have
a1 =1, and oy =az= —1,
as well as 1 + 19 + Y3 = 2nm, n € Z. Finally, we have that
Ay(r) = Ka(z), Aj(x) = Ks(z), and A3(z) = — (Kz(2) + Ks()),

where Ka(z) and K3(x) are free functions of x. The remaining coefficients in the series are deter-
mined by (5.83).

As with the ODE series solution in the nonexplosive case, if we write o, in complex expo-
nential form for m = 1,2, 3, then we obtain
eiWi—7/2) X2

: D A (x)E, (5.191)

ai(z,7) = & iA}L(x)En, and aj(x,7) =
S n=0

for j = 2,3. It follows that the sum of the phases becomes ¥; + ¥9 + 3 — 7 = (2n — 1),

which recovers (5.6) since ¢ = 1 when 03 = —02 = —o3 = 1. As a result, the solution (5.191) is

equivalent to the formal Laurent series solution of the three-wave PDEs described in (5.24)-(5.26)

when H(z) = 0 and the phases are constant. The first few terms of the series are given in (5.154).

The only difference is that 7y is now assumed to be complex.
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The investigation of the radius of convergence for the nonexplosive series solution is identical
to that of Sections 5.4-5.6. Note, however, that our derivation of the PDE series solution in the
nonexplosive regime is not rigorous, since we have not proven that the solution is indeed real along
the real 7-axis. Moreover, in the PDE solution (5.191), it is not clear what values Im (79) is allowed
to take on. In the ODE series solution in the nonexplosive regime, we were able to determine

Im (79) using the Weierstrass general solution. For the PDEs, we do not have this advantage.



Chapter 6

Numerical Verification

The purpose of this chapter is to provide some numerical insight into the Laurent series
solution of the three-wave PDEs. We present our PDE series solution in a variety of cases in the
explosive regime. In particular, we turn our focus to the numerical verification of the Laurent series,
showing that it does indeed converge to the exact PDE solution. We begin by demonstrating that
using a relatively small number of terms in the partial sum approximation of the Laurent series is
sufficient in practice. Next, we analyze the simplest case of equal group velocities, in which the
three-wave PDEs can be transformed back into the three-wave ODEs, whose solutions are exact.
Finally, we turn to more complicated regimes, where known solutions do not exist. In order to
verify the PDE solution in this case, we consider a numerical solution of the equations using a
simple finite difference approach, and verify that known convergence results hold. It should be
noted that we are not comparing our solution technique to the performance of other numerical
methods. Rather, we are using numerical methods to verify the partial sum approximations of our

solution.

6.1 Convergence of partial sums

In Section 5.1, we derived a Laurent series solution of the three-wave PDEs in the explosive
regime. The solution involves five free functions of x and one free constant, and is given by (5.24)-
(5.26). Although the solution is defined in terms of an infinite sum, here we show that only a small

number of terms is required in order to achieve machine precision. This is beneficial, because from



148

Sections 5.3-5.5, we know that even for the simple cases in which the phases are constant and one
or more of the remaining free functions is set to zero, the coefficients in the series still become
prohibitively complicated as more terms are computed (see equations (5.44), (5.65), (5.119), and
(5.146)).

Consider the PDEs series solution of Section 5.3, in which the phases are constant and
Ka(x) = K3(z) = 0. We know from Table 5.1 on page 91, or from equation (5.63), that the radius

of convergence of the solution in this case is given by

2(r(1)]° _ 3.06
ar || H|Y3 1RV

1

|7_ - 7_0| 63clc\7'77'0|

where [| - || = [| - [|oo-

Suppose that H(x) is given by
H(z) =2 +sinz, (6.2)

and that ¢; = cg = ¢3 = 1. Then (6.1) implies that the radius of convergence of the series solution

under these conditions is defined by

1

21 (4)]°
|7 — 10| e3°HIT=T0l < M ~ 2.12, (6.3)

47 31/3

since || H||cc = 3. Next, we solve the inequality in (6.3) for |7 — 79|. This yields the condition,
|7 — 70| < 1.35, (6.4)

where < is used to denote the fact that the right-hand side of the inequality is an approximation.
Next, let S§}(x, ) denote the Nth partial sum of the series solution for a,,(z,7) in (5.24)-

(5.26). That is,

e’L

Ym N
SV (z,7) = z Y A()Er, m=1,2,3,
n=0

where £ = 7 — 79 and N > 1. With H(z) defined in (6.2), and ¢; = ¢ = ¢z = 1, Figure 6.1
depicts a contour plot of |S{y(z,7)| when ¢ = 0 and 79 = 1. We used the domain x € [0, 47] and

T € [—0.35,2.35], so that 7 lies within the radius of convergence defined in (6.4). The figure shows



149

the fixed pole at 79 = 1, and the small variations in z away from 7 = 79. Note that plots of the
partial sums of |ay(z,7)| and |as(x, )| would appear the same since the coefficients in the PDE

series when Co(z) = K3(z) = 0 and ¢; = ¢o = c3 are equal (see (5.51)).

10

71.0

0 2 4 6 8 10 12

X

0

Figure 6.1: Contour plot of |Siy,(x,7)| in the explosive regime with 79 = 1, ¢; = ¢2 = c¢3 = 1. The
phases, 1, are constant for m = 1,2,3, and Ky(z) = K3(z) = 0. H(z) is defined in (6.2).

If N is sufficiently large, then ap,(z, 7) =~ S} (x, 7). This motivates us to consider the following

error term
S}Vn(aja T) - Sr(m7 T)
Sy (x,T) ’

g]m(x’ T) =

j=01,2...,N—1, (6.5)
for m = 1,2,3. For large N, 5]’-"(33,7') is a good estimate of the relative error between the exact
PDE series solution, ap, (2, 7) in (5.24), and its partial sum approximation, S7"(z,7), for m = 1,2,3,

j=0,1,...,N — 1, and for all x and 7 in the domain.

Computationally, we do the following. We discretize the (z,7) domain, so that
x = (z1,29,...,2p), and T = (711,72,...,7Tk), (6.6)

where zp11 = 21 + pAz, p = 1,2,...,h — 1, with Az = (2, — x1)/(h — 1). Similarly, we have

Tg+1 =71 +qAT, ¢ =1,2,...,k — 1, with A7 = (1, — 71)/(k — 1). We compute the approximate
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Error

10751

107"

26 4‘0 éO éO ]
Figure 6.2: ||S{o — SJT”HL%. The figure is generated using « € [0, 47] and 7 € [—-0.35,2.35], so that
7 extends all the way out to the edge of the solution’s region of convergence.

L2-norm of the relative error (henceforth referred to as the “L2-relative error” for convenience),

which we denote,

h k
% =87, = || S [ )| Axar (6.7)

p=1 g=1
Suppose that N = 100. With x € [0,47], 7 € [-0.35,2.35], Az = 0.1 and A7 = 0.051, we

compute || Sy — ‘S'J’-”HL?q for j =1,2,...,99. The results are depicted in Figure 6.2 on a log scale for
m = 1 (the results for m = 2 and m = 3 are the same). The L%-relative error between S jl and Sig
is monotonically decreasing. Indeed, on the log scale in Figure 6.2, the error decreases linearly with
7, meaning it decreases exponentially fast as j — N. In fact, we can make the same type of plot
for the error between S}” and Sy for N > 100 and j = 1,2,..., N — 1. The qualitative results are
unchanged. As a result, if we let S™ denote the exact solution of the three-wave PDEs (meaning

A

8™ = ap(z, 7) with infinite terms in the series (5.24)), then
J§7 87, = i 1S58 — 8], ~ O (DCY), 68

where C' and D are real positive constants, and | - || 2 is used to denote the L2-relative error. In
Figure 6.2, C' ~ 1.435 and D = 0.592.

For many purposes, we should not need to go far beyond the partial sum with a few dozen
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Figure 6.3: ||S{5y — S;”HL%. The figure is generated using « € [0,4n] and 7 € [0,2], so that 7
remains well within the solution’s region of convergence.

terms, since beyond this, the difference between the true solution and the partial sum approxima-
tion is small. This is especially true when we restrict our attention to the interior of the region
of convergence, away from the boundaries. To see this, suppose we set N = 100 and compute
ISy — S}”HL% once more for j = 1,2,...,99; this time, however, we restrict the 7-domain to
7 € [0,2], while keeping the z-domain the same as before, with z € [0,4n]. The important point
is that we have now restricted 7 to lie well within its radius of convergence, which extends below
70 = 1 to approximately 7 = —0.35, and above 79 = 1 to approximately 7 = 2.35. Figure 6.3
depicts the results in this case for m = 1. We see that [|S{j5, — ST 12, approaches a constant after
j = 60; the constant is O(1071°), which is close to machine epsilon. That is, after 60 terms, there
appears to be no advantage to increasing the number of terms in the sum. In combination with
the results of Figure 6.2, this implies that fewer terms are needed to capture the behavior of the
solution accurately near the pole at 79 = 1, while more terms are needed in order to describe the
behavior of the solution near the boundary of its region of convergence. This is further seen in
Figure 6.4, which depicts 53(x, 7) when N = 100 and m = 1, where "(x, 7) is given in (6.5). It
is evident from the plot that || S}, — Sa2|| 12, increases as T approaches the edge of the region of

convergence. In the interior of the domain, the error remains low.
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Figure 6.4: Contour plot of the relative error, £1-(z, 7), between the 100th partial sum approxima-
tion of a1 (z,7) and the 25th partial sum when 79 = 1, ¢ = co = ¢3 = 1, Ko(x) = K3(z) = 0, and
H(z) is defined in (6.2). Note that £7"(z,7) is defined in (6.5), and we set N = 100.

6.2 The special case of equal group velocity

The three-wave PDEs when ¢; = ¢o = c¢3 is a special case, because under a change of variables,
the PDEs can be reduced to the three-wave ODEs. Since the solution of the three-wave ODEs is
known analytically in the entire complex 7-plane in terms of Weierstrass elliptic functions, we can
use the ODE solution to verify the accuracy of our PDE series solution in this case.

Let ¢1 = ¢co = ¢3 = ¢ and define the following change of variables
(=z—cr, and n=r1. (6.9)

Under this change of variables, the three-wave equations (5.1) become

Oam -
rr Omagay, (6.10)
where (k,¢,m) = (1,2,3) cyclically, a,, = an((,n), and (6.10) holds along lines of constant (.

Equation (2.20) is equivalent to the three-wave ODEs for constant ¢, and its general solution in

terms of elliptic functions is given by (3.54) and (3.60).
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In order to compare the PDE series solution with the exact analytic solution of the ODEs,
we restrict our attention to |am(:v,7')|2. Moreover, we assume that the phases are constant and
Ka(z) = Ka(z) = 0. This choice is for simplicity, and the computation can be repeated for other
cases with similar results.

First, we construct the partial sum approximation of the solution, |am,(z,7)? ~ |S%(x, 7)|?,
where N > 1 and we restrict 7 to be within the radius of convergence of the solution. To compute
the corresponding ODE solution using (3.54), we need the values of the constants H, Ko, and K3
along each line ( = = — ct (since H, Ko, and K3 determine the elliptic invariants, go and g3). Since
Ka(x) = Ks(z) = 0 in the PDE case, it follows that K2 = K3 = 0 in the corresponding ODEs.
One can easily verify this using the Manley-Rowe relations in (2.30)-(2.31), since |ay(x,7)|* =
lag(z, 7)|* = |as(x,7)|* for all z,7 when Ky(x) = Ks(z) = 0 and ¢; = ¢» = ¢3. Next, H is
determined from our choice of H(z) in the PDE series solution. In particular, consider the line
T = 19. Suppose we fix a particular value of x along the line 7 = 79 and call it Z. Then Z has a
corresponding line of constant ¢ defined by ( = & — crg. Along each of these constant ( lines, we
set H = H(Z).

Now that Ks, K3, and H are known for each ( line, we simply evaluate the Weierstrass
solution in (3.54) along this line, using the fact that 7 = 7. This provides an exact solution of the
three-wave PDEs when ¢; = ¢a = ¢3 in the entire (x, 7)-plane. We denote the exact solution of the
three-wave PDEs by Sm(:c, 7) for m =1,2,3.

Consider the case of the PDE series solution outlined in the previous section, in which the

phases are constant, Co(z) = K3(z) =0, ¢ =1, 719 = 1, and H(z) is given by
H(x) =2+ sinz. (6.11)
We know from (6.4) that the radius of convergence in this case is
|7 — 70| < 1.35,

where < is used to denote the fact that the right-hand side of the inequality is an approximation.
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Figure 6.5a depicts |Sas(, 7)|? within the radius of convergence of the solution. Figure 6.5b,
on the other hand, depicts the exact solution of the three-wave PDEs in the same domain, where
the three-wave ODEs in (6.10) were used to compute the solution. Finally, Figure 6.5¢ shows the
pointwise relative error between Figures 6.5a and 6.5b, which is larger for values of 7 that are near

the radius of convergence.

0.0006
0.0005
0.0004
0.0003
0.0002

0.0001

(a) |85/ (b) [S"[? (c) (IS — [S35°) /IS ?

Figure 6.5: A comparison of the formal Laurent series solution of the three-wave PDEs with 25
terms when 79 = ¢; = ¢3 = ¢3 = 1, and the corresponding solution of the three-wave ODEs along
lines of constant ¢ under the change of variables in (6.9). We use Ko(x) = K3(x) = 0, with H(x)
defined in (6.11), and we consider 7 within its region of convergence, 7 € [—0.35,2.35]. Note that
Sy (x,7) denotes the 25th partial sum approximation of a,,(z,7) and S™(z,7) denotes the true
solution, a,(z, 7).

Following the notation of Section 6.1, define the approximate L%-norm of the relative error

between S™(x,7) and S¥(z, ) as

h k
15 = S\l 2, = | 2D [ER (7o) ? Az At, (6.12)

p=1g=1

where in this case E}(x, 7) is defined to be

En(z,7) = Sm(x’gi&if(x”) . (6.13)

In Figure 6.6, we depict the L2-relative error between the the exact solution and the series solution

with N terms up to N = 100. We see that increasing the number of terms in the series solution
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Figure 6.6: [|S' — Sx|/12, the relative L2-error between the partial sum approximation S§ of
am(z,7) for m = 1 and the exact solution S of the three-wave PDEs, generated using the ODEs

in (6.10). The figure is generated using = € [0,47] and 7 € [—0.35,2.35], so that 7 extends all the
way out to its radius of convergence.

exponentially increases the accuracy of the solution. Indeed, we find that

Sm—S}?HL% ~ODC™), (6.14)

where C' and D are positive constants. In the case of Figure 6.6, we have C =~ 1.379 and D =~ 0.827.
Note that (6.14) is consistent with (6.8).

Figure 6.6 gives us confidence that the PDE series solution we generated in Chapter 5 accu-
rately describes the behavior of solutions of the three-wave equations, even when we truncate the
series after a relatively small number of terms. Moreover, it is clear from Figure 6.5¢ that the loss
of information in truncating the series solution is primarily restricted to the edges of the region of
convergence.

Since the PDE series solution when ¢; = ¢o = ¢3 can be computed exactly using the three-
wave ODEs, it is useful to observe the behavior of the solution outside of the radius of convergence
of the typical series solution. This allows us to see what information we are missing by restricting

ourselves to 7 values that lie within the radius of convergence. To that end, in Figure 6.7, we depict
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the exact solution of the three-wave PDEs when ¢; = ¢3 = ¢3 = 1, Ka(z) = K3(z) = 0, and H(x)
is given in (6.11). In this case, we allow 7 to go far outside the radius of convergence of the series
solution, so that 7 € [—2.75,4.75].

It is clear from Figure 6.7 that there are other poles away from the pole we put in at 79 = 1.
Moreover, the locations of the other poles depend on x. The exact solution in the figure is found
by using the Weierstrass solution along lines of constant (. Since each line has a different value
of H, it follows that the Weiertrass function along each line has its own arrangement of poles. In
particular, recall from Section 5.3, equation (5.47), that the radius of convergence of the three-wave
ODEs when Ks = K3 = 0 is given by

2[r(1)]° _ 3.06
471_“—_[’1/3 ’H’l/?’

ODE —

As a result, along constant ( lines where H is small, the distance between poles will be large;
conversely, along ¢ lines where H is large, the distance between poles will be small. This accounts
for the fact that the location of the pole away from 79 = 1 is not constant in x.

We would like to know how much of the behavior of the poles away from 79 = 1 can be
captured by our PDE series solution, without the use of the exact Weierstrass solution. To that
end, Figure 6.8a depicts | Sy (x, 7)| for 7 € [—0.95,2.95]. This allows 7 to extend beyond the region
of convergence of the solution, outside of where we know the solution is valid. Figure 6.8b depicts
the exact solution for the same range of 7 for comparison purposes. It is clear from the figures
that the PDE series solution does begin to capture the behavior of the poles away from 7 = 9.
However, the series solution also introduces spurious artifacts near the poles that do not exist in
the exact solution. We continue to work on the problem of accurately extending our PDE series

solution outside of its radius of convergence.

6.3 Finite difference validation

In this section, we provide an alternative check on the Laurent series solution of the three-

wave PDEs, given in (5.24)-(5.26). In particular, we use a finite difference scheme in order to solve
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Figure 6.7: Contour plot of the exact solution of the three-wave PDEs, |aj(z,7)|?, when 79 =
¢ = c2 = c3 = 1, the phases are constant, Ka(z) = Kz(z) = 0, and H(x) is defined in (6.11).
The domain is 7 € [—-2.75,4.75], which is far beyond the radius of convergence of the PDE series
solution. Note that there is a fixed pole at 79 = 1, and poles with spatial dependence away from
there. The dashed black line represents a line of constant ¢, where { =z — t.

the three-wave PDEs, which we compare to the partial sum approximation Sy}(x,7) of our series
solution. The finite difference comparison is advantageous because it allows us to consider the case
where the group velocities, ¢,,, m = 1,2, 3, are not all equal. This was not possible in the previous
section.

We choose one of the simplest possible finite difference methods in order to solve the three-
wave PDEs in (5.1). This allows us to validate the solution via standard convergence analysis.
Specifically, we use a first-order upwind method. That is, we use a forward Euler scheme in 7, and
a backward difference scheme in x. To that end, we discretize the (x,7)-domain using (6.6), and

define the following



158
Then the explicit finite difference method for solving the three-wave PDEs becomes

1

= ([omlg = an]t) + 2 ([omlf — lamsr) = om afl} 0715, (6.15)

where (k,¢,m) = (1,2,3) cyclically. Given an initial condition and a boundary condition on the
left of the domain, (6.15) allows us to step forward in time and space in order to find the solution
of the three-wave PDEs in a given (x,7)-domain. Note that specifying a boundary condition on
the left means we specify [an]|? for ¢ = 1,2,...,k, and specifying an in initial condition means
specifying [am]ll] forp=1,2,...,h.

It is well known that the accuracy of the first-order upwind scheme is O(A7) + O(Az). In
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Figure 6.8: A comparison of the formal Laurent series solution of the three-wave PDEs with 25
terms when ¢; = cg = ¢3 = 1, and the corresponding solution of the three-wave ODEs along lines
of constant ¢ under the change of variables in (6.9). We use Ka(z) = K3(x) = 0, with H(x) defined
in (6.11), and we consider 7 outside its region of convergence, 7 € [—0.95,2.95]. Note that Sis(x, T)
denotes the 25th partial sum approximation of a,,(z,7) and S’m(x,T) denotes the true solution,
am(z, 7).
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order to see this, we first use Taylor expansions to find

B 3} (At)? 62 3
am(z, T+ AT) = am(z, 7) + Argam(x, T) + 5 Wam(x, 7) + O(AT?),

B 0 (Az)? 62 3
am(z — Az, 7) = ap(x,7) — Aac%am(mﬁ) + 5 @am(x,T) + O(AT7).

Rearranging, we obtain

am(x, 7+ AT) — ap (2, 7 0

( Az (@,7) = Eam(m’ﬂ') + O(A),
am (2, 7) — am(x — Az, T 0

(z,7) Aa:( ) = %am(x,T) + O(Ax).

If we set = x, and 7 = 74, then x + Az = x4 and 7 + AT = 7441. Thus, we have

o (lonlg™ ~ [an)8) = am(ry,7) + O(),
o ()t~ anlh 1) = Aoy 7) + O(A2).

This is sufficient to show that the error term for the first-order upwind method is O(A7) + O(Ax).
The first-order upwind scheme is stable as long as the Courant-Friedrichs-Lewy (CFL) con-

dition is satisfied. In particular, A7 and Az must be chosen such that

c AT < Az, (6.16)

where ¢ = max {|c1|, |c2|, |e3]}-

In practice, in order to ensure that (6.16) is satisfied, we fix Az and set AT = Ax/c. Consider
the usual example of the PDE series solution in which the phases are constant, ICo(x) = K3(x) = 0,
H(x) is given in (6.11), and 79 = 1. This time, however, we assume that the group velocities are not
equal, and that in particular ¢; = 1,co = 0.5, and c3 = 0.75. In order to compare the partial sum
approximation of the solution with the finite difference approximation, we restrict our attention to
a small domain in x and 7. Since the finite difference solution will not do well near the pole, we
restrict 7 to lie in the domain [—0.35,0.75]. This means 7 extends to the lower bound of its region
of convergence, but it does not get too close to the pole at 79 = 1. For simplicity, we consider a

square domain, so that x € [—0.35,0.75].
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Since ¢ = 1, (6.16) is satisfied as long as we pick A7 = Axz. The finite difference solution is
computed by using a boundary condition on the left and an initial condition taken from the partial

sum approximation of a,,(x, 7). That is, we set
[am]g = Sy (zp, 1) = Sy (2p, —0.35), and [am]f = Sy (z1,79) = Sy (—0.35, 7).

Figure 6.9a depicts the partial sum approximation of |aj(z,7)| with 25 terms for the conditions
described above. Similarly, Figure 6.9b depicts the finite difference approximation of |a1(z,7)| on a
256 x 256 grid. This corresponds to a value of Ax = At =~ 0.0043. Figure 6.9c shows the magnitude

of the relative pointwise error between the two approximations,

Si(x, ) = Spip(x, 7)
Sy (z, 7) ’

En(z,7T) =

where Spp, denotes the finite difference approximation of S™. Note that the error increases towards
the top, right corner of the plot. This is due to the fact that numerical dispersion is introduced into
the finite difference approximation as the solution propagates away from the initial and boundary

data.

N
N

-0.2 0.0 0.2 0.4 0.6

(a) |S35] (b) |Skp| (¢) &as(,7)

Figure 6.9: A comparison of the partial sum approximation of the solution of the three-wave PDEs
with 25 terms when 79 = 1, ¢; = 1,¢2 = 0.5, and ¢z = 0.75, and the corresponding finite difference
approximation with At = Az ~ 0.0043. The domain is [—0.35,0.75] x [-0.35,0.75]. Note that
S3t(x,7) denotes the 25th partial sum approximation of a,,(z,7), Sgh(x,7) denotes the finite
difference approximation of a,(z, ), and Eo5(x,7) denotes the relative error between them.

Returning to the problem at hand, recall that we want to use the finite difference scheme
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in (6.15) in order to validate our PDE series solution in (5.24)-(5.26). The difficulty is that com-
putationally, we can only compute the partial sum approximation of our PDE series solution.
Consequently, we are using one approximation (the finite difference approximation) in order to
validate another approximation (the partial sum approximation).

In order to verify our results, we need to know a priori how the error between the finite
difference and partial sum approximations of the exact solution should behave. To that end, let

S™ denote the exact solution of the three-wave PDEs as usual. Observe the following

IS5 = Sibll 2, = [[8™ + (S = ™) = Stb 12
< (|87 = Stbll g, + lISF = S™ I,

~ O(AT) + O(Az) + O(DC™N), (6.17)

where as usual, | - || 12, denotes the approximate L%-norm of the relative error. The last line used
the fact that we know the error of our finite difference scheme is HSm -Spp H 2~ O(AT)+O(Ax),
and we know from (6.8) and (6.14) that ||SY —‘SA'mHL%c ~ O(DC~N). If N is sufficiently large, then
D C~V is small, and the dominant behavior of the error between the two approximations becomes
O(AT) + O(Ax). Since we fixed A7 = Azx/e, it follows that the error in this case behaves like
O(Ax).

We compute the error on the left-hand side of (6.17) for increasingly small values of Az in the
finite difference approximation, while holding N constant in the partial sum approximation. Figure
6.10 depicts the results of this computation on a log-log scale for N = 8,14, 20,32, and 50. Notice
that for small values of N, the curves do not linearly decrease as O(Ax), but instead approach a
constant, as predicted by (6.17). On the other hand, the curves for larger N are linear, with slopes
of approximately one. This means the error is O(Ax) as predicted, which indicates that when N
is large, the partial sum is a good approximation of the exact solution. For the larger values of
N, we hypothesize that if Ax was taken small enough, the curves would still approach a constant

predicted by (6.17). Due to computational limitations this hypothesis could not be tested.
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1.x107F —v-N=50
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Figure 6.10: [|S} — S}%DHL% when ¢; = 1,¢0 = 0.5, c3 = 0.75, and 79 = 1. We assumed z,7 €
[—0.35,0.75], so that 7 reaches the lower boundary of the region of convergence, but does not get

close to the pole. We assumed constant phases and that Kqo(x) = K3(z) = 0, with H(z) given in
(6.11).



Chapter 7

Discussion

We derived a solution of the three-wave PDEs in terms of a formal Laurent series in time, the
coefficients of which have spatial dependence. The series solution involves five real free functions of
x and one real free constant, namely the position of the pole at 7 = 79. A fully general solution of
the three-wave PDEs would involve six free functions, so our work stops short of a general solution.
In spite of this, we are only one function short of having a general solution of the three-wave PDEs,
a set of completely integrable coupled nonlinear complex-valued PDEs.

We focused our attention on the case in which the phase functions are constant. This allowed
us to derive the radius of convergence of the PDE series solution in several cases, specifically when
one or more of the remaining functions is set to zero. We determined that if the nonzero free
functions satisfy some differentiability constraints, then the radius of convergence of the solution
of the three-wave PDEs is related to the radius of convergence of a corresponding solution of the
three-wave ODEs. In particular, the radius of convergence of the PDE series solution is smaller
than the radius of convergence of the corresponding three-wave ODE solution, but it is smaller by
a known dimensionless factor. That factor depends on the maximum group velocity of the three
interacting waves, and how quickly the derivatives of the free functions are growing.

After making the formal Laurent series solution of the three-wave PDEs more rigorous by
determining where the solution converges, we used numerical methods in order to verify our solution
within its region of convergence. More specifically, we demonstrated that in practice, we can

truncate the formal Laurent series solution of the three-wave PDEs after a few dozen terms without
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much loss of accuracy. More terms are required for 7-values that are near the radius of convergence,
whereas fewer terms are needed to obtain the same level of accuracy for 7-values in the interior of
the 7-domain.

Our series solution provides an alternative to using inverse scattering when finding a solution
of the three-wave PDEs. Moreover, our method imposes no boundary conditions in z, meaning
our solution should be consistent with a wide variety of boundary conditions, including periodic
boundary conditions. This is useful since, to our knowledge, the three-wave PDEs have never been
solved with periodic boundary conditions. Our solution also makes no restriction on the number
of spatial dimensions allowed.

There is more work to be done in the nonexplosive regime of the three-wave PDEs, particularly
in determining what values 7y is allowed to take on in the complex plane. Additionally, we have
not rigorously considered what happens when all three of the functions Ka(z), K3(x), and H(z)
are nonzero, although we expect this to be a natural extension of the cases outlined in Sections
5.3-5.6. Furthermore, we have not addressed the question of what happens when we allow the phase
functions to be nonconstant. This problem is more difficult because the phases do not appear in
the coefficients of the series solution of the three-wave ODEs; they appear only in the exponential
term in front of the series. As a result, it is not clear whether we can find the radius of convergence
of the PDE series solution in terms of the radius of convergence of a corresponding ODE solution.
In spite of this, if we impose some differentiability conditions on ¢y, (z), then we expect the general
process of bounding the PDE solution in terms of polynomials in (ck) to be the same, although we
do not know whether or not the resulting series converges.

Finally, in order to develop a fully general solution of the three-wave PDEs, spatial depen-
dence must be incorporated into 75. Acquiring a general solution of a PDE is a rare occurrence,
so it will be significant if this is accomplished. The question of how to specify initial data in the
general (or near-general) solution of the three-wave PDEs must also be addressed, since this would

make the PDE series solution more physically applicable.
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2kq 2wy 2kq 2w1
- +
kg k/'3
2 iw i . i i
N ik2 paws (%1 - 251) cosh (hiks) coth (hoks)  ikakipaws (;‘;;1 - ﬁ) cosh (hks) coth (haks)
k‘3 - kS
+ k‘lpl(JJ3 (gk‘l + wf) sinh (hlk‘g) _ k2p1w3 (gk1 =+ wf) sinh (hlk‘g)
2kzw1 2k3w1
+ k‘poUJ3 (gkl + UJ%) cosh (hlk’g) coth (hgkg) _ kgpzw:’, (gk1 —+ w%) cosh (h1k3) coth (hgkg)
k3w 2k3w1
2 i iw . . i i
N ’Lkgp1UJ3 (ﬁ — 2"72) sinh (hlkg) zk1k2p1w3 (% — ;ﬁ;) sinh (h1k3)
k3 a kS
7.2 i iw . . .
. 1k5 paws (ﬁ — 2kz> cosh (hi1ks) coth (hoks)  ikikzpaws (% — ;‘;2) cosh (h1k3) coth (haks)
k3 B k3
N ik ko powgeF2—hik (% — ;‘Zi) coth (haks) (—gkle%lkl + gk1 + wieMFr 4 w%)
ngwf
k2 pomehika—hiky (g iws 2h1k 2 2h1k 2
_ 202W3 2wa 2ko COth (h2k3) (_gkle ! +gk1 +UJ1€ 11 + UJl)
2k3wf
" k1p1w3 (gkg + wg) sinh (h1k3) _ k2p1w3 (gkg + wg) sinh (hlkg)
2k3we 2k3w2
N k2p2w367h1k17h1k2 (gkg + w%) coth (haks) (fgkle%lk1 + gk1 + wiehk 4 w%)
4]473(4)%(4)2
3 k1powse ™ ik1—hiks (gkg + w%) coth (haks) (—gkle%lk1 + gk1 4+ wiehik 4 w%)
4]63(4)%(.«)2
N k1 paws (gkg + w%) cosh (h1k3) coth (haoks) 3 kapows (gkg + w%) cosh (h1ks) coth (h2ks)
2kswo 2k3wa
ikfpgu)g@hlkl*hlk? (;% — 2151) coth (haks) (—gk262h1k2 + gka + wiehikz w%)
2]4,‘3(4}%
. ik2k1p2w3€hlkl_hlk2 (;‘“Ti — 22‘?1) coth (hgkg) (—gk262h1k2 +gl€2 +w§€2hlk2 + w%)
2k3w§
B k‘lpgwge_hlkl_hlk? (gk1 + w%) coth (haks) (fglcze%lk2 + gko + wiehikz wg)
4](23&)1&)%
N k’2p20.)367h1k17h1k2 (gkl + wf) coth (hoks) (—gkze%lk"‘ + gka + wiehikz w%)
4]6‘3(4)1(,«)%

B klpgwge_hlkl_hm coth (haks) (—gkle%lkl + gk1 + w2tk wf) (—gkge%lk2 + gka + wiehikz w%)
4k3w1w§ (e2h1k1+2<*h1*h2)k1 —_ 1)
B k1 pawgeFit2(zhi—ha)ki—hiks coth (hoks) (—gk’le%lkl + gk1 + wieMkr 4 wi)
4]63(4)10.)% (62h1k1+2(*h1*h2)k1 _ 1)
‘ (7gk262h1k2 4 gk + wiemkz +w§)
4]{)3(4)10.}% (62h1k1+2(*h1*h2)k1 _ 1)
emMR=k2 ooth (hoks) kaps (€2 *1w? + w? — 2R gk 4 ghy) (€2M1F2002 + wd — e2M1R2 gky + ghs) ws
4 (=14 e2hikr+2(=hi—h2)k1) ks w3
e~ hkiHhako+2(=ha=h2)k2 ooth (hoks) kaps (eZhlklw% +w? —eMikigr, 4 gk1)
4 (=1 + e2hikz+2(=hi—h2)kz) k3w,
. (62h1k2w% —l—w% _ 62h1k2_gk2 +gl€2) w3
4 (_1 + 62h1k2+2(7h17h2)k2) kgw%UJQ

+

Jr




e MF1=hik2 ooth (hoks) kapo (thlklw% +w? —eMikigr, 4 gkl) (e%l’“?w% + ws — eMr2 gk, + gk2) w3

+ 4 (_1 + 62h1k2+2(*h1*h2)k2) ]{,’3(/.)%0..)2
ehkat2=h—haki=haks oot (hoks) kapa (€2"*1w + w? — €211 gk + ghy)
+ 4 (=1 + e2hib1+2(=h1—h2)k1) ks w3
(e2MF2053 4 w3 — e2MR2 gky + gho) ws
4 (=1 + e2hhrt2(=h1—h2)k1) kg w2
e~ hikithikat2(=h=ha)k2 coth (haks) kipa (€"1F1w? + wi — e ¥ gky + gh)
- 4 (=1 4 e2hika+2(=h1=h2)k2) k32w
(thlk%_}% + w2 — eMikzgl, 4 g/@) w3
4 (=1 4 e2hkz+2(=h1=h2)k2) k320,
e MRTRER coth (haks) ki ("M wf 4 wf — Mgk + gk ) (€71F20F + wh — MR gky + gha) ws
- 4 (=1 4 e2hika+2(=hi=h2)ka) k320
ie2h1ks o 3 . 2¢"1%3 sinh (hiks) p1ws
ks (e2hik3w3 4+ w3 — e2hibsghs + gks) k3 (e2MFswi + w3 — e2Mksghs + gks)
+ 2¢"1%%4 cosh (hiks) coth (hzks) pow§ | €"*3i (cosh (hiks) p1 + coth (hzks) sinh (hiks) p2) w§
ks (€2M1F3002 + w2 — e2hihaghs + gks) ks (e2hiks w2 + w? — e2hiksgls + ghs)
. ks t2(—h—ha)ks o ipaws e2h1k3 gj 1 s

(1 + eZkat2m—halka) oy | (=1 § eZhikat2(—m—ha)ka) kg | cZhkag? + wd — e2hikaghs + ghs

2e"1%3 gi cosh (hiks) (p1 — p2) ws ie"*3 g sinh (h1ks) (p2 — p1) ws

p) P 2 2
e?hiksw? + w3 — e2Mmksgks + gks  e2Mbswi + w3 — e?Mksgks + gks

B ie""s g (cosh (hiks) p1 + coth (haks) sinh (h1ks) p2) wa + ip1 (w5 + gks) ws

e2hikao2 + w2 — e2hiksghs + gks ks (e2hbsw? + w? — e2Mksghs + gks)

- ie™1*3 (cosh (hiks) p1 + coth (haks) sinh (hiks) p2) (w§ + ng) w3

ks (e2hk3w3 + w? — e2h1ks gks 4 gks)

eMks g2isinh (hiks) ks (p2 — p1) e"1* gisinh (hiks) (p2 — p1) (w3 + gks) _ig(pr=p2)
ws (e2Mkawd +wd — e2Mkaghs + ghs)  ws (€2MFawg + wi — e2Mks gks + gks) “s

}
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Appendix B

Proof of (5.58)

In this section, we outline how to prove the result (5.58). That is, we want to show that

n—3p

Inp = m%p,p, n = 3p. (B.1)

Note that the equation can be verified by direct computation for n = 3p,3p+1,3p+2, p=1,2,3.
However, we want to show that (B.1) is true in general.
First, recall that the solutions of the three-wave ODEs when Ky = K3 = 0 are described by

(5.45),

am(T) = 5 ZASn §3n’
n=0

where the coefficients A%} are determined via

3n—3
(Bn—1)Ag, + A + AL =— " AFAL 0 n>2
p=3
When Ky = K3 = 0, we have that AL = A2 = A2 so we can drop the superscripts and simplify to
obtain
n—1
(3n — 1)Asn + 245, = = > A3,A%, ), n>2 (B.2)
p=1
By induction, we can show that since Ag = 1, A3 = i0c H/6, then (B.2) gives that As, is real when

n is even and pure imaginary when n is odd.

(1) Suppose n is odd. It follows that As, is pure imaginary, so that A3, = —As,. Then (B.2)

yields

n—1

B(n—1)Asn = — > A5 AL . (B.3)
p=1
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Notice that when p is odd, 3p is also odd, so that A3, must be pure imaginary. Since n is
odd, the quantity n — p is even when p is odd, so that Asz,_,) is real. That is, when p is

odd, we have that
A3y A3 (n—p) = (—Asp) Ag(n—p) = —AspA3(n—p)-
If we write Ag, = iag, for n odd and Az, = as, for n even, then we have
A3y A5,y = —103p A3(n—p)-

If p is even, then A3, is real. Since n is odd, the quantity n — p is odd when p is even, so

it follows that Ajs(,_,) is pure imaginary. Thus, when p is even, we have

A5 A3y = Asp (= As(np)) = —iasp a3, yp)-

In summary, if n is odd, we have that

n—1
3(” - 1)a3n = Z A3p O3(n—p)»
p=1
or alternatively,
n—1
N
3(n—1)ag, =2 Z Q3p O3(n—p) (B.4)
p=1

where the two negative signs on the right hand side cancelled.

Suppose n is even. It follows that As, is real, so that A% = As,. Then (B.2) yields

n—1

(Bn+ 1) Agn = — Y A5 A%, ) (B.5)
p=1

Notice that when p is odd, A3, must be pure imaginary. Since n is even, the quantity n —p
is odd when p is odd, so that A3, is also pure imaginary. That is, when p is odd, we

have that
A?;P ?’)(nfp) = (_A3P) (_A3(n—19)) = A3PA3("_p)'

As before, if we write A3, = a3, for p odd, then we have

AgpAg(n—p) = T 3pA3(n—p)>
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where the minus sign is due to the 2 term.

If p is even, then Ajs, is real. Since n is even, the quantity n — p is even when p is even, so

it follows that Ajs(,_,) is also real. Thus, when p is even, we have

A3p 3(n—p) = = AspAs(n—p) = @3p W3(n—p)-

In summary, if n is even, we have that

n—1
(3n 4+ Dz, = — > _(—1)Pazp agm—p)
p=1
n—1
= Z(_l)erla?)p Q3(n—p)s
p=1
or alternatively,
(3n+ Dagy = (—1)5+a3, , +2 Z 1P asy azn_p)- (B.6)

We use the relations (B.4) and (B.6) later in the proof.

Next, consider the formal Laurent series solution of the three-wave PDEs. For the series

(5.24), the series coefficients can be found by solving the linear system in (5.22). This yields

A (z) :f(ln){(n3—3n2+2)bnm+(n—1)bfl+(”_Ubfz
— 267 4 (=n? 4+ 2n 4+ 1) bE* + (—n? + 20 + 1) bf{k]a (B.7)
where
n—1
o ZAI;*.Af;*_p (B8)
=1
and

F(n) = n(n +1)(n — 2)(n - 3).
We split by" into its real and imaginary parts by writing b' = b' + by . Then (B.7) becomes

m

1 . | |
Ay = ) [ (n® — 3n® +2) (b +dbl )+ (n—1) (bfme n benm) Fn—1) (bﬁpw N bellm)

~ 2 (b, it ) (o 2m 1) (B, =, )+ (nf 204 1) (b ith,) |
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Let ¢, = max {|c1], |ea], |e3]} = ¢ for m = 1,2,3, and note that the more general case is

analagous. Then Al (z) = A2(z) = A3(x), so that b} = b2 = b2. Thus, we have

1
.Anm:m{ [ng—3n2+2+2(n—1)—2-1—2(—7124-2”‘*—1)} bnRe

+ [ —3n2 42420 —1)+2—2(-n?+ 2+ 1)] ibnlm}

e+ (- )
" n(n+ 1)(n1_ 5 {n(n —2)(n = 3)bng, +n(n—2)(n+ 1)ibmm}
B :fl i :”Lbn%% (B.9)

When ¢; = ¢3 = ¢3 = ¢ and H(z) satisfies (5.32), we have from (5.54)
[n/3]
)| < Z Gnp(ck)" P,
where ¢, , comes from the imaginary part of A,(x) if p is odd, and gy ) comes from the real part

of Ay, (z) if p is even. Then from (B.8) and (B.9), we know that if p is odd,

M n—3(p—¢)

Inp = i 3 |Pdn—1p + 2; 323[ Qj tGn—jp—t| » (B.10)
and if p is even,
n-% 5-1 n=3(p—0)
Unp =777 |Pdn—1p +(-1)&* > 4,2 Gn—j,2 +2 2 de (1) 0qn_jpr| - (B.11)
i=5 =1 j=

We now use induction to prove that (B.10)-(B.11) are equivalent to (B.1). To start, it is
trivial to show that ¢, 1 = 1/(n —3)!, which gives us a base case. Now suppose that (B.1) holds for
p=1,2,3,...,P—1 (for some P > 2), and for all n > 3p.

First, suppose that P is odd. Then from (B.10) we have

P 3p-t) . 4

1 ¢t (P — g)nfij(Pfl)

n = — P n— 2 - - _ _ , B12
tnp =2 | Pan-1p + Z ]ZM G301 (n—j — 3(P — )1 34 Br-0p— (B.12)

where we applied (B.1) for p < P. Let Ry be the inner sum above, defined by

n=3(0=0) i3 (P — £)n—i=3(P=0)

Re= 2 G s 8@ 0

j=3¢

(B.13)



Observe the following

n=3P gk (P — f)n—k=3P

R, = _
— k! (n —k —3P)!
N Kl (m—k)
k=0

where we defined m = n — 3P. It follows that

m k _ p\m—k
)

Kl (m— k)]

k=0
—(P—Om (1 + P€_€>m
o (o)

where the fourth equality above is due to [17, §26.3.4]. Finally, using m = n — 3P, we have

Pn—SP
Ry = ———.
(n—3P)!
Consequently, (B.12) becomes
P-1
1 Pn73P 2
= —— | Pqy— 22—
dn,P n_3 gn—1,P + (n — 3P)' ; q3€7EQ3(p—€)p—€

Now, substitute (B.1) for p = P into the equation above. We obtain

i P—1
Pn—3P 1 Pn—l—SP Pn—3P 2
/=1
- P—1
1 |(n—3P)pr3P pn3P 2
— 3 (n — 3P)! q3pP,pP + 2@—73]3)! Z q3¢,693(p—£)p—2
/=1

Simplifying, we have
P—1

2
(n—3)—(n— 3P)} q3pp = 2 Z 430,093 (p—£)p—e-
=1

176

(B.14)
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That is,

P—1
2

3(P—1)gspp =2 Z 93¢,693(p—)p—t-
=1

However, this is equivalent to (B.4) with g3pp = agp. As a result, we know that (B.1) satisfies
(B.10) exactly. This is now true for any n > 3p and for p > 1. Equation (B.10) gives a unique
sequence because the sequence is defined explicitly starting at the known value of g3, ,. Conse-
quently, if the sequence defined by (B.1) (again, starting at gs, ;) also satisfies (B.10), then it must
be the unique sequence produced by (B.10).

Next, suppose that P is even. Then from (B.11) we have

-3 j— 32 . 3P
1 2 (B)] 2 (P)n j—3£
= P _|_ 2 2 2
dn,P n+1 dn— 1,P :Z (]_%)'(n_] 3p) Q32P7§
%*1 3(P— €+1 Zj—?)f (P . f)n—j—3(P—f)
2 —Op—t|> B.15
" =1 Z;; (G =301 (n—j—3(P — ) B Be-0p-t (B.15)

where we applied (B.1) for p < P.

Using (B.13)-(B.14), we obtain

1 41 Pn—BP 5 pPn— 3P 2_1
=—|P 1)2 22— D
WP = 7 [P Lp+ (1) (n_gp)lqg’f,g—i_ (n —3P)! 2 q%f%(p Op—L|>
1 pr3r Py 9 = 0+1
=0T Pgn_1,p + (n—3P)! (1) VN 2 2 (=) 30,0q3(p—0)p—¢

Now, substitute (B.1) for p = P into the equation above. We obtain

pn—3pP 1 pn—1-3P
(n—3P)BPP = 1) (n—1- 3PP
Pn—3P Py g_l o
T3Py (=12 q5e 2 +2 ) (=17 ased30-0p
' =1
1 J(n=3P)pP"3"
Tn+l)] (n-spy  BOP
Pn—3P Py g_l o
T sey |V e e 120 D aseetsope| (-
' =1



178

Simplifying, we have

2
2
P
(n+1)—(n—3P)|gsppr=(-1) QHQ%TPg +2) (1) gs0.0a300—0)p-
=1
That is,
L1
P
(BP+1)gzpp = (—1)2 +1q%7,37§ +2 Z (=) g30,003(p—)p—1-
=1

However, this is equivalent to (B.6) with ¢spp = agp. As a result, we know that (B.1) satisfies
(B.11) exactly. This is now true for any n > 3p and for p > 1. Equation (B.11) gives a unique
sequence because the sequence is defined explicitly starting at the known value of g3,,. Conse-
quently, if the sequence defined by (B.1) (again, starting at ¢sp,) also satisfies (B.11), then it must

be the unique sequence produced by (B.11).



Appendix C

Proof of (5.94)

In this section, we outline how to prove the result (5.94). That is, we want to show that

n 2

p
,Zrzuﬂ’zp £),p—£> (C-l)

r
nvp n _ 2p

for n > 2p and for p > 2, where 7y, ,, is defined in (5.92) and ~ is a real, nonnegative constant. In

order to prove (C.1), we follow the procedure below.

STEP 1: It is straightforward to show from the recursion relation for A" (z) in (5.26) with constant

phases that

> m n+4 -
> M Ty | Z\A |+Z|Al||A [+ LA A 2] | (c2)

m=1

Moreover, we know that

|AL A+ [AZ] + A3 ] < 71 (k)™ 2 + r2(ck)™ ™ + g (k)™ 0 4o 4 1 (k)™ 2P,

‘A}; <k [rn’l(ck‘)"_2 + 27, 2(ck)" ™ + 3rp3(ck)" 0 - 4 prmp(ck‘)”_%} .

STEP 2: Recall the definition of r, ) in (C.3),

pln 2(p—¥4)

n+4
e — E E f > 2p, C.3
Tn,p (n+1)(n_2) Prn-1p+ 5 . =, 758 Tn—j,p—L or n p ( )

for p > 2. Assume that
n op P—1

T T T
n,p_ ’I’L—2p'2 204 1T2(p—0),p
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holds for p < P. Substitute into (C.3) to obtain

n+4
np < ——————— | Pry—
P Dm—2) | "
R s G0 el G0 et i
T2 2 ool (n—j- 2P et

Rearrange the inner sum to find that

P—1
n+4 (,Yp)n72P
< "T% pp e S T ol 4
e S g | 1P+ 20— 2P)] ;T%,Nzw 0),P—t (C.4)
Define
P-1
’)/P n—2P
Xn-1,p = 2((7122]3), Z 72,6 T2(P—£),P—05 (C.5)
Coe=1
so that (C.4) becomes
n+4
Tn,p < m+Dn—-2 [Prn—l,P + Xp-1,P| (C.6)

STEP 4: Substitute (C.6) into itself recursively, to obtain

_ Pr=2P(n 4 4)(n+3)(n +2) - (6 + 2P)(5 + 2P) +"§:PS
"= Tt Dnln - 1)(n - 2)2(n - 3)2(n - 42 2+ 2P)2(1 + 2P)(2P)2P — 1) P 40
(C.7)
where
n+4 (n+5—k)(n+2—k—2p)
= —X _ = —
= mrnmog) e Sk e 1=k Okl
for k=2,3,4,...,n—2P. Observe that
n+5—k
Sh_1. (C.8)

Notice that n+5—k < 3(n—1—k) whenever k < n—4. Moreover, notice that n—2P < n—4
when P > 2. Since Sy, is only defined when k < n — 2P, it follows that k <n —2P <n —4,

so that n+5—k < 3(n—1— k) for all allowed values of k. As a result, (C.8) tells us that

Sp < Sp_q1 fork=2,3,4,...,n—2P.
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Finally, substituting the bound on Sy into (C.7) yields

Pr=2P(n+4)(n+3)(n+2)--- (6 +2P)(5+ 2P)
n+ Dnln—1)(n—2)2(n —3)2(n —4)2--- (2 + 2P)2(1 + 2P)(2P)(2P — 1) ' 2I'F

(n—2P)(n+4) (yP)"2F

— = > rarerap_e),ps- (C.9)
(n+1)(n—2) 2(n—2P)! —

T'n,P < (

STEP 5: It is straightforward to show from the three-wave ODE problem that

—1
n+2 e
Substituting into (C.9) and simplifying yields
P2P(n 4+ 4)1(2P — 2)!(1 + 2P)! P+2
Tn,P <
(44 2P)(n+ 1)l(n —2)! 2P+ 1)(P-1)
_ P—1
(n— 2P)(TL+4) (’)/P)n 2P 1 Z’f’ 0T
(n+1)(n—2) (n—2P)!| 24 2L T2P-0), Pt
(4 + n)PanP 92 ,yn72P

4 (n+1)(n—2)T(n—2P)

(n+3)(n+2)T(2P - 2) =
(2P+3)2P +1)(P+1)T(n—1) ; "2L.LTP—0),P—t-

It can be shown that

(4 + n)Pn—QP
4

2472 (n+3)(n+2) (2P — 2) e
(nt D(n—2)T(n—2P) 2P +3)2P+ )P+ )In—_1)| — (n—2P)!

whenever n > 2p. Thus, we have

,yn72P P-1
T < — T2 0 To(P— _y-

A base case analysis tells us that v = 3 is sufficient.



Appendix D

Proof of (5.134)

In this section, we outline how to prove the result (5.134). That is, we want to show that

n—1
27“23' “Tn—j) < k(1) ron (D.1)
j=1

for some function x(n) to be determined.
Recall from (5.66) that the Laurent series solution of the three-wave ODEs with H = 0 has

the expansion

(0779 (7_) = é’ Z A2n£2 5
n=0

where

1
2n 2(2n + 1)(77, IR 1) [ 0o 2n b2n] ’ (D 2)

and
n—1
b= =D AL Ay, (D.3)
j=1
for n > 2. Additionally, recall from (5.140) that A7 = of! K™. Canceling a common factor of K",
we find that (D.2)-(D.3) become

oyl = !
7 92n+1)(n —1)

(20, — v, — 15, (D.4)
where now

n—1

j=1
Finally, recall that

ran = [ag,| + [a3,] + [ad, - (D.6)
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In the special case where K3 = 2K, we have that

1 1
ay=-, a3=0, and Oz%:—i.

Additionally, from (D.4)-(D.5), we find the coefficients a4} for n = 2,3, 4 are given by

1 1 1
a}l: 10 aZ:E, and ai— 10
1 1
aé:%, 04%:0, and ag:—%,
1 1 1
1_ 2 _ 1 3 _
T 96000 T 600 MY M7 9600

The values of o), for n = 2, 3,4 indicate that there are three distinct cases to consider. In particular,

we consider the following cases
CASE A: nisodd,n=2pu+1 (p=0,1,2,3,...),

1 2 _ 3 1
gy, >0, a3,=0, and a3, =—ay,,

by, >0, b3, =0, and b3, = b3 . (D.7)
CASE B: n is even and not a multiple of four, n =4u+2 (. =0,1,2,3,...),

oy, <0, a3,>0, and o, =al,.

bi >0, b3, >0 and b3, =0bi,. (D.8)

CASE C: n is even and a multiple of four, n =4u (p=1,2,3,...),

ay, >0, a3,>0, and o, =al,.

b, >0, b3,>0, and b3, =bj,. (D.9)

Note that (D.7)-(D.9) can be proven inductively using the definitions in (D.4)-(D.5).

First, consider Case A, where n is odd. Using (D.7) in the definition of ry, in (D.6), we have

that for n odd,

ron = |ag,| + |03, ] + |03, | = 203, (D.10)
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Then from (D.4) and (D.7), it follows that

1
Top, = 2005,

2n b%n - b%n - b%n]

-(2n+ 1)()5,1

B 1

C (2n+1)(n-1) [
1
)

- 2n+1)(n—1)
1

= b

1 2 3
] ; 25 Y2(n—j)
2 3 2 3 2 3 2 3, 2 3, 2 3
Q05(;, 1) T Qg5 gy + Qg5 3y + o+ Qg 3y + A5, _g)0y + 0‘2(n—1)0‘2}
3 3 2 3 2 3, 2 3
044042(n 2) T 0‘80‘2(n 4 T 0412042(n 6) T Q5010 T A5, _3)X6 + 0‘2(n71)042}

*[
1 [od

—1
_ 012 + + NI 2 1 2 1+ 2 1
1 | ¥%(n-2) a8a2(n 4) a12a2(n 6) Ao (n—5)10 T ¥(n—3)06 T ¥(5,—1)02| 5

(D.11)

where we used the fact that when j is odd, then a3, = 0. Additionally, when j is even, then n — j

is odd, so that ag(n_j) = —a;(n_j).

Next, consider
n—1

> o Ty

J=1

We know from (D.10) that when j is odd, then ro; = 204%3-. From (D.8)-(D.9), we can see that
when j is even,

roj = |ag;| + [a;] + |o5;] = 2 |ag;| + [ady] -
It follows that

n—1

> 72 o)
j=1
= T2T9(n—1) T T4T2(n—2) T T6T2(n—3) + T T'o(n—3)76 + I'a(n—2)T4 + a(n—1)72

= 204% . (2 ’a%(nfl)‘ + ‘ag(nfl)‘) (2 ‘a4‘ + ‘ad) 2@2 (n—2) T 2a6 (2 ‘0‘%(7%3)’ + ‘0‘%(7%3)‘)

+o Tt (2 ‘a%(n—l)‘ + ‘O‘g(n—nD : 20‘%



185
=4 |:Oé% ‘a%(n—l)‘ + ‘Oé}l} Oé%(n_Q) + Oéé ‘Oé%(n_?))‘ 4+ 4 a%(n—Q) |OZZH + ‘O&%(n_l)‘ Oé%:|
+2 [Oé ‘ag(n—l)) + |a| a%(n—Q) + g ‘a%(n—3)‘ +-o+ O‘%(n—m o] + ‘ag(n—l)‘ 045]

Since a%n is always positive when n is odd, we can rewrite the above as

n—1

1.1 1.1 1.1 1 1 1 1
Z%’ T2(n—j) = 4[ ‘%%(n_l)‘ + ’%%m-z)‘ + ‘046042(71—3)‘ +ooF ’0‘2(n_2)a4‘ + ‘Oéz(n—n%”
7=1

1.2 2 1 1. .2 1 2 2 1
+2 [ ‘042042(71_1)‘ + ’044042@—2)‘ + ‘0‘60‘2(71—3)‘ e )0‘2(71—2)0‘4‘ + ’0‘2(n—1)0‘2”

= 8“05@%—1)‘ + ‘a}la%(n—Q)‘ + ‘aéa%(n—&‘ teet ’%(Ll)%(g)

+4[ ‘a%ag(n—l)‘ + ‘014210‘5(71_2)‘ + ‘afliag(n—ﬁl)‘ +-ot ’%(n 1y Xy (nEL)

where the choice of 4+ in the last line will depend on whether ”T‘H is even or odd. Furthermore,

since a%n is always positive when n is even, we can write (D.11) as

1
Ton =~ [ ‘aia%(n—Z)‘ + ‘aga%(n—@‘ + ‘a%2a%(n—6)‘ +oet ‘ag(n—?))afli‘ + ‘ag(n—l)a%” (D.13)

Observe the following

n—1
K(n)ran — Y T2iT2(n—j)
=1

K(n) 2 1 2 1 2 1 2 1 2 1 -1
= Qg Qi _o)| T |08 _gy| T a12a2(n—6)’+'”+‘QQ(n—3)a6’+‘a2(n—l)a2‘ — % terms

[ n—1
—8 aéa%(nfl) + aélia%(an) + Oééaé(n73)‘ +-t ‘aé(%)aé(ﬂgl) :| « % terms

—4 aéag(nfl) + aia%(nfz) + aéag(n%)‘ + ‘aé(m)ag(%> ] — ("2;1) terms

2 |
} .

r(n) —4(n —1) 1 2

_ 1. 2 2 1 1.2
T [ Jad0n-n| + ododin-a| + [abod-g| + -+ adup 03

Shaéaém_n\*"J‘iaém—z)’*’O‘éo‘%m—?’)’*”'*’0‘5("21)‘“5(" )

2

Define
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Now we have

n—1

K(n)ron — Z 2§T2(n—j)

J=1

= |aj)| [ﬁ(n) ‘ag(n—l)‘ -8 ‘Oé(n_l)” + |ag| [5(”) ‘ag(n—fi)’ -8 ’aé(n—fi)”

 Jodl 800 -] 8 [edirny ||+ + [obagn) | |30 o3| =3[ | |
Using induction, we can show that when n is even
|a%n‘ < ’a%n‘. (D.14)

As a result, we can see that k(n)ra, — Z?:_ll T2jTo(n—j) is certainly positive if 3(n) > 8. That is, if

sy = A ED g

It is sufficient to choose

k(n) =12(n —1).

Thus, using (D.7)-(D.9) and (D.14), we have shown that for n odd

n—1
12(n — 1)7“2n - Z 7’2]'7’2(”_]') > 0,
Jj=1
or
n—1
Z T‘Qj?"g(n_j) S 12(n — 1) Ton.
Jj=1

In other words, we have proven (D.1) when n is odd with x(n) = 12(n — 1) for Case A.
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Next, consider Case B, in which n is even, but not a multiple of four (n = 4u + 2 for

uw = 0,1,2,...). This time, we have

Top = ‘a%n‘ + ‘a%n‘ + ‘agn}

=2 ‘O‘én{ + ‘O‘%n|

_ 1 2
- _2a2n + Qap

2

1

[21”& b%n - b%n - b%n] + [271 b%n - b%n - b%n]

22n+1)(n—1)

1

22n+1)(n—1)

22n+1)(n—1)

[— (4n + 1) by, + (2 + 2n) b3, + b3,,]

~ 202+ 11)(n gy L b + 200+ Ll
~n+ 1;(71 gy [0t (4 DB
~ n+ 1;(71 gy [0t (b

where we used the fact that b3, = b} from (D.8). Substituting from (D.5) yields

n—1 n—1

_ 1 2 3 1 3

2n

1
(2n+1)(n—1)

—(n+1)

2n

1
(2n+1)(n—1)

—(n+1)

Jj=1 Jj=1

a%ag(n—l) + aiag(n—Q) + agag(n—fi) +o a%(n—?)ai + ag(n—l)a§:|

Oéag(n_n + aiag(n_z) + aéag(n—?)) +-t a%(n—Q)ai + a%(n—l)a§:| }

aia%(n—Q) + O%Oé(n_zx) + a%ﬂ%m-e*) +-t ag(n—4) ag + ag(n—Q)a}L]

1.1 1.1 1.1 1 1 1 1
— Qg 1y T QO 9y — Al 3yt Qg _gy0iy — 0‘2(71_1)042] }7

(D.15)

where we used the fact when n is even, then j and n — j are either both even or both odd. We also

used properties from (D.8).
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Next, observe the following, noting that if n = 4m + 2, then n/2 is odd.

n—1
Z 72§ T2(n—j) = T2T2(n—1) + T4T2(n—2) + T6T2(n-3) + -+ 7“3(%) t F To(n—3)T6 T T2(n—2)T4 + T2(n—1)T2

J=1

= 20 - 20, 1y + (2 |ai| + |F]) (2 ‘a%(n—%) + ‘ag(n—Q)D + 205 - 20,3

P (QQ;( ))2+.,,+ (2] 0diumsy| + [03inosy|) (2]0d] + |a3]) + 204 - 204,y

n
2

= 4[ ‘a%aé(n_l)‘ + Oéioé%(n_m‘ + aéaé(n—:&)‘ Tt ‘0‘2(%)0‘2(3)

1 1 1 1
t | Qg(n_2)y| T O‘2(n1)a2”

12 1 9 1 2 1 2
12| |0, _g)| + | Qg5 _yy | T | Q1205 (g | T F Qo _g) 5| F |0y C4

2 1 2 1 2 1 2 1 2
+ 2] |g0gn, o) | + (a8 _g)| T |20y | T T | Qo _g) Q8| T |X(—2) 4

2 2 2 2 2 2 2 2 2 2
T | Q2| T A8y _gy| T [Q1200(—g)| T T | A0y 5| T [ _2)d

— 4[ ‘a%a%(n_l)‘ + ’O‘};Oé(n_z)‘ T aéa%(n—?’)‘ toe ’%(%)a?(%)

1 1 1 1
t | Qgp_2)y| T 0‘2(n1)@2”

1.2 1.2 1 2 1 2 1 2
+ 4[ ‘044042(71—2)‘ (080 (p—g)| T 04120‘2(71—6)‘ Tt ’0‘2(n—4)0‘8’ T ’O‘Z(n—2)o‘4”

2 2 2 2 2 2 2 2 2 2
+ “040‘2(71—2)‘ + | g (g | T 04120‘2(n—6)‘ ot ‘O‘Q(n—4)a8‘ + ’0‘2(n—2)a ”

Finally, consider #(n)rg, — Z;L;ll T2j Ta(n—j), Where &(n) is a function to be determined.

n—1
R(n)ran — Y T2 Ta(n—j)
=1

i (n)
= ) {2n {Oﬁaém_m + aga%(n—@ + 04%2045(71—6) +ot ag(n—zl) ag + 0‘3@-2)@}1]

2n+1)(n—1

—(n+1) [ — 3y, 1y F AU, ) — G, gy F et Qg g — Oéé(n_na%] }

1 1 1

1 1.1 1.1
- 4“0‘20‘2<n—1>’ +|odadiy| + abadis |+ + [aya)azp [+

+ ‘a%(n—Q)a}L‘ + ’a%(n—l)a%”
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—4 [ ‘a}iag(n—z)‘ + )aéag(n—él)‘ + ‘abag(n—e)‘ +oe Tt ‘Oé(n—@a% + ‘a2(n—2)a421‘:|

“Oﬁag(n_m‘ + )agag(n—ll)‘ + “ﬁﬂg(n_ﬁ)‘ +ot ‘ag(n—@a% + ‘ag(n—Q)aZ”

- BT {”‘““4“2@ IR e E

2 1 2 1
+ ‘a2(n74)048‘ - ’0‘2(%2)@4‘

+(n+1) [ ‘a%aé(n—l)‘ + ‘a}la%(n—m‘ + ‘aflia%(n—fﬂ)‘ +-ot )a2(n—2)0‘}1‘ + ‘a%(n—l)QQ‘ ] }

1.1 1.1 1.1
—4|:’Oé2052(n1)’ + 064062(,”72) + 046042(7173)’ + -+ ‘042(%)062(%)

1 1 1 1
+ | Qg_2)Qs| T az(n—n%”

—4 [ ‘aiag(n_z)‘ + Oéslsag(n_z;) + 0&2‘13@_6)‘ +ot ‘aé(n—@ag) + ‘a%(n—Q)aZ”

2 2 2 2 2 2 2 2 2 2
- “044042@_2)’ + g5, gy | T 0412042(11_6)‘ +o Tt ‘%(n_@as) + ‘a2(n—2)a4‘ ]

For Case B, define

5 k(n)
= . D.1
Bln) 2n+1)(n—1) (D-16)
Now we have
n—1
R(n)ron — Y 72 Ta(m-j)
j=1
= <2n ) [‘aia%(n—Q)‘ + ‘O‘%Qa%(n—ﬁ)‘ + ‘agoaé(n_m)‘ +ot ‘ag(n—8)a%6‘ + ‘ag(n—4)aé‘:|

(2715 +4> “O‘SO‘% (n—4 “*‘ ‘041604% (n—8 “*‘ ‘042404%(71 12 ‘+ -t ‘ag(n—@ab‘ + ‘a%(n—Q)a}l”
+ < n + 1

11 1.1 1.1 1 1 1 1
4> “0420‘2@1)’ + )a4a2(n72)‘ + ‘%%(n{%)’ +o Tt ‘0‘2(n72)0‘4‘ + ‘%(nl)%”

“aiag(nz)‘ + ‘agag(n%)‘ + ’a%QQg(nfG)‘ et ’ag(n74)a§‘ + ‘ag(nq)ai’ ] (D.17)

We can prove the following facts using induction. We omit the proofs here for brevity, but

they follow exactly the procedure of the proofs of (5.98)-(5.99) in Section 5.4.
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lak;| < % adin|, G=468..., (D.18)
|ag;| < 5 |a3;] j=24,6,..., (D.19)
|04%j‘ < % ’0‘%(3‘—1)) , J=2,4,6,..., (D.20)
a3, < 16 ‘aé(ﬂ_l) . j=2.46,... (D.21)
02| > 1% ‘a%(jfl) . j=24.6,... (D.22)
la2,| > 3 ’a;(j+1)’ . j=246,. ... (D.23)

Note that (D.19)-(D.20) imply that ‘a%j‘ <1 (a;(j_l)‘ for j = 2,4,6,. ...
For j =4,8,12,...,n — 6, we have the following bound
3 2 1 2 2 3 Ly Ly
(2nﬁ(n) + 4) ’a2ja2(n7j)‘ +2 ‘CKQJ-CKQ(”?]-)‘ < <2nﬁ(n) + 4> 5 ’0‘2@71)’ 5 ‘az(nfjﬂ)‘
2. 1ol 16 |a
T2 5 | %] 10| m—jt)

nf(n)
- ( 2 + 17) ’a%(jfl)a%(nfjﬂ)" (D.24)

In order to keep the quantity in (D.17) nonnegative, we compare the quantity on the right-hand

side of (D.24) with
((” +1)B(n) — 4) ’aé(j—l)a%(n—jﬂ-l))

for j =4,8,12,.... In particular, for (D.17) to be nonnegative, we require

(n+1)3(n) —4> ”52(”> +17.

Rearranging, we have

(g + 1) B(n) > 21.

Substituting the definition of 5(n) from (D.16) yields

(2 +1) &(n)
GniDm_1 22"
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A simple choice for £(n) that satisfies the inequality above is
R(n)=21(4n—1). (D.25)
Finally, consider the remaining negative terms in the quantity in (D.17). We are left with

‘2 2| forj=2,6,10,....

Q25 X2 (n—j)

Again, we can use (D.20)-(D.21) to show that

2 9 1 1
‘0‘23'0‘2(71—]‘)‘ =95 ‘0‘2(1—1)0‘2(n—j+1)‘ :
With the choice of £(n) in (D.25), it is straightforward to show that
2 1 1 1 1
((n +1)B(n) — 4) ’042(3'71)062(117#1)’ =5 ‘Oéz(jq)%(n—jﬂ)
for j = 2,6,10,.... As a result, we have that (D.17) is nonnegative at least when &(n) is given in

(D.25).

This completes the proof for Case B; we showed that when n =4+ 2, p=0,1,2,...,

n—1
21 (4n — 1) 7o, — Z 72jT2(n—j) = 0,
j=1
or
n—1
Z 7“2]‘7“2(”,]-) S 21 (4n — 1) Ton-
j=1
Finally, consider Case C, in which n is even and a multiple of four (n = 4y for p = 1,2,...).
We have

ron = [k + o] + o
= 2|ab| + o,

_ 1 2
- 2a2n + Aoy

— 2 1 32 33 1 T
S 2@ D 2 T el e 1) (2t = bon = bon)
_ 1 . 1 _ 2 B 3
= S D=1 T Db+ (224 20 by, = 3b

1

T 2@2n+1)(n—1) [4(n — 1) b3, +2(n — 1)b3,]

1
~ent D) (203, + 03,] ,
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where we used the fact that b3, = b}, from (D.9). Substituting from (D.5) yields

1 n—1 n—1
2 3 1 3
T =5 |72 > 035050 = D 03050
j=1 j=1

1 [ 3 2.3 2 3 2 3 2 3
= nm + 1 { —2 a2a2(7’1—1) + a4a2(n—2) + a6a2(n_3) + -+ a2(n_2)a4 + a2(n_1)a2
1.3 1.3 1.3 1 3 1 3
= |00, 1) T Qg gy + Qg gy e Qg _gyai a2(n_1)a2] }
1 [ 51 2 1 2 1 2 1 2 1
= 1 { -2 Q309 _9) + Qg0 _y) + A1200 () IS X (n—4)08 + 0y 04

- [ - a%a%(n—l) + a}la%(n—2) - Oééoé(n_g) +o Tt a%(n—Q)aéll - 045@-1)045] }7
(D.26)

where we used the fact when n is even, then j and n — j are either both even or both odd. We also
used properties from (D.9).

Next, observe the following, noting that if n = 4p, then n/2 is even.

n—1
Z T2j To(n—j) = T2T2(n—1) T T4T2(n—2) + T6T2(n—3) + - + rg(%) e
=1

F To(n—3)T6 T T'2(n—2)T4 + T'2(n—1)T2
1 1 1 2 1 2 1 1
= 20y - 20,1y + (2 |eg| + |ag]) (2 ‘a2(n—2)’ + ‘042(71—2)’) + 20 - 205, _3)

)2 - (2 ‘Oé(n—@’ + \ag(n_z)‘) (2]cd] + |ad])

ot (2layy)| + [

1

1.1 1.1 1.1 1
- 4““2%<n—1>\ +|odadiuma |+ fabasy| + -+ [afagey [+

1 1 1 1
+ | Qg(n_2)y| T a2(n1)a2’:|

1 2 1.2 1 2 2
12 |00, gy | F | Qg _yy | T |20 (r—g) | T T [Qo(n_a) | T | X2y Q4

2 1 2 1 2 1 1 2
21 |ag0g,_g)| + |08y | T | Q1200 (m—g) | T T [Qo(n_g) 8| T |0y

2 2 2 2 2 2 2 2
1] Q49| T A8 (h_g)| T |02 (n_g)| T "+ | Qo) Q5| T |O5(;,_2) ¥
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Finally, consider &#(n)rg, — Z;:ll T2j Ta(n—j), Where #(n) is a function to be determined.

n—1
/%(n)rgn— E 25 TZ(nfj)
j=1

k(n) 2 1 2 1 2 1 2 1 2 1
T ont1 { —2 [0‘40‘2(11—2) T ARy, gy T A2, gy T Qg Ag Tt QAo _g)Qy

n +

1.1 1.1 1.1 1 1 1 1
- [ — Q0 1) T Qo gy — Qg gyt Qg g)Qy — 0‘2@—1)0‘2] }

1.1 1.1 1.1 1 1
—4 [ ’0420‘2@71)‘ + Qg g T 0‘60‘2(n—3)’ +oet ‘%(g)ag(%)

1 1 1 1
t | Qgn_2)y| T 0‘2(n1)a2”

1. 2 1 2 1 2 1 2 2
= 2| |0y, _g)| T |8, gy | T Q12056 | T+ Qg _g) OB | T |2y

2 1 2 1 2 1 2 1 2
= 2| |agQy,_g)| T |8, gy | T Q1205 gy | T Qg _g) Q8| T |5, _2) Q4

2 2 2 2 2 2 2 2 2 2
— | |19 (—2)| T ARG _g)| T |02 (n_g)| T | Q) A8 | T | A5, _2) X
i (n) 2 1 2 1 2 1 2 1 2 1
= o1 {2 [ ‘044042(n—2)‘ - ‘a8a2(n—4)‘ + ‘0412042(71—6) T )az(n—zx)as‘ + ‘O‘Q(n—Q)%‘
1.1 1.1 1.1 1 1 1 1
+ |:‘a2a2(n—1)‘ - ‘044042(n_2)‘ + ‘a6a2(n—3)‘ te = ’a2(n—2)a4‘ + ‘QQ(n—l)QQ‘ ] }

1.1 1.1 1.1
—4[’042042(”1)‘ + 064062(,,172) + 046042(7173)’ + -+ ‘042(%)062(%)

1 1 1 1
+ | Qgn_2)4| T 0‘2@—1)%”

1 2 1. 2 1 2 2 1 2
= 2| |0 Qi _g)| T |85, gy | T 01205, gy | Tt Qg _g) OB | T |0, _2) )

2 1 2 1 2 1 2
— 2| |00y, _g)| T |8, gy | T Q1200 gy | T+ Qg 08| F |5, 0y

2 9 2 9 2 9 2 2
= | |12y | T ARG, _g)| T |0120% ()| T T | Qo)A | T | A5, _2) Y

For Case C, define
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Now we have
n—1

R(n)ran — Y 19 Tam-j)
j=1
= (23(71) - 4) “aiaé(n_m‘ + ‘Oéfzaé(n—ﬁ)‘ + ‘O‘%Oa%(n—lo)‘ +ot ‘ag(n—S)O‘%G) + ‘ag(n—ll)aé”

1

+ (B(n) - 4) “a%aé(nn‘ + ‘aéaé(n{,’)’ + ‘@%oaé(nfs)’ +-t ‘a2(n73)a(15‘ + ’a%(nl)a%”

- (25( )+ 4) “0‘804% (n—4) ‘ + ’04160‘5 (n—8 ‘ + ’04240‘2(71 12)’ +ot ‘ag(n78)a%6’ + ‘a%(n4)a§13‘:|

— (B(n) + ) “%0‘2 (n—2 ‘ + ‘048042 (n—4) ’ + ‘0412042@ 6)’ tot ‘a%(n—él)aé‘ + ’aé(n—z)a};”
2 2 2 2 2
[ ajad, ‘ + ‘048042(n 4)‘ + )0412042 (n— 6)‘ +ot ‘O‘Q(n—z;)as‘ + ‘ag(n—m%) } (D.27)

Observe that when j = 2,6,10,..., we have

(B(n) ‘1'4) ’042;0‘2 ’ <3 (B( >+4) ’O‘ZJO@(” -\’

where we used (D.19). The first condition for the nonnegativity of the quantity in (D.27) is

% (3(n) + 4) < 28(n) —

or equivalently

B(n) > 4. (D.28)
If j =4,8,12,..., then we have
(268(m) +4) |03 b + (B0 +4) a0 |
< {2 5 (23(71) +4) % % (B( )+ )} ’a%(jfl)a%(nf]ﬁrl)
= <2B(n) + 2) ‘O‘%(j—l)oé(n—j-i-l)‘ - (D-29)
Additionally, notice that for j even,

1
2 2 1
‘azja%%j)’ < 3 16 ’a;(jfl)a%(nfjﬂ)’ =8 ’0‘2(3‘71)0‘%(717#1) . (D.30)

The negative terms in (D.27) of the form (D.29) and (D.30) must be balanced by the positive term

in the second line of (D.27) in order for (D.27) to be nonnegative. Thus we require

(ZB(”) N g) <(1-9)(Bn) 1) and 8<s(Bn)—4).



for 0 < s < 1. Equivalently, this yields the conditions

A 44 — 32s A 8 +4s
> > .
Bz L2 and )z

For instance, we can pick s = i. This yields the condition

B(n) > 36.
That is, we must pick #(n) so that
~(n)
> 36.
2n+1 "~ 30

For simplicity, we choose

i(n) = 36(2n + 1).

In summary, we have now shown that when n = 4u for p=1,2,3,..., then

n—1

36 (20 + 1) ron — > _ 12jTa(m—j) = 0,
j=1

or
n—1

> roiram_j) < 36 (2n + 1) rop.
j=1

This completes the proof of (D.1) for Case C.

Comparing Cases A-C, we see that for any n,

n—1

Z 72j,5T2(n—j)n—j < 36 (21 + 1) rop pn.
j=1
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