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In this dissertation, we present a methodology for understanding the propagation and control
of geometric variation in engineering design and analysis. This work is comprised of two major
components: (i) novel discretizations and associated solution strategies for rapid numerical solution
over geometric parametrizations of the linear and nonlinear thin-shell equations, and (ii) efficient
surrogate modeling techniques and algorithms towards the control of geometric variation. While the
methodologies presented are in the setting of structural mechanics, particularly Nitsche’s method
in the context of linearized membranes, Kirchhoff-Love plates, and Kirchhoff-Love shells, they
are applicable to any system of parametric partial differential equations. We present a design
space exploration framework that elucidates design parameter sensitivities used to inform initial
and early-stage design and a novel tolerance allocation algorithm for the assessment and control of
geometric variation on system performance. Both of these methodologies rely on surrogate modeling
techniques where various designs throughout the design space considered are sampled and used in
the construction of approximations to the system response. The design space exploration paradigm
enables the visualization of a full system response through the surrogate model approximation.
The tolerance allocation algorithm poses a set of optimization problems over this surrogate model
restricted to nested hyperrectangles represents the effect of prescribing design tolerances, where
the maximizer of this restricted function depicts the worst-case member, i.e. design. The loci of
these tolerance hyperrectangles with maximizers attaining the performance constraint represents
the boundary to the feasible region of allocatable tolerances. The boundary of the feasible set is
elucidated as an immersed manifold of codimension one, over which optimization routines exist and
are employed to efficiently determine an optimal feasible tolerance with respect to a user-specified

measure. Examples of these methodologies for problems of various complexities are presented.
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Chapter 1

Introduction

The field of Computer-Aided Engineering (CAE) and Computer-Aided Design (CAD) has
fostered a grandiose vision with regards to the progression of engineering design and analysis
protocols, suggesting engineering systems can be iteratively optimized to obey specified performance
constraints such as cost and load-bearing capability. However, the realization of this vision has
been severely inhibited due to the growing demand for complex engineering systems along with the
design-through-analysis bottleneck, that is, the apparent disconnect between design and analysis.
Presently, iterative engineering optimization routines employ computational system models with
highly simplified physics and geometry. The resulting designs are then physically prototyped and
undergo extensive testing. Consequently, the lack of high-fidelity models in the design iterations
commonly results in an over-designed, sub-optimal final product.

Isogeometric analysis (IGA) is a computational approach that offers the possibility of integrat-
ing finite element analysis (FEA) into conventional computer aided design (CAD) tools [9} 32, 68].
In IGA, the geometric entities described by CAD software, namely NURBS and T-splines, serve as
the basis for all subsequent engineering analyses. As the same geometric descriptions are used for
both the FEA and CAD, models may be designed, tested, and adjusted in one integrated stage.
This is in direct contrast with current practices in engineering analyses and simulations.

As IGA provides a seamless integration between FEA and CAD, it constitutes an ideal
analysis technology for design optimization. However, it is still very expensive to utilize full-order

design and analysis models in an IGA-based design optimization loop. In early stage design, the



phrase “design optimization” is platitudinous in that the problem of finding the “optimal design” is
not well-defined. In fact, a primary objective of early stage design is to identify suitable optimization
criteria in addition to design constraints. To clarify, the “initial guess” or nominal design input to
the engineering design cycle is typically ill-informed or chosen arbitrarily.

Design constraints which govern design optimization routines are not known or well-understood
and cannot be determined without a design space exploration framework. Determination of such
criteria requires an understanding of how design parameters affect system response and ultimately
performance. Furthermore, successfully posing an optimization problem requires an understanding
of how design parameter perturbations affect the resulting displacement field. With this in mind,
a framework enabling a designer to explore full system response in real-time would be invaluable.

This design paradigm is referred to as “design space exploration” throughout this dissertation,
since it presents a framework in which once can “explore” the displacement field as a function
of these design parameters in a neighborhood of a nominal design through a surrogate model.
This is methodology arises through a unification of techniques emerging from the Uncertainty
Quantification (UQ) community [I18], 12 104, 86 06l B9] with isogeometric analysis [32] 68 9]
and parametric modeling [57, [16] 5] [66], [40] in a deterministic fashion. This is accomplished by
sampling the solution at a set of designs in a subset of the solution space during an offline stage.
An intelligent sampling scheme combined with sparse collocation provides a means to dramatically
reduce this computational cost [7, 89, 88, 52]. Afterwards, the model is constructed by either
fitting an interpolating polynomial to sampled data or constructing a spectral representation of the
polynomial in this neighborhood. It should be emphasized that with our design space exploration
framework, a designer can visualize the full system response. That is, a designer can visualize the
solution field across the physical domain for a particular geometry in the design space. This is in
contrast with state-of-the-art design space exploration frameworks which only allow a designer to
examine pre-selected quantities of interest.

Following the design stage, manufacturing processes require extensive supervision to ensure

the final product performs some intended task within specified performance constraints. Through-



out the engineering design cycle and the service lifetime of the assembled product, it is expected
that uncertainty due to manufacturing processes, fatigue, modeling assumptions, etc. will affect
the overall system performance. Regardless of these uncertainties, the product is still expected to
successfully perform its intended task.

Geometric variations which occur during manufacturing or from erosion throughout its life
span adversely affect part performance. These effects on performance are rarely, if ever, considered
during assembly design in a rigorous, analytical manner. Instead, manufacturing tolerances are
somewhat arbitrarily prescribed which typically only address the issue of goodness-of-fit between
parts in an assembly. Monte-Carlo methods are typically employed in efforts to ascertain the
certainty of fit in a statistical sense [27], [64]. Thereafter, parts which are not in compliance with
these tolerances are recycled or discarded imposing additional costs on manufacturing processes.
On the other hand, wear and tear throughout the part life span deteriorates performance. These
issues are often addressed in an a posteriori manner namely, measurements are periodically collected
throughout the part life cycle and are used to assess the overall condition of the system. In this
manner, the status of the engineering system is not well-understood until thorough subsequent
analyses are conducted which, if not performed in a timely manner, may result in catastrophic
failure.

In this dissertation, we also present a methodology for determining spaces of admissible
design parameters, e.g. tolerances, a priori, given acceptable performance metrics. This allows
the engineer to know, simply through measurement, the compliance of the system with regards to
performance constraints. Additionally, this methodology allows for the implementation of systems
which can detect their own non-compliance. This is accomplished by parameterizing the solution
to partial differential equations, and relevant quantities of interest therein, as a function of design.
We leverage isogeometric analysis and a flavor of the surrogate modeling methodology emerging
from our design space exploration technology to accomplish this.

Thereafter, Monte-Carlo samples are taken throughout this parametric domain about some

nominal design and subsequently, a surrogate model to the solution is constructed. A set of do-



main restrictions over this surrogate model effectively emulates tolerances by permitting geometric
deviations within some hyperrectangle about the nominal design. An optimization problem posed
over the restricted surrogate yields the worst offender of the elements contained within a given
hyperrectangle. The “largest” hyperrectangle such that the worst offender remains within the pre-
scribed performance constraint is an optimal tolerance to allocate, which naturally has a strong
dependence on the norm used to measure tolerances in the hyperrectangle.

The problem herein is interpreted as a manifold optimization. This manifold is of dimension
one less than the number of design parameters used in the geometric parameterization. Moreover,
it represents the loci of hyperrectangles whose worst offender is equivalent to the performance
constraint that is considered. Provided a weighted norm that is informed by considerations such
as design sensitivities or manufacturing costs, the point with the largest value in this measure
is considered optimal. Furthermore, we employ manifold gradient ascent and manifold conjugate
gradients optimization routines to determine this optimal value.

The primary theme of this dissertation pertains to surrogate model construction. Regardless
of surrogate modeling strategy employed, it is understood that in general more solution realiza-
tions at higher fidelities is directly correlated to a more accurate surrogate predictive modeling
capabilities. Obtaining a large number of samples isn’t generally feasible due to the large increase
in computational complexity. Therefore, we resort to geometric multigrid methods to alleviate the
associated computational expense of linear system solution. These methods are well-understood in
the context of finite elements and in this dissertation we extend these techniques to the isogeometric
analysis setting.

Although the techniques and methodologies considered in this dissertation extend naturally
to a wide variety of physical phenomena, we primarily focus on structural mechanics. In particular,
we consider a geometrically-linear elastic model of membranes, thin plates, and in general, thin
shells. We spend a significant portion of this dissertation providing derivations and analyses associ-
ated with physically-consistent boundary condition enforcement, since this is a non-trivial manner

in the general NURBS setting. The goal of this is to devise a numerical methodology leading



to a symmetric, positive-definite system without excessive ill-conditioning while maintaining this
physical consistency.

Nitsche’s method as originally introduced in [87] allows us to achieve this goal, but its ap-
plication to shell problems is nontrivial in part because of the fourth-order nature of the shell
equations. Throughout this dissertation, we present a thorough analysis of Nitsche’s method ap-
plied to problems in continuum mechanics. We present our derivations in a unified manner with
the intention that these techniques can be applied to more complex PDEs with relative ease. The
approach we take in this dissertation provides tight estimates for penalty parameters as well as
a priori error estimates. This consequently provides a robust and stable method of computing
penalty parameters which avert issues of discrepancies due to numerical roundoff. Additionally,
we present the physically-correct boundary conditions with respect to an underlying energy prin-
ciple. To the best of the authors’ knowledge, this has not been accomplished in the context of
the linearized Kirchhoff-Love shell, where modified tractions and corner forces must be introduced
to preserve the physical consistency with the system energy. This is particularly important for
problem configurations containing free or symmetric boundary conditions. The exposition here is
limited to linear elasticity and for simplicity, we only consider a linear, isotropic constitutive model
corresponding to a plane stress state. Extending these models to a linear, anisotropic material
model are anticipated to be fairly straight-forward while the extension to geometric and material
nonlinearities are relegated to future work.

In contrast to a standard Galerkin method, where Dirichlet boundary conditions are enforced
strongly in the trial space and the homogeneous counterpart enforced strongly in the test space,
Nitsche’s method utilizes a weak enforcement of Dirichlet boundary conditions. Methods for the
weak enforcement of Dirichlet boundary conditions are commonly used for B-spline and subdivision
finite elements [58, 10T, 28]. One common approach, the classical penalty method require a penalty
parameter selection that, without a rigorous analysis, may lead to an overly stiff, ill-conditioned
system or a poor enforcement of boundary conditions. On the other hand, Lagrange multipliers

are another approach used for weak-enforcement of Dirichlet boundary conditions [49]. However,



this method results in a saddle point system which are generally more difficult to solve [49]. The
symmetric Nitsche formulations considered herein can be interpreted as residual-based, stabilized
Lagrange multiplier methods where the Lagrange multiplier is determined algebraically via a static
condensation of the saddle point system. To this end, the resulting formulation is an agglomeration
of the penalty and the Lagrange multiplier methods. In particular, the symmetric Nitsche formula-
tions utilize penalty parameters which are computed optimally through trace inequality constants,
averting the aforementioned concerns of ill-conditioning of the discrete system or poor enforcement
of boundary conditions entirely. Moreover, the residual-based, stabilized Lagrange multiplier yields
a variational form that has a corresponding positive-definite system.

The fundamental crux of Nitsche’s method is the retention of consistency terms and the
addition of symmetrizing terms to a standard penalty method. The consistency terms restore the
high-order accuracy of the method by rendering the variational form consistent with the original
strong form. These terms are obtained by the relaxation of the homogeneous Dirichlet bound-
ary conditions on the test space. The symmetrizing terms ensure the bilinear form is symmetric.
Lastly, the penalty terms ensure the bilinear form is definite and enforces Dirichlet boundary condi-
tions. The symmetrizing residual-based terms are obtained through the symmetric counterpart of
the Dirichlet consistency terms while the residual-based penalty terms enforce Dirichlet boundary
conditions through additional penalty parameters.

In all three problems considered, we begin exposition through the variational form arising
through the Euler-Lagrange equations, particularly the stationary point of the first variation of the
system Lagrangian. Through this variational form, we perform integration by parts to determine
the underlying strong formulation of the PDE for which the variational form, provided enough
regularity, satisfies. The strong formulation elucidates the appropriate boundary conditions which
must be applied to maintain energetic conjugacy. Additionally, this process provides the appropriate
consistency, and symmetrizing, terms required in the Nitsche formulation. Thereafter, we posit the
Nitsche formulation followed by a proof of consistency with the inferred strong formulation as well

as the proposed symmetry of the associated bilinear form. This is followed by proofs of continuity



and coercivity of the bilinear form, additionally providing estimates for optimal penalty parameters
selection which preserve conditioning of the resulting discrete system. We conclude each section
with a presentation of a priori error estimates that ultimately demonstrate the optimal convergence
of the method.

The remainder of this dissertation proceeds as follows. In Chapter [2, we outline the funda-
mentals of isogeometric analysis. In particular, how geometric entities are represented in this setting
and how analysis over these geometries is conducted thereafter. Chapter |3 presents the notation
and necessary differential geometry used throughout the exposition of this dissertation. Chapter
[ we provide a short review of continuum mechanics and present the problem-dependent strain
measures posed over a differentiable manifold. Chapter [5| provides the necessary theorems and
functional analysis tools that will be used throughout our proofs of properties arising in Nitsche’s
formulation. Chapter [6] is comprised of three major sections. The first of which goes through a
detailed derivation of Nitsche’s method for the linear elastic membrane. The second section per-
forms a similar exposition and analysis of Nitsche’s method but for the Kirchhoff-Love plate, a
fourth-ordered PDE. The last section combines the previous two problems posed over a Rieman-
nian manifold known as the Kirchhoff-Love shell. Chapter [7] provides the necessary ingredients for
constructing a design space exploration framework for a real-time visualization of system response
with respect to perturbations in design parameters. Chapter [§] provides a discussion of the novel
physics-informed tolerance allocation algorithm through a similar surrogate model construction
to that of the design space exploration algorithm. Finally, Chapter [I0] provides some concluding

remarks on the contributions of this dissertation to the scientific community.



Chapter 2

Fundamentals of Isogeometric Analysis

Simulating structural mechanics is natural in the IGA setting. This is due to the intrinsic
mesh present in CAD geometries, permitting an exact geometrical representation in contrast to
conventional finite elements, where the mesh is generated as an approximation to the geometry.
In the finite element setting, features of great importance in engineering, such as fillets, holes,
and corners, are removed from the CAD geometry before constructing the analysis mesh. This
is typically done because of the inability to easily create a mesh which accurately captures the
physical effects of these features. However, this over-simplification likely results in unrealistic peak
stresses which are commonly smoothed through an averaging process or imposing an enormous
margin of safety to compensate. The results from these analyses are furthermore used to inform
subsequent design stages. Consequently, the result of the engineering design cycle is a sub-optimal,
over-designed product. Isogeometric analysis mitigates this issue through the underlying analysis
mesh which can readily describe such engineering features and capture the corresponding stress
and strain distributions throughout the same CAD geometry.

These features in the Isogeometric method are made possible through a clever choice of basis
for analysis, particularly the same basis used to represent the geometry. Most engineering and
free-form CAD software suites use the Non-Uniform Rational B-Spline (NURBS) basis for
constructing geometry. This choice is favorable over other basis functions, since NURBS permit
local control of feature manipulation, are arbitrarily continuous without induced oscillations due

to polynomial degree elevation (compared to interpolatory polynomials), and form a partition of



unity which enables this basis a suitable choice for analysis. For an elaborate presentation of
NURBS entities and manipulation, see [93]. More recently, the advent of T-splines have served
as a generalization to NURBS which permit Isogeometric analysis on “water-tight” geometries
of arbitrary complexity [110] 109, 43}, [77]. However, for simplicity of exposition, we restrict our

discussion here to B-Splines and NURBS.

2.1 Isogeometric Analysis

A d-dimensional NURBS function is a projective transformation of a B-spline function in
one higher spatial dimension. Therefore, to motivate the discussion of IGA, we first present the
construction of the B-spline basis. We generate B-spline basis functions in a parametric fashion by
first constructing a knot vector which describes the support and continuity of the set of resulting
basis functions. A knot vector is a non-decreasing set of real numbers = = {¢! ¢2 ... ¢ntptll
where n is the number of basis functions and p is the polynomial degree. We assume without loss
of generality that ¢! = 0 and £"*P+! = 1. In IGA, we typically employ an open knot vector such
that the first and last knots are repeated p+1 times. This ensures that the basis will interpolate the
geometry at the boundaries in one-dimension, or the corners in higher dimensions, and enforcing
C¥-continuity across parametric patches. The knot vector, along with the Cox-deBoor formula
shown below, defines the univariate B-spline basis functions for intermediate £ € (0, 1):

i itp+l _
Ninl®) = gy New1(O) + imprr— gt Nerr 1 (€

A 1, & <<t (2.1)

Nio(§) =
0, elsewhere

The multivariate B-spline basis is obtained through a tensor product of one-dimensional
basis functions. In particular, to define the d,-dimensional B-spline basis functions for multi-indices
i= (i1,12,...,7q,) and p = (p1, P2, ..., P4, ) representing basis function number and polynomial degree

respectively, we write:
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dp

Nip(€) = Q Niyp, (¢7) VEEQ (2.2)

j=1
where Q = (0,1)% is the so-called parametric domain. One-dimensional B-spline basis functions

of various degree, as well as a representative two-dimensional basis function, are shown in Figure

2.1l below.

Figure 2.1: The constant, linear, quadratic, and cubic B-spline basis functions (left). A bicubic
B-spline basis function is constructed through a tensor product of 1D splines (right).

Before proceeding to geometry definition in this setting, we must first discuss the construc-
tion of the NURBS basis from the B-spline basis presented. Given a set of npags = H?i 1M

d,-dimensional B-spline basis functions and a set of np.sis NURBS weights, w; € RT, we define

the corresponding set of d,-dimensional NURBS basis functions via:

A~

Rip(é) = wigi(’g)(&), where  w(§) = ZwiNi,p(é) (2.3)

The function w(&) is known as the weighting function. As previously mentioned, a dy-dimensional
NURBS entity is constructed in d,, + 1 dimensions and then projected into a d, dimensional space;
the NURBS weights are in fact the (d, + 1)""-component of the control mesh in the projective
space.

Now, in order to construct geometry using this basis and subsequently perform analysis on

this geometry, we construct the control mesh, a network of ny,sis control points in d;-dimensions
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which, together with the complete set of NURBS basis functions, construct a ds-dimensional geom-
etry Q C R% which will serve as our physical domain. More specifically, given a set of NURBS
control points P; and weights wj, the parametric representation of the geometry x(£): Q- Qis

given by:

z(€) =) PRi(§) VEeQ (2.4)

Note we have dropped the subscript p for notational ease, and we will proceed to do so
henceforth. Before doing so, it is worthwhile to note that through an analogous procedure, we are
capable of constructing tensor product basis functions of anisotropic polynomial degrees by varying
the multi-index p accordingly.

At this juncture, it is useful to delineate between the two different notions of dimension we
have introduced heretofore. The dimension d, refers to the parametric dimension (e.g., d, =1
for a curve, d, = 2 for a surface, and d, = 3 for a volume). Alternatively, the dimension d; refers
to the spatial dimension. It is required that d, < d,. For instance, a surface (d, = 2) may
be embedded within R3 but not within R'. Figure shows an example of a NURBS curve in

two-dimensional space and a two-dimensional NURBS surface in three-dimensional space.

Figure 2.2: An example NURBS curve (left) and NURBS surface (right) with their corresponding
control meshes.
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Once the geometry has been constructed, IGA follows analogously to a standard Bubnov-
Galerkin method. In particular, we seek a finite-dimensional approximation to a solution of a
system of partial differential equations (PDEs). For simplicity, consider a general boundary-value

problem (BVP) of the form:

L(u) =F VzxeQ
(2.5)
B(u) =G Vaxel
where L£(-) is a differential operator, possibly nonlinear, B(-) is a boundary operator, and I' = 99).
Both operators act on the unknown solution field w : Q@ — R% In the context of structural
mechanics, u typically denotes the displacement field and d = 2 or 3.

As the PDE system is typically cast over a spatial variable, we require an appropriate space
of basis functions defined in physical space in which to express the solution. To arrive at such
a space, we leverage the isoparametric concept provided by the isogeometric analysis paradigm
to uniquely relate topologically equivalent parametric and physical domains. The isoparametric
concept is elucidated through the notion of the pull back and push forward operations which

explicitly describe how the physical variable x is related to the parametric variable £ through the

geometric mapping;:

push forward: x = x(&) pull back: &€ =a"(x) (2.6)

Hence, the NURBS basis functions defined in the parametric domain also define splines in the

physical domain as directed by the geometric mapping ([2.4)):

Ri(z) = Ri (z~}(z)) and Ri(§) = Ri (z(§)) (2.7)

In IGA, we use the same basis for geometric design and analysis, so we seek a discrete solution

of the form:
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u'(x) = Z d; R;i(x) (2.8)

where the terms d; € R? are referred to as control variables. With the admissible trial functions
defined, we invoke Galerkin’s method by multiplying the PDE system by a corresponding NURBS
weighting function, integrating by parts, strongly enforcing Dirichlet boundary conditions, and

weakly enforcing Neumann boundary conditions. This yields a residual system of the form:

R(d) =0 (2.9)

where R is a vector of residuals and d is a solution vector of control variables. In the linear setting,

this equation reduces further to the linear system:

Kd=F (2.10)

where K is the system stiffness matrix and F is the system forcing vector. To assemble and solve
this system, finite elements are constructed through a process known as “Bézier extraction” where
a transformation, referred to as the extraction operator, is constructed that describes the B-spline
basis locally in terms of the Bernstein polynomials. These elements are then assembled in a global
stiffness matrix and a global system solve is performed to obtain the displacement vector. The
pt"-degree Bernstein polynomials over [0, 1] are generated through the Cox-deBoor formula
with the open knot vector of length 2p + 2, containing only the points 0 and 1, each repeated p+ 1
times. The cubic Bernstein polynomial set is shown below in Figure in addition to a pictorial
representation of Bézier extraction.

Bézier extraction is accomplished by repeatedly inserting knots in the global knot vector
until each knot appears p times, where p is the polynomial order of the basis. Moreover, each knot
interval becomes a Bézier element on which we can perform analysis. This process with the resulting
unscaled Bernstein basis is shown in Figure below for the knot vector = = {0,0,0, 1,2, 3,3, 3}

for a quadratic basis.
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Figure 2.3: The set of cubic Bernstein polynomials is shown in the left figure. In the right figure,
the set of B-spline basis functions described by the knot vector = = {0,0,0,0,1,2,2,3,3,3,3}
is shown on the top. Below that, the B-spline basis functions restricted to the 2"¢ element are
shown, along with the scaled Bernstein polynomials which span the B-spline basis. For example,
R4(€) ‘QQ = %Bl (5)—1—%32 (&)+B3(&) —|—%B4(§), where the coefficients arise through Bézier extraction.

After performing Bézier extraction, the global control points are re-expressed as local control
points which construct the Bézier control polygon and provide a Bézier representation of the
original geometric entity. In addition to Bézier extraction, knot insertion is the primary method
in which we can refine the isogeometric mesh, since inserting knots into the global knot vector
increases the resolution of the parametric domain.

The process of Bézier extraction for both NURBS and T-splines are presented in [17, [108].
Once the notion of an “element” has been defined, the element formation and assembly routines
follow in a similar fashion to the conventional finite element method. In particular, each physical
element is “pulled back” to the parametric domain through the inverse geometric mapping ,
followed by an affine transformation to the parent element, where Gaussian quadrature is then used
for numerical integration. Moreover, Figure 2.5 illustrates this process. For an in-depth overview

of the isogeometric method and its implementation, the reader is referred to [32, Chapter 3].
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Figure 2.4: 2"-order B-spline basis before Bézier Extraction (left) and after
Bézier Extraction (right) which it is cast in the Bernstein polynomial basis.

Figure 2.5: Bézier extraction defines the notion of an “element” in the isogeometric paradigm, where
quadrature can be used for numerical integration in an element-wise fashion. First, the physical
Bézier element € is “pulled back” to the parametric domain through the geometric mapping x(§).
Thereafter, an affine mapping pulls the parametric element Q¢ to the parent element €2, where the
element stiffness matrix is formed after integration.



Chapter 3

Differential Geometry

The models we consider herein idealize the three-dimensional elastic body B C R? into a
two-dimensional manifold Q C R3, commonly referred to as the midsurface. The boundary of
the midsurface is denoted I' = 9 C R3. The midsurface is typically chosen to be the surface
midway through the thickness of the shell. If the elastic body is of uniform thickness n with
homogeneous material properties, this surface coincides with the neutral plane, that is, the plane
which undergoes no compressive or tensile forces due to bending. We parametrize 2 in terms of
the variables € = (£!,¢£2) in the parametric domain Q) c R? and utilize the physical push-forward
mapping .

The formulation of the equations for linearized Kirchhoff-Love shells requires extensive use of
differential geometry to effectively describe the physics. In the following, we use Einstein notation,
i.e. repeated high-low indices have an induced summation. Latin indices, e.g., 7, j, k, take values
1, 2, and 3 while Greek indices, e.g., a, 3, A, take values 1 and 2. Moreover, a comma proceeding
an index denotes derivative with respect to that index in contrast to a vertical bar, indicating the
covariant derivative. Although our discussions of other PDEs, particularly linear elasticity and the
Kirchhoff-Love plate, do not require as much machinery, we attempt to express all the equations
in a uniform manner using a consistent notation. To this end, we interpret a problem in R? as a
flat manifold in R3 throughout the dissertation.

In the general setting, x is not-affine, with possible intrinsic curvatures present in the im-

mersed manifold 2. These curvatures are necessary to effectively describe general shell structures
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however present difficulty in analysis since there is no natural global coordinate system to reference
the shell kinematic equations. Therefore, we resort to using local coordinate frames to perform
analyses. The isogeometric paradigm permits a natural implementation of parametric coordinate
frames for analysis. The in-plane vectors of the coordinate frame, along with its derivatives, are

given by higher-ordered derivatives of the geometric mapping.

aa(flagz) =T q, aa,ﬁ(§1352) =T afB, and aa,ﬁA(§17§2) = T ap\ (31)

Note that many of these derivatives are symmetric due to the differentiability of . We henceforth
drop the explicit dependence of (¢!, £2) for notational brevity. Parametric scaling and skewing due
to x present complications in vector measurements through a standard Euclidean inner product.
The first fundamental form, also known as the metric tensor, encapsulates these geometric
properties pertaining to vector norms in the parametric coordinate frame. The metric tensor is

given by

a = agpa” @ a’ =a*Pa, @ ap (3.2)

where these tensorial components are computed through various inner products of the parametric

basis vectors as

Gop = @o-ag and a*® =a” a’. (3.3)

Note that the metric tensor is symmetric, since the Euclidean inner product, ¢-’, is symmetric,
i.e., ang = age. The terms a,g and a®? are referred to as the covariant and contravariant
components of the metric tensor. In contrast to the standard Cartesian basis, where e; = €,
covariant and contravariant entities are not necessarily identical hence must be differentiated from
one another throughout our exposition. Henceforth, lowered indices denote covariant quantities

while raised indices indicate contravariant ones.



18

Intuitively, the metric tensor serves as an identity operator in the vector space described by

this curvilinear coordinate system:

aa,= (aa[gaa ® aﬂ) a, = aqpa” ® 6g = Goua” = a,. (3.4)

Here we have made use of the right composition tensor operation between the metric tensor
and one of its basis vectors. This property holds in an analogous manner for contravariant vectors
composed with the metric tensor. Furthermore, the metric tensor provides a mechanism for con-
verting covariant quantities into contravariant ones, or vice versa, colloquially referred to herein as
“index raising” and “index lowering”, respectively. This is a consequence of the inverse relationship

between the covariant and contravariant components, namely

[@*7] = [aas] (3.5)

(14

where “[-]” denotes the matrix of the respective components. Therefore, we can construct the

corresponding contravariant basis vectors through the index raising operation

a® =a*"a,. (3.6)

Note that necessarily, the covariant and contravariant basis vectors satisfy the Kronecker delta

relationship, that is

a®-ag =03 (3.7)

where the Kronecker delta symbol is defined via

1, a=p
05 = . (3.8)
0, else

The in-plane covariant vectors define a basis for the tangent bundle of the manifold, and

through the exterior product we can define a surface normal director



a a; X a2
3= T
la1 % az||2
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(3.9)

where || - ||2 is the standard Euclidean norm. Note, by this definition, that (i) the normal director

is always orthogonal to the in-plane vectors and (ii) the normal director always has unit length.

Therefore necessarily, the covariant and contravariant normal directors are identical (e.g., a3 = a?).

We will also require derivatives of these basis vectors for geometric computation. However, the

derivatives of the normal director are more involved, due to their construction and normalization.

The first and second derivatives are given by

a a a aa agas > + agna a.3ana
azp = B _ZPay and as g = A i s _ (8,593 o 2 ”8~”\2 > (3.10)
a a (a) a (a)
where
a= a] X a2
apg=aigxaz+a;xayg (3.11)
gy =aigy X az+ajgXasy+ai\Xasg+apXasgy
and
a= ||a1 X a2H2
ip=ipay (3.12)
ELﬂA = &7/3)\ -as + dﬁ S ag )
Note that a33 = 0 by the inextensibility of the normal director hence as, lies solely in the

manifold. Together, these three vectors define a complete curvilinear coordinate system for R? in

which we perform most of our subsequent analyses. Proceeding forward, we introduce notation to

differentiate between manifold quantities, that is, quantities residing in the manifold, from those

existing in the full, three-dimensional space. In particular, @ and e will be used to denote manifold
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quantities, that is, quantities that can be expressed through a linear combination of vectors lying
in-plane of the manifold, with the number of underlines indicating the order of the tensor.

For instance, we define n be the outward-facing unit normal and ¢ be the positively-oriented,
counter-clockwise unit tangent vector to I'. Note that n is normal to I' and should not be confused
with the midsurface normal director a3, which coincidentally also dictates the positive orientation
of t. These boundary quantities are defined via the non-normalized normal and tangent vectors

denotes v and s, respectively

v a
[Py

vV =1U,a and t= 5= s,a” (3.13)

s
n= TR
Isll2’

and analogously for higher-ordered tensors such as the metric tensor ([3.2)).
On the other hand, bold-faced text denotes quantities residing in three-dimensional space.

For example,

u=1,a% and w=u+ iza’ (3.14)

In addition, curvilinear tensorial components are denoted via e while the Cartesian counterparts
are left unaccented. To this end, it is convenient to define the basis transformation operators for
relating these entities. In particular the operators that maps Cartesian components to covariant,

curvilinear ones, and vice versa:

Covariant Transformation Contravariant Transformation

(3.15)
For example, if u = u;e’ = @;a’, then 4; = Aguj. On the other hand, if u = u;e’ = %;a’, then

u; = V7 4. Indeed, these two transformations are inverses as seen by:

A};Vij = (ei . ak) (aj . ei) =al- (ei . ak) e, =a’ a,= 6%. (3.16)

Before proceeding with further derivation, we present the following Kronecker relationship
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that is used generously throughout this, and later, sections. In particular, this relationship re-
lates covariant and contravariant tensor components through a sign change on a product rule. In

particular,

(a® - ag) , = (68) , = a%-agy=-a%Aag (3.17)

and similarly for as.

Since we now have the mathematical machinery to compute lengths, and areas, in the para-
metric frame, the natural next step is to develop the machinery to compute various derivatives in
this frame. Through this notation, we define the surface gradient [I8, §95], the gradient of a

scalar, vector, or tensor quantity along the manifold, via

Scalar:  Vu = u,a”
Vector: Vu=u,® a” (3.18)
Tensor: VT =T, ® a®

We can thus express the directional derivative along a manifold coordinate through the left or

right compositions of the following tensor relationships

Scalar: Vu-a,
Vector: u o = (Vu)a, (3.19)
Tensor: T, = (VT)a,

This elucidates the definition of surface divergence for vector and tensor-valued fields as the

trace of the surface gradient via

Vector: V-u=u,-a*=a“-(Vu)-a,

)

(3.20)

Tensor: V-T=T,-a*=a%-(VT):a,
The “” operation denotes the standard Euclidean “dot” product, which is analogously defined

[T

for higher ordered tensors, e.g., operation for 2"%-ordered tensors, etc, all of which fall in the

tensor operation of contraction. We reserve this notation purely for operations between tensor
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entities resulting in a scalar, with the exception of tensor divergence. In all other instances, we
use the left and right composition operations. These operations together are used to describe the
PDEs presented in the following sections that are considered throughout this dissertation.

The intrinsic curvature present in the general manifold causes the locally defined basis to
vary at each point (¢!, £2). Intuitively, the components of a vector represented in the basis defined
at the point &y € Q) do not describe the same vector in terms of the basis at some other point
& € Q. Consequently, the concept of parallel transport is no longer naturally present in the new
basis and the Cartesian notion of component-wise differentiation of vectors is no longer valid. To
motivate the forthcoming derivations, we consider the derivative of a vector u expressed in our

newly-constructed frame:

ug = (iaa® +uza’) ,

= lg,p0" + Uaa’y + agﬁa?’ + ﬂga?ﬁ

= Ug,pa” + Uy ((aj\ﬁ caq)a” + (af‘g . a3)a3) + ’113”3043 + ﬂg(aig caq)a”
= |Uq,pg + ﬂ,\(afb caq) + ﬂg(a?ﬁ . aa)] a® + [ﬂ,\(af‘ﬁ -asz) + ﬂgﬂ} a’ (3.21)

= |fia,3 — Gir(a” - ag ) — iis(a® - aa,ﬁ)} a® + [fu(a”‘ a,ps-as)+ ﬁ:m] a’

= | — Thgiia = sbas] @ + [an(@¥bys) + i ] @?
= [ta|p — baplis] a® + [bg% + ﬂs,ﬁ} a’

Several terms have been introduced, in the derivation above. The terms I‘;\[ 5 are known as
the Christoffel symbols of the second kind which quantify how the basis changes in plane
with respect to either parametric direction. Since a manifold is not a linear space, the Christoffel
symbols define an affine connection, that is, the affine deviation between two nearby tangent

spaces on a manifold. These entities are defined via

I'hg=a" aqgs (3.22)

in the index

and appear in the covariant derivative of tensorial components, denoted via ‘|’
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position. For example,

lig)g = Ga,p — Taglin (3.23)

The covariant derivative is the curvilinear analogue of the derivative of Cartesian vector components
namely, it describes how the covariant components lying in the ajas-plane change with respect to
either parametric direction.

While the metric tensor provides a notion of length and distance in the curvilinear frame,
the term b,g, known as the second fundamental form or curvature tensor, describes intrinsic
curvature in the manifold by measuring the rotational changes in a3. The covariant components

of the second fundamental form are given by:

bag =asz - aqgp = —a3p - aq- (3.24)

Note that the covariant components of the second fundamental form are symmetric i.e. by,g =
bga. Equivalently, the second fundamental form can be expressed in terms of mixed covariant-
contravariant components. These components can be obtained through the index raising operation.
For example, the mixed contravariant-covariant components of the second fundamental form are

given by:

= a™bup (3.25)

[k

Here we have implicitly introduced the notation of the in the index position, that es-
tablishes an ordering in indexed quantities. This is helpful for tensor construction as well as left
and right composition operations which are used extensively in the derivations of the linearized

Kirchhoff-Love shell. Lastly, the covariant components of the third fundamental form provide

an alternative measure of curvature and are given by:

Cap = bapbls (3.26)
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The notion of the covariant derivative generalizes to higher-ordered tensors as well. For example,

consider the derivative of the curvature tensor

b’>\ = (bagaa &® a5> \

= bappa® @ @ + bogatl @ a” + boga® ® af)
= ba@/\aa %) (1,'8 —+ bHﬂ [(a“)\ . aa) a® + ((I#)\ . (13> a3} ® aﬂ

)

+ bapa® ® [(a’f\ : a5> a’ + (a“)\ : ag) ag}

(3.27)

— (baﬁ,A —TH bus — Fg/\bau) a®®a’ + b bupa’ @ a’ + b baya® ® a®
= bagpa” ® a’® + c,\ga,3 ®a® + copna® ®a®
Note that similar expressions exist for tensors expressed in mixed and contravariant compo-

nents, however there is typically a sign change associated with the index position in the covariant

derivative and a metric tensor for out-of-plane componenents. For instance,

bn = b3 + Tabls — Tlgybay (3.28)

and similarly for tensors of higher order. In the setting of Cartesian analyses, many of these
differential geometric entities vanish since the parametric basis coincides with the standard basis.
However for the study of PDEs posed over a manifold, these entities are of great importance for

both analysis and implementation.



Chapter 4

Continuum Mechanics

Before proceeding forth with more complex derivations of Nitsche’s method, we digress to a
brief discussion of continuum mechanics, particularly the stress and strain measures employed as
well as the notation which will be carried throughout the remainder of the dissertation.

Continuum mechanics is grounded in elasticity theory where strain measures, constitutive re-
lationships, and Newton’s 2" law serve as a surrogate to the displacement field w. Namely, deriva-
tives of the displacement field represent strains which, with a constitutive relationship, determine
internal stresses due to external loadings. A wide range of strain measures exist however for shell
theory, and more generally finite element theory, the Green-Lagrange strain measure is typically
employed. This choice is made since the Green-Lagrange strain tensor and the 2" Kirchhoff-Piola
stress tensor are energetically conjugate which has a natural foundation in variational formulations
which seek the displacement configuration that minimizes the potential energy.

The differential geometric discussion in Chapter [3] pertains to the two-dimensional “midsur-
face” of the shell body. However, to obtain accurate strain measurements, we need a parameteri-
zation of the linear elastic body B itself. To this end, we are able to arrive at a parametrization of

any structural member considered in this dissertation through the following relationships:

Linear Elasticity: Xrp(Eh ) =z (€4, €?)
Kirchhoff-Love Plate: Xppp(£1,€2,63) = (€1, €2) + £3e3(¢L, €2) (4.1)

Kirchhoff-Love Shell: X 1g(€1,€2,€3) = m(¢1,€2) + 3a3(¢1, €2)
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where x(¢1, €2) is the push-forward parametrization of the structural member, describing the mid-
surface of the body while &3 is the parametric variable designating the through-thickness direction
of the elastic body along the midsurface normal director. Note that the linear elasticity model is
equivalent to & because we assume through all of our structural analyses that these members are
in a plane stress state. In particular, through-thickness stresses are negligible in comparison to
the in-plane counterpart. Analogously to the exposition of Chapter [3] we can define a curvilinear
frame for the elastic body which we will utilize in the computation of stresses and strains. For

example, these vectors are given for the Kirchhoff-Love shell by:

0X
90 = oo = 0o+ Casa = (00 - )as  and  gs =

0X

and therefore, the covariant components of the metric tensor associated with this parametrization

is given via

Jop=9a-9gs and gzgz=1 and  gaz =gza =0 (4.3)
Proceeding forward with our strain measure, we assume there exists a smooth, bijective
mapping X (§) = X (X (£)) between X, the deformed configuration B, and X, the undeformed

configuration . Through the derivatives of this mapping, we obtain the entity known as the

deformation gradient which is given by:

:g_afcagi_
09X 989X

gi®g'. (4.4)

While one may utilize any other pair of conjugate stress-strain measures, herein we consider

the Green-Lagrange strain measure given by:

E=-(R-I)= % (F'F —1) (4.5)

N

where R = FTF is the Right Cauchy strain tensor. Utilizing (#.4]) we obtain:
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o . 1 o o
E=-(¢g'®ag)(g®g)-1)= 3 (9i; — 3ij)9' ® 9’ = Eijg' ® g’. (4.6)

N | =

Observe that the coefficients E;; are in fact a function of the, yet to be defined, displacement field

U. In particular,

X 9(X+U) '

and moreover, utilizing (4.7) with (4.3) and substituting into (4.6)), the Green-Lagrange strain

tensor coeflicients reduce to

1 /oU ou ou oU 1 /oU ou
Ei;(U) < > ~ 5 < gi)

og 9T 9 9T 9e o
where the nonlinear dependencies have been neglected, effectively linearizing the tensor coefficients.
For notational ease in forthcoming derivations, we introduce the symmetrized gradient of the

displacement field, which is in fact equivalent to the linearized Green-Lagrange strain tensor

1 /oU oUu
()= YU = (85 95+ 5 gi) | (49)

Our theory of elastic models proceeds with the Reissner-Mindlin kinematical assump-
tion, that is the displacement field of the entire elastic body takes the form of a translational

midsurface displacement and a through-thickness midsurface rotation. In particular,

Linear Elasticity: Upp(€',62,63) = u(¢h, €2)

Kirchhoff-Love Plate: Ugxpp(€1,€2,€%) = us(£L,£2)a® + £30(¢1, €2) (4.10)

Kirchhoff-Love Shell:  Ugrs(¢!,€2,6%) = u(€l,€2) + £30(¢', €2)
where u(£h,€2) is a translational displacement of the midsurface while 0(¢',£2) = 0ya? is a rota-
tional displacement of the midsurface normal director a®. t is worth mentioning that the rotational
displacement 6 can be represented by a surface tensor due to the inextensibility of the midsurface

normal director a®. Note, we only use @ as a variable to enforce the Kirchhoff-Love constraint in



28

the following sections, it is not present in the numerical implementation. Furthermore, note that
the Kirchhoff-Love shell is the agglomeration of the linear-elastic and plate displacement profiles
defined over a curved manifold, a theme that is carried throughout our derivations allowing us to
establish theory of these elastic models in a hierarchical manner.

We now proceed with deriving the corresponding strain measures from these prescribed dis-
placement profiles. In particular, we substitute each of the displacement fields into (4.9).
We demonstrate this explicitly here only for the Kirchhoff-Love shell, since it encompasses both

the linear-elastic setting and the Kirchhoff-Love plate. Observe,

1
ca(UkLs) = B Ua-95+Ug-ga
= 3 [ +€%0,) - (33— €8)) an + (s +€%0,5) - (52— €8, ) ]
= % (Un-ag+ug-aq)+ g (Q,a ragt+lg-aq —ugq- bf\ﬁa,\ —ug- b,’\aa)\> (4.11)
(&)’

5 <Q7a . b,),\ga)\ +05- b_>‘aa)\>

= ap(u) + as(u,0) + (€)" Xas(0).

Given a displacement field u, the tensorial components vy,5(u) correspond to membrane
strains in the shell body, the components kqg(u) correspond to bending strains in the shell body,
and the components x,g(u) correspond to through-thickness shearing strains due to nonlinear
material normal deformations. As we will demonstrate shortly, we express the rotational degrees of
freedom in terms of the translational displacement field i.e. § = #(w), through the Kirchhoff-Love
assumption that the deformed midsurface normal director remains orthogonal to the deformed
midsurface. An additional Kirchhoff-Love assumption is that the deformed midsurface normal
director is straight, hence we discard the term y,g(u), which is nonlinear in 3.

We now derive the tensor form of the membrane and bending strains for later use in devising

a Galerkin Nitsche formulation. Proceeding forward, we have for the membrane strain:
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Vs (u) = %[ua ag+ug-ag
= L [(Vu)aa) a5 + (Yu)as) - ad]
: (4.12)
:5[ a'(Zu)T‘ag-l—aa'(YU)'aﬁ}
= a,- % [(yu)T + (Zu)} - ag.
Hence the membrane strain tensor is given by:
= 2= [+ 5] a2

Furthermore, the bending strain:

1 -
/ﬁ?aﬁ(’u,Q) = 5 _Qpé tap +Q75 Qo — U b,/\ﬁa)\ —ug- b_/\aa,)\}
1 -
=35 ((Z 0)ay) - -ag+ (Y 0)ag) an — ((Vu)a,) (Q ) (Yu)ap) - (b aa)}
:%_aa V0) -ag+an-(V0) ag—as - (Yu) b-ag—ay-b" (Yu) }
1
—aa 5 (V) +(2 )~ (Yw) b~ b (Tu)] - a
(4.14)
Therefore, the bending strain tensor is given by:
su) = V0~ o [(Vu) b+ (Vu)| (4.15)
The transverse shearing strain components are given via:
Ca(UkLs) = €a3(UkLs)
1

2
1
=5 (et €0,0) a5 +0- (5 €0 o
Note that since § = 0,a“ it follows that:

6, as3= <0>\7aa’\ + bf‘)ﬂ#a?’) a3 = b0, (4.17)
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hence (4.16)) reduces to:

(agT (Vu)+0) ® a’. (4.18)

| =

C(UkLs) =

Lastly, note the out-of-plane strains vanish due to the inextensibility of the midsurface normal

director imposed in our parametrization:

e33(Ukrs) =Us - g3 =0-a3 =0. (4.19)

Repeating this process for the remaining linear elastic membrane and Kirchhoff-Love plate gives

rise to the following summarizing table of strains:

Kirchhoff-Love

Linear Kirchhoff-Love
Elasticity Plate Shell
in-plane Viu SAVAL Viu + %FQ - % ((VU)TQ +o" (VU)>
transverse shear 0 % (Vus +0) % (a3T (Vu) + Q)
out-of-plane 0 0 0
(4.20)

However, we are unfinished with the derivation of the strains. The Kirchhoff-Love kinematical

assumption is that material normals remain straight and normal to the deformed material, e.g.

Ca = €a3 = €3¢ = 0. This introduces a constraint on the rotational degrees of freedom as follows

Kirchhoff-Love Plate Kirchhoff-Love Shell
(4.21)

0 = —Vus 0= —a3 (Vu)

which we then substitute back into (4.20) and, through algebraic simplification, we obtain the

following strain fields:

Linear Elasticity Kirchhoff-Love Plate Kirchhoff-Love Shell
(4.22)

~€V Ve Vu-§ (af (Y V) + (Y Yu)' a)
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where, V Vu = u o3 ® a® ® af — F(’)\éﬁu,A ® a® ® a”, and with a slight abuse of notation, we define
(VVvu)l =a*®a’ ® Uop—a*®@a’® Fg\éﬁu,A for our Cartesian displacement field.

Since a boundary rotation does not necessarily coincide with a normal derivate due to intrinsic
manifold curvatures in the shell setting, in order to maintain energetic conjugacy throughout our

derivations, it is necessary to define the following boundary quantities:

Normal Rotation Twisting Rotation

(4.23)
Op(u) :=0(u) - n O(u):=0(u)-t

We are then able to develop a unified notation which we define in the context of the shell but employ
throughout our discussion of these three models. The linear elasticity model provides the strain
field associated with in-plane displacements due to in-plane loadings, i.e. membrane action. On
the other hand, our Kirchhoff-Love plate model provides the strain field associated with transverse-
displacements due to transverse loadings, i.e. bending action. Therefore, we define the membrane

and bending tensors via:

Membrane Strain Bending Strain

(4.24)

l(u) =Viu K(u) == —3 <ag: (VY Yu) + (Y Yu)” ag).

Note that in the case of zero curvature, the membrane and bending strain tensors of the
Kirchhoff-Love shell coincide with the linear elastic and Kirchhoff-Love plate models, respectively,
precisely how we’ve defined the flat counterparts to these tensors. In particular, l(ﬂat)(u) = VY’u
and i(ﬂat) (u) := —V*Vus. Therefore, it is expected that studying the behavior of these simpler
models will aid us in inferring behavior of the entire Kirchhoff-Love shell. From these definitions,
it follows that we can decompose the Green-Lagrange strain tensor into a membrane component
lying in the midsurface model and a bending component which varies linearly through-thickness.

In particular:

e(u) = y(u) + Ex(u). (4.25)



32

At this point, it is worthwhile to define the energetically-conjugate stresses for both the
membrane and bending strain tensors. Since both of these quantities require a material law in their

definition, we present the following linear constitutive model which we employ in our mathematics:

E

a® PP 4 q®taP 4 o
1—v

aaﬁaw> (4.26)

where E is Young’s modulus and v is Poisson’s ratio. Note here we have adopted the blackboard
notation for the constitutive law, since it is a fourth-order tensor, and although it is a surface entity,
four underlines is overbearing. Through this constitutive law we can define the strain energy as
a function of displacement. In particular, the strain energy is the integral of the stress-strain

contraction over the three-dimensional body. Substituting (4.25]) into this relationship yields:

llull? = 5 [ o(w): e(u) a5

:;/Bs(u): C: e(u) dB
- /B (2w +€%(w) : C: (y(w) +&n(w) dB

:% [/B’y(u):(C:”y(u) dB—l—Q/Bé‘g”y(u):C:/i(u) dB—i—/B(ﬁg)Qn(u):(C:n(u) dB]

1 "2 . 3 n/zsu.. u) de’

_2[/52 /m’y(u).(c.’y(u)df dQ+2/Q[n/2§y( ): C: )dg]dgz o)
" 3)2 L C: klu) ded

e[ €02 st € st dg?| o

[77/9’7(11)1 C: ~(u) dQ+ 77:’ k(u): C: x(u) dQ}
(

u): Cpr: y(u) d2 + ;/Qm(u): Cp: K(u) dQ

S~
[FS

(u): l(u) dQ—I—;/QB(u): K(u) df

membrane energy bending energy

Here we have defined the membrane and bending stresses via the relationships:
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Membrane Stress Bending Stress

(4.28)

[P

(u) :=Ca: l(u) B(u) :=Cp: k(u)

where we have defined the constitutive laws for membrane and bending action as C4 = nC and
Cp = %(C. Note that the cross-integrals between the the bending strain and membrane stress as
well as the membrane strain and the bending stress vanish due to the integration through-thickness
of a linear £3. We can use these relationships to define the energy norms for membrane and bending

responses as:

Membrane Energy Bending Energy

(4.29)
2 . . 2 . _ .
e[ -—/Qé(U)-l(U) Q2 llulllz -—/QE(U)-Q(U) dd.

These quantities are physically twice the true energy however the definitions in this form
simplify later exposition. In the following sections, we will use these energies with the principle of
virtual work and the Euler-Lagrange equations to arrive at weak formulations for the PDEs con-
sidered. Moreover, we will also utilize these energies in the demonstration of continuity, coercivity,

and error estimates for the proposed variational forms.



Chapter 5

Functional Analysis

Throughout this dissertation, we rely on tools emerging from functional analysis to state,
derive, and prove properties of numerical methods. In this chapter, we provide the necessary
ingredients for use in later chapters. Before proceeding with theorems used in later sections, we
establish the notation that will be used throughout this dissertation. Let M denote an arbitrary
differentiable manifold immersed in R®. Then, let L?(M) be the space of square-integrable functions
defined over this manifold and L?(M) := (LQ(M))d be the vectorial counterpart where d = 2 or

d = 3 in this dissertation. For an arbitrary function v € L?(M), the L?-norm is given by

[vllod == (/Qv.v dQ> v (5.1)

Let H*(M) denote the space of functions in L?(M) whose k"-order derivatives belong to L?(M)
as well, where these derivatives are defined in (3.18)). Similarly, we define H*(M) := (H k(/\/l))d as

its vectorial counterpart. This Sobolev space is endowed with the standard Sobolev norm

& 1/2
[CPWYRSS <Z HV"ng,M> (5.2)
i=0

where the notion of contraction in the case of these higher-order tensors arising through high-ordered
Sobolev norms generalizes naturally through a Frobenius norm. Note here that we have implicitly
adopted the convention that H°(M) = L?(M), and analogously for the vectorial counterparts.

Lastly, we denote the k Sobolev semi-norm via |- |; o¢. Fractional-order Sobolev spaces are utilized
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throughout this dissertation and are defined in a distributional sense. Note that all of these concepts

extend to the manifold boundary M naturally.

5.1 Existence, Uniqueness, and Error Estimation

Theorem 1 (Lax-Milgram Theorem). Assume that

a(,): U xU—R (5.3)

s a bilinear mapping, for which there exists constants Ceont, Ceoer > 0 such that for u,v € U

a(v,u) < Ceont|| Vvl vl (5.4)

and

a(v,v) > Ceoer||v|Z; (5.5)

Then, for f: U — R a bounded linear functional on U, there exists a unique element u € U such

that

a(v,u) = (f,v) (5.6)

forallvel.

The Lax-Milgram Theorem is ubiquitous to proving the existence and uniqueness of a weak
solution. Its proof can be found in many places, for instance [48]. Throughout this dissertation,
we use lemmas to demonstrate that the bilinear form under consideration is indeed equivalent to
some norm and, through Lax-Milgram, ensures the existence and uniqueness of a weak solution

with respect to the norm || - [|y.

Theorem 2 (Galerkin Orthogonality). Suppose that the unique solution w € U satisfies the fol-

lowing relationship
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a(v,u) = l(v, f) (5.7)

or allv €V and let u € UM C U be such that
f

a(v, uh) = (0", f) (5.8)

for all v € VP € V. Then it follows that

a(v,u —u") =0 (5.9)

Proof. Since (5.7) holds for all v € V. Let v = v" and subtract (5.8) from (5.7) to obtain the

desired result. O

Additionally, we prove a priori error estimates based on the following theorem regarding

best-approximation by utilizing Theorem [If and Theorem

Theorem 3 (Approximation Theorem). Let u” be the unique solution to a(-,-) as postulated in

Theorem [1] and suppose the conditions therein hold. Then,

(7COn .
Ju =l < (1+Ct) inf flu — vy (5.10)

coer ) vheu

Proof. By the orthogonality of the mesh-dependent bilinear form af(-,-), it follows that that

th—uhHa < a(v" —u", v

coer

1
= a(v —ul v — ) (5.11)
(7coer
C
< G " — " =
coer
hence,
Ccont

lo" —u ey < [o" — "o (5.12)

coer



37

Then by the triangle inequality,

= e < inf (fl = 0"l + 0" = u" )
vhrel
(5.13)

< <1+ g”’f) inf [Ju” — o"|y.

coer ) vhelu

5.2 Trace Inequalities, Poincaré Inequalities, and Inverse Estimates

Trace inequalities provide upper bounds to boundary quantities by their mesh-scaled,
interior counterparts for finite-dimensional quantities. The trace inequalities considered in this

dissertation for A > 0 take the form

Ctr
h

IDFu |5 r < =1 DG 5 o (5.14)

where CY, is the trace inequality constant independent of A and n > 0 is the order of the differential
operator. The differential operators Dr and Dgq are defined over the domain boundary and the
interior, respectively. The following eight trace inequalities will be used throughout this dissertation

in proving coercivity and a priori error estimates for the various PDEs considered.

1. A trace inequality bounding the membrane stress on the boundary by the membrane stress

on the interior of the form

CtT,A
o < IA(u")[IF 0 (5.15)

(") :

where Cy,. 4 is the trace inequality constant that is independent of mesh size.

2. A trace inequality bounding the bending stress on the boundary by the bending stress on

the interior of the form

CT,B
1B Br < Z22 ) B R (5.16)
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where Cy,. p is the trace inequality constant that is independent of mesh size.

. A trace inequality bounding derivatives of the bending moment on the boundary by deriva-

tives of the bending moment on the interior of the form

T35 < == 1 T3]3 0 (5.17)

where Cy,. 7 is the trace inequality constant that is independent of mesh size and the term
T5(u) is a modified transverse shearing, much like a gradient of the bending stress, that

will be introduced in later sections.

. A trace inequality bounding the displacement field on the boundary by the displacement

field on the interior of the form

CtT',UQ

|2
<
|u ||0,F ="

1”13 ¢ (5.18)

where Cy; ., is the trace inequality constant that is independent of mesh size.

. A trace inequality bounding the rotational displacement field on the boundary by the

derivative of the displacement field on the interior of the form

Ctr,9
h

2
16 ()3 < < Jul (5.19)

1,Q

)

where Cy,. ¢ is the trace inequality constant that is independent of mesh size.

. A trace inequality bounding a pointwise evaluation of the twisting moment over the set

xc € I' by the norm of the twisting moment on the boundary of the form

Ctr,M
1M (")

<
- h

XC

)

lor (5.20)

where Cy, ar is the trace inequality constant that is independent of mesh size. Note that

this trace inequality constant is known a priori as is demonstrated in [121].
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7. A trace inequality bounding a pointwise evaluation of the transverse displacement over the

set xo € I' by the norm of the transverse displacement on the boundary of the form

Crur

< 2 (5.21)

2
]
Xc

where Cy, . is the trace inequality constant that is independent of mesh size. Note that

this trace inequality constant is known a priori as is demonstrated in [121].

8. A trace inequality bounding the pointwise evaluation of a function over the set xc by the

L? norm and the H!-seminorm in T" of the form

2 1 2 2
us| < Cury (3 sl + o usf? (5.22)
Xc

where (Y, is the trace inequality constant that is independent of mesh size. Note that
this trace inequality constant holds for the infinite-dimensional setting, unlike the previous
inequalities, due to the presence of the H'-seminorm which guarantees existence by the

trace theorem for Sobolev spaces.

9. A trace inequality bounding the L? norm of a function over I' by the L? norm and the

H!'-seminorm in € of the form

1
lullg.r < Crro { 7 lullio +hlulig (5.23)
h

where C,o is the trace inequality constant that is independent of mesh size. Note that
this trace inequality constant holds for the infinite-dimensional setting, unlike the previous
inequalities, due to the presence of the H'-seminorm. The detailed proof of this inequality

can be found in [47).

In a similar spirit, we can bound finite-dimensional derivative quantities by derivatives of a

lower order through inverse inequalities. The inverse inequalities considered in in this dissertation
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for h > 0 take the form

Cinv
h?2i

h —j, h
IDu"[§ o < IDG "5 0 (5.24)

where Cjy, is the inverse inequality constant independent of h and n > 5 > 0. The following inverse

inequality is employed in our proofs of coercivity and a priori error estimates.

1. An inverse inequality bounding the modified shear on the interior by the bending energy

on the interior of the form

Cinv,T
ITsu"F e < =75~ 1B")lie (5.25)

Ultimately, we would like to relate these quantities to the membrane and bending energies

which motivates the auxiliary bounds on the constitutive law

E <|[|Cllo0 < 2E. (5.26)

We can then bound the membrane stress, and membrane energy, from above by

1AM 3.0 < 2Bnl[ulll}y < (2B9)* [uli g (5.27)

and a similar bound for the bending stress, and bending energy, from above by

E773 En3 2
B0 < Sl < () lubo. (5.29)

Furthermore, the constitutive laws for membrane and bending stress-strain relationships follow by

a simple thickness scaling. In particular, through a Poincaré-type inequality, we have the following

1. A Poincaré-type bound for the membrane energy by the H'-norm

2
Enllulf g < Cpom,alllullly (5.29)

where Cpoin 4 is a positive constant that is independent of h, E, and 7.
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2. A Poincaré-type bound for the bending energy by the H2-norm

E773
“Lul < Cromsllully (5.30)

where Cpgin,p is a positive constant that is independent of h, E, and 7.

Often times, we require a combination of these inequalities while demonstrating continuity,
coercivity, and a priori error estimates for the PDEs considered. Moreover, since these constants
appear in estimates of the penalty parameters used for Dirichlet boundary condition enforcement,
we would like an approach for their efficient computation. Therefore, these inequalities can be
generalized and an optimal constant can be determined through the following generalized eigenvalue

problem:

Mu = ANu (5.31)

where

IDfu |5 = (w,Mu)fr  and  [|Dg "5 o = (u,Nu)fq (5.32)

with u = {u;}; the degrees of freedom used in a discretization of the form u" = > uiN;.
The trace inequality constant can be bounded from below by the maximal eigenvalue of

(5.31). This can be seen clearly by the corresponding generalized Rayleigh quotient:

HD{"luhH%,F _ <u’ Mu>g,F <\ Ctrace(Qap)CAB(Ea'r/)
D uk|2,  (u,Nu)gg ~ h27t

IN

(5.33)

where Cyp(F,n) is some constant dependent on Young’s modulus and thickness arising through
the constitutive relationship. Note that although we denote this optimal constant Cyrace(§2, p), it
is understood that there may implicitly be several trace estimate, inverse inequality, and Poincaré

inequality constants present as well, hence the dependence on both geometric configuration and
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polynomial degree of discretization. This inequality demonstrates that Cypqce (€2, p) is bounded from
below by the maximal eigenvalue and that A\ = O(h¥T1Cap(E,n)).

For small problems, this trace inequality constant can be approximated with good accuracy
by explicitly constructing and solving with relatively low computational expense. This
constant may then be scaled according to the mesh-dependent scaling for problems of larger size,
e.g. Chrace(Q,p) = h¥HINCAp(E,n). For clarity, we explicitly outline the h-dependence of the
eigenvalues for the explicit trace inequalities considered herein, as well as the dependence on Young’s
modulus and the thickness. An excellent source for explicit trace inequality constants can be found
in [47] where, in addition to a more-thorough exposition of the mathematics presented, alternative
approaches to determining the constants are provided including various measures of geometric
mappings. Additionally, inverse estimates and Poincaré inequalities, presented above and utilized

in later sections, are presented in great depth and motivated by several examples in [61].

5.3 Green’s Identity

Green’s identities are used gratuitously in this dissertation and moreover must be cast over a
differentiable manifold in this setting. Before proceeding with the physical derivations in the main
portions of this dissertation, we present this identity that we employ throughout these sections,

over a general, symmetric tensor M.



/Qﬁ (Vov) dQ = /M (Yv) d

M (Y v) dQ+/M V (v3a®)) d

:/Ma%am dQ—/M“ﬁbagvg dQ

/(M@%a) Q- /M Vo Y — /M )

/M Bvang dl' — /M |ﬁv0‘ /Mo‘ﬁb 5v3 df)

~ [nMoar— [ (T M)vdn- [ (0L b)e a0

Q

in-plane

out-of-plane

where the out-of-plane contributions arise because

Vas) = asa ®@a® =

(“3@ ‘ ‘15) ag®a” = —

(ag . aﬂ,a> ag®a” = —b,ﬂaaﬁ ® a®
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(5.34)

= b (5.35)



Chapter 6

Problems

In this chapter, we present the three PDEs problems that are considered throughout the
remainder of this dissertation These include (i) the linear-elastic member in a plane stress state,
(ii) the linearized Kirchhoff-Love plate, and (iii) the linearized Kirchhoff-Love shell. Moreover, we
derive a Nitsche formulation for each of these PDEs. In the case of isogeometric analysis with
NURBS defined through an open knot vector, the additional boundary terms vanish due to strong
homogeneous enforcement of Dirichlet boundary conditions in the test space. However, in the case
of uniform B-splines, and more generally Catmull-Clark subdivision surfaces, these additional terms

play a crucial role in analysis, discretization, and implementation.

6.1 Linear Elasticity

This problem covers a wide variety of physical phenomena and serves as an excellent demon-
stration of design space exploration and tolerance allocation tools in later chapters. We begin this,
and subsequent, sections with the variational form and infer the underlying strong form through
the Euler-Lagrange equations. While linear elasticity can be discussed in higher dimensions, we
only consider this PDE in the two-dimensional setting. In particular, this section presents Nitsche’s
method in the context of vector-valued degrees of freedom as well as PDEs which arise through an

energy principle.
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6.1.1 The Linear Elastic Formulation

Linear elasticity is used to model the structural response of structural members subject to
in-plane loading. Moreover, in this setting it is assumed that strains are small and hence the
linearized Green-Lagrange strain tensor and a linear constitutive model are sufficiently accurate.
Two-dimensional linear elasticity is capable of idealizing three-dimensional elasticity in two sce-
narios, plane strain and plane stress. In the setting of the former, the out-of-plane direction is
much larger than the in-plane directions, e.g. a dam or a tunnel, while in the case of the latter the

member is a three-dimensional planar body with small thickness.

[~

1S3

n

Figure 6.1: The Linear Elasticity problem domain with boundary conditions. All entities are shown
in the positive convention.

6.1.2 Work and Energy

For the construction of our trial and test spaces, the bilinear form arises from the symmetrized

gradient, that is, the linearized Green-Lagrange strain tensor, hence we require that at least one
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derivative be integrable in the interior of the domain. Moreover, we will begin by enforcing Dirich-
let boundary conditions strongly in the trial space and their homogeneous counterparts strongly
enforced in the trial space. Heuristically, the trial and test spaces can be viewed as the spaces of

admissible and virtual displacements which are defined as:

UL = {@: O R:ue HI(Q) and Q|FD :Q}
(6.1)

ViE = {Q: NO—-sR*>:ve Hl(Q) and Q’FD :Q}.
Note that in the setting of linear elasticity, we have both Dirichlet and Neumann boundary
conditions. The former is an applied displacement, often zero, whereas the latter is a boundary

traction, that is, an in-plane loading along the boundary. The internal energy of the system is given

via

1 2
Wint, e (w) = 5 lllullls (6.2)
and the external work done on the system is given via

Wm,LEw):/Bf-u d6+/%%-ud(88)

Iﬁ/f-udQJrn/ 7-udl
Q- Cxn

where f is an in-plane loading or body force on the planar member and 7 is the boundary traction.

(6.3)

For this system to be in static equilibrium, it must follow that these two entities be equal
to one another and that the displacement configuration corresponds to a minimal potential energy.

To obtain this, we will require the Lagrangian of the system given by

L) = Wepr LE(w) — Wi LE(0) (6.4)

6.1.3 The Euler-Lagrange Equations and the Variational Formulation

To arrive at the variational formulation for linear elasticity, we must take a variation of the

Lagrangian and find the stationary solution which corresponds to the minimum potential energy
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configuration

0L1LE(u) = Wepr,LE(1) — lint LE (1)

(6.5)

[ feouden [ zooudr- [ Aw: o) do
Q- I'n Q =

which follows immediately by the linearity of our constitutive model. The variational form is the
extremal value of the Lagrangian corresponding to the root of the first variation. Therefore letting

v = du and utilizing our stress-strain relationship, we have the following variational form:

/l@):@:l(“) dQ:n/QfﬂvdMn/F iovdl (6.6)

N
therefore, canceling the 17 on both sides of the equation, we arrive at the following infinite-dimensional

variational form for linear elasticity:

Variational Formulation for Linear Elasticity
Find u € U g such that

are(v,u) = lrp(v) (6.7)

for all v € Vi, g where

A / CONey 5 (0)ya () d)
Q@ (6.8)

ELE(U)—n/f‘deJrn/ 7. v dr.
Q Ty

With the presentation of this weak formulation, we have the following lemma regarding the existence

and uniqueness of the weak solution u € U g.

Lemma 4. Suppose that for the Lebesgue measure A(-) and Lebesgue-measurable sets I'p and
AMT'p) > 0. Then there exists a unique weak solution to (6.7)). If \(I'p) = 0, the solution is unique

up to a constant.

Proof. We want to show that apg(-,-) induces a norm on Vyp. Let v,w € Vrg. To demonstrate

that arp(-, ) is a norm on Vpg, we must show it satisfies the properties of being a norm. Since
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arp(-,-) is a seminorm, it satisfies properties (a), (b), and (c) of:

a) arp(av,av) = |a?are(v,v) for a € R (absolute homogeneity
b) arp(v+w,v+w) <app(v,v) +arp(w, w) (subadditivity

¢) arp(v,v) >0 (non-negativity

( )
( ) (6.9)
( )
(d) arp(v,v)=0 < v=0 (definiteness)
The question of whether a constant lies in the kernel of ar (-, ) rendering the bilinear form indef-
inite. Therefore, we consider the scenario of the solution field v, = C for some C' € R. We will
demonstrate that the only value of this constant with arg(ve,ve) =01is C = 0.

Suppose A(I'p) > 0. Then vy = 0 on I'p and hence v = C' = 0. Moreover arr(vo,vo) =
0 < v = 0.Therefore, the definiteness of the bilinear form is ensured and arg(-,-) indeed induces
a norm on V. The existence and uniqueness of the weak solution follows from Theorem

In the case where A\(I'p) = 0, C' is not uniquely defined however all other displacement fields

are, hence the solution is unique up to C. ]

Here we have strongly enforced our Dirichlet boundary conditions which we strive to release in
the implementation of Nitsche’s method for linear elasticity. However, before we can state Nitsche’s

method for linear elasticity, we must first infer the underlying strong formulation.

6.1.4 The Strong Formulation for Linear Elasticity

To obtain the underlying strong formulation for linear elasticity, we must essentially “reverse”
integrate—by—partsﬂ the variational form defined in (6.7]). Following this procedure for the bilinear

form yields

[ 4w aw do = [ var [ (9 a0) v a0 (6.10)

! This operation is simply integration by parts however we refer to it as “reverse” because we are effectively
returning the differential operators to the trial function, the opposite procedure of obtaining a variational formulation
from the strong form of a PDE
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where the boundary traction here is defined as 7(u) = A(u)n. Then, combining this result with

the linear form /1 g(v) yields

0=arp(v,u) — lLp(v)

:/FN [T(“)_ﬂ'”dr_/ﬂ V- Aw) + £] v an.

The remaining boundary integral over the Dirichlet boundary vanishes due to the strong-homogeneous

(6.11)

enforcement of Dirichlet boundaries in the test space. However as we will see, this is what will
become our consistency term in Nitsche’s method. The strong formulation for linear elasticity,

which we have inferred from the variational form, is expressed as

Strong Formulation for Linear Elasticity
Find u : © — R? such that:

-V -Alw) =f inQ
u =u onlp (612)
T(u) =7 only

We now have the ability to express Nitsche’s method for linear elasticity, given this strong form of
the PDE.
6.1.5 Nitsche’s Variational Form for Linear Elasticity

To begin our derivation of Nitsche’s method for linear elasticity, we define the following
discrete spaces of admissible and virtual displacements which release the strong-enforcement of

Dirichlet boundary conditions:

Vi =uly, = {uh: Q—R?: 7(u") € L3(T'p) and u" (¢!, %) = ZciNi(gl,é)} (6.13)
=1

With the definition of these discrete spaces, we can express the discrete Galerkin formulation for

Nitsche’s method as follows:
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Nitsche’s Method for Linear Elasticity

Find u" e U f g such that
h h , hy _ ph h
app(v’,u") =1 p(v") (6.14)
h h
for all v" € V}p where
' ' 2nECpen, [
at ", u") = app(”, u") —/ r(u") - v dr —/ (") - u" dT + ””'/ oy dr
JT'p JI'p h JI'p
Consistency Term Symmetry Term Penalty Term
R 2nECyen [ .
(") = lop(") / T(v") @ dT 4 2 | W adr
I'p ! JI'p
Symmetry Term Penalty Term
(6.15)

6.1.6 Consistency and Symmetry of Nitsche’s Method for Linear Elasticity

The symmetry of the discrete bilinear form arising through Nitsche’s method (6.14)) is obvious.
We have the following lemma which details the proof of consistency of a}L’E(-, -) with the strong
form of the original PDE, provided the exact solution « to satisfies an additional regularity

condition:

Lemma 5. Suppose that the unique weak solution u of satisfies the reqularity condition

(= H3/2+5(Q) for some € > 0. Then:
app(",u) = 050" (6.16)

for all v € VL.
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Proof. The result follows immediately through integration by parts. Observe that:
atp(W",u) — O p(v / A(u ) d — / (u) - " dI — / T(0") - [u—4] dr
FD l_‘D

MEChen ) .
+77Cp/ o Ju— @ dT—/f-vth—/ 7. dl
h I'p Q I'n

=z§hﬂ0—ﬂ~ﬂdf—A;U+V"éWﬂ~Wdﬂ—/1T@ﬂ~h—@<ﬂ

I'p
+277ECP€”/ Qh.[g_@] dr.

h r'p
(6.17)

Hence the bilinear form is consistent with the strong form of linear elasticity. O

6.1.7 Continuity and Coercivity of Nitsche’s Method for Linear Elasticity

To preface this section, we define the mesh-dependent norm with which we prove continuity,

coercivity, and later error estimates:

2nEChen h
lollZ = Il + == el + o 5T @G- (6.18)

Note that (6.18) is indeed a norm over V} ., and moreover U, since |||-||| , is a seminorm with
only a constant in the kernel and the L? boundary term enforces that this mode must be zero for

the norm to vanish. Additionally, by (5.15)) and ([5.27)), this norm satisfies the following relationship

Vol € Vi with €)1 > 14 Cypa

2 9mEC Ct 4
o2, < |||, + T 2 e e+ S AR g
2 2nEC
su+@mﬂﬁwh+l%ﬁﬂgof (6.19)
1 2 2nEC
< & (I + 225 )
Now that we have demonstrated that || - ”UﬁE is indeed a norm, we are able to prove the continuity,

that is the boundedness, of the mesh-dependent bilinear form a]z g(+,+) in the following lemma:

Lemma 6. The following continuity statement holds:
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h (oh h
ap (v, w) < Ceont,Lel[0" [y, 1wy (6.20)

for all v € VP, and w € H*>*2(Q) for some € > 0.

Proof. To prove the continuity estimate, we first write

2nEC.
alt (0" w) = app@",w) —/ 7(w) - V" dF—/ (") -w dl + n”en/ o wdl (6.21)
Observe we can bound
2nEC,
atp(W",w) = arp(o", w) + nh”/ o w dl < "y Nwllyp, (6.22)
I'p

and the remaining terms via

/ (W) - o dr < |r@)llor e’ lor
I'p

1
<\ 113 el (w) I3 (6.23)

< 0" gy, e,

Clearly, this inequality holds for the symmetric counterpart. Collecting these inequalities yields

h h h
arp(v", w) < Ceont, LBV HufEHw”ugE (6.24)
with Ceont,LE = 3.
O
Next, we prove the coercivity of the bilinear form with respect to || - HU}jE in the following

lemma

Lemma 7. The following coercivity statement holds:

alp(v",0") = CeoerLulv" 7 . Vo' eVig (6.25)
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Proof. Let v" € Vﬁ gy € > 204 4, and observe that by Cauchy-Schwarz and Young’s inequalities, it

follows that

[ 2o a0 < I orlelor < (
I'p

(")

577E h2
. 2
yE e Ho,r) (6.26)

Therefore, combining ((6.26]) with (5.15)), and (5.27)) for Cpen,LE > % + 2C4, 4 we have the following

2 nEC
R

h
‘H H\ @) + 220 2, ) + 2B pen
QET]E 0,r h Z llo,r h v
Cir ME (Cppory —
> (1= S ) ) + 222G g (6.27)

| \/

3 ([l + 225

> Ccoer,LE ||Qh le’{fE

where Ceoer, LB = % (1+Cy, A)_l and we have made use of (6.19) in the last inequality.

6.1.8 A Priori Error Estimates

Before proceeding with discretization-dependent approximation theorems, we have the fol-

lowing corollary to Theorem

Corollary 8. Let u and u" denote the unique solutions of problems (6.7) and (6.14)), respectively.

Furthermore, suppose the hypotheses of Theorem[1] and Theorem[3 are satisfied. Then,

lu = u"lygn < (T +6Cir,a) A w"lyn - (6.28)

LE

Proof. Recall Theorem [3| and the estimate provided therein. Then the result follows immediately
by the continuity and coercivity constants defined in Lemma [6] and Lemma [7] and the consistency

inherent to Nitsche’s variational formulation for linear elasticity.
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6.2 Kirchhoff-Love Plate

Now that we have covered Nitsche’s method for vector-valued degrees of freedom in the
context of an energy principle, we can extend this experience to the Kirchhoff-Love plate. In
this scenario, we will discuss and derive what are known as the ersatz forces which will also
arise in the setting of the Kirchhoff-Love shell. These modified shear forces will change Nitsche’s
variational formulation by introducing the correct, physically-consistent boundary integrals into
the system. Moreover, in the context of the Kirchhoff-Love shell with zero curvature, this problem

is the orthogonal counterpart to the linear-elastic relationships presented in the previous section.

6.2.1 Kirchhoff-Love plate formulation

Plate models simulate the structural response of a three-dimensional elastic planar body
subject to transverse loading. Moreover, these models are idealized by representing the plate by
the midsurface and handling through-thickness effects in a linear fashion by assuming such in the
parametrization of the elastic body as well as the displacement profile. When known a priori, the
midsurface is chosen to be the neutral plane, that is, the plane which undergoes no compressive or

tensile forces due to bending, otherwise it is the surface midway through the thickness of the plate.

6.2.2 Work and Energy

Before proceeding to the Euler-Lagrange equations, we must define the appropriate spaces of
admissible and virtual displacements. In this scenario, we will require that at least two derivatives
be integrable in the interior and one on the boundary of the domain. This suggests a subspace of
H?(Q2) will be a suitable choice, where the boundary regularity is ensured by the trace Theorem for
Sobolev spaces cite. For the variational formulation, we once again enforce our Dirichlet boundary
conditions strongly in both function spaces, with the homogeneous counterpart in the test space.

These spaces are defined as:



Figure 6.2: The problem setup and conventions for the Kirchhoff-Love plate problem.

Ukrp = {U3: Q— R: us € HQ(Q), U3‘FD1 = ﬁg, and en(u?’)’FDQ = Hn} (6 29)

VikLp = {vg: Q—R:v3¢€ H2(Q), 1)3|FD1 =0, and Hn(U3)|FD2 = 0}.

In this instance, there are portions of the boundary which will have either displacements,
rotations, or both constrained, while other portions will have the energetically-conjugate applied
tractions. Therefore, we decompose these conditions into Dirichlet and Neumann parts, i.e. ' =
TpuTly, respectively. Moreover, we can further decompose these conditions as I'p = I'p, UT'p,
and 'y = 'y, U TN, such that Tp, NTx, = 0 for « = 1,2. Physically, I'p, is the boundary
with a fixed displacement, I'p, is the boundary with a fixed rotation, I'y, is the boundary with
applied shear forces, and I'y, is the boundary with an applied bending moment. Similarly, we
can define I'y :=I'p, UT'N, and I's = I'p, UT'y,. Note that necessarily, I' = T =T, Physically,

displacements and work-conjugate applied shear forces are elements of I'; while rotations and work-

conjugate applied moments are elements of I's. The internal energy of the system is given via

1
Wint, kP (u3) = §\HU3|H23 (6.30)
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and the external work done on the system is given via

Wept kLp(u3) = / fauz dB +/ rauz d(OB) + | B -0(u3) d(0B)

= n/ faus dS +n/ r3us dT +n/ B0, (us) dT + 7 Bunbp(us3) dl
Q I'n I'n I'n

where f3 is the transverse loading or body force of the plate, 73 is the applied transverse boundary
shearing, and B = Ean + Bmz is the applied moment with Enn the bending component and Ent
the twisting moment. For this system to be in static equilibrium, it must follow that these two
entities be equal to one another and that the potential energy configuration is minimal. Therefore,

the Lagrangian of this system is given via

Lrrp(uz) = Wegr, krp(ug) — i krp(us) (6.32)

6.2.3 The Euler-Lagrange Equations and the Variational Formulation

To arrive at the variational formulation for linear elasticity, we must take a variation of the
Lagrangian and find the stationary solution which corresponds to the minimum potential energy

configuration

0Lk rp(ug) = Wege kLp(us) — 0lint krp(us)

277/Qf3(5u3) dQJF??/FNT?)((SU?)) dFJr??/

B0, (6usz) dU + 1 / Bnby(dus) dT
Iy

NN

- /Q B(us):  (6uz) O
(6.33)

which follows immediately by the linearity of our constitutive model. The variational form is the
extremal value of the Lagrangian corresponding to the root of the variation. Therefore letting

vg = dug and utilizing our stress-strain relationship, we have the following variational form
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9uvs

/Q(Ug): Cp: k(uz) dd = 77/ fus dQ+77/ T3vg dl' — 77/ B ar —|—77/ Ennen(vg) dr
0 0 Ty ry Ot T

(6.34)
where we have utilized with to obtain 6;(vs) explicitly in terms of the transverse
displacement field.

At this point, formally posing the infinite-dimensional variational form of the Kirchhoff-Love
plate is slightly problematic. Namely, we are dealing with a 4**-ordered PDE which allows us to
enforce two boundary conditions along the boundary. However, to satisfy the energy associated
with the variational form, we require the satisfaction of three boundary conditions as shown by
the right-hand side of . This paradox was first solved by Kirchhoff who was able to show that
the tangential derivative along the boundary is in fact dependent on the transverse displacement.
He did this by integrating the tangential derivative by parts along the boundary to introduce a
modified shear term coined the ersatz force. We demonstrate the construction of these forces here

Jus

Bpi—= dl' = Byvs

8Bnt
— v dr’ 6.35
5 /F w (6.35)

which allows us to express our variational form as

OB,
/ﬁ(%)iCBiﬁ(u?,)dQ:U/fvadQJrn/ oyt 280t ) o ar
Q- - Q FNl at

(6.36)
-+ 77/ Bnnen(’u?)) dar
Xcn I'n,

- Bntvi’)

where, after introduction of the ersatz force, we are capable of splitting the I'y and I'y boundaries
by energetically-conjugate displacements vs and rotations 6, (vs), respectively.

In this equation, we have presented xc which are the set of non-differentiable loci, e.g.
corners, of I'1, in addition to the set 0I'n, U O'p,, e.g. the contour endpoints of I'p, and I'p,,
respectively. We will require subsets of y¢ in the derivation of Nitsche’s method, which we define

here. Namely, (i) xcy = xc NIy and (ii) xcp = x¢ N I'p,. The notation |, , should be
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understood as an integral evaluation. In particular, if « € int(x¢), the evaluation has both “left”
and “right” points, while contour endpoints only have their evaluation from the interior.
Intuitively, this evaluation adds corner forces to the non-differentiable points which prevent
an artificial lifting of the response surface. As we will present in the strong form of the Kirchhoff-
Love plate, and later the Kirchhoff-Love shell, we weakly impose the constraint B, (vs) = B, (v3)
on int (x¢, ) which nullifies the application of these corner forces where two edges of the same BC
type meet. Therefore, the only portion of the boundary where these corner forces truly appear
are those which the boundary condition transitions from a Neumann-1 type to Dirichlet-1 type, or
vice-versa. The variational form is now well-posed requiring the satisfaction of only two boundary
conditions. Therefore, the infinite-dimensional Kirchhoff-Love plate problem statement is written

as

Variational Formulation for the Kirchhoff-Love Plate
Find ug € Uk, p such that

arxrp(vs, uz) = lxrp(vs) (6.37)

for all v3 € Vg p where

e
axrp(vs,ug) = 12/9@"‘5)‘“5&5(@3)5,\“@3) dQ
(6.38)

~

Tgvg dl’ — antU;),) + 77/ BpnOp(v3) dl.
XCn Tn,

lkrp(vs) = 77/ favg dQ +n/
Q r

N1

Here we have introduced the following notation for obtaining the applied ersatz force Tj
through its relation to the physically-intuitive loadings of applied shear and twisting moment in
the variational formulation

~

T3 =73+ VDBy - t. (6.39)

With the presentation of this weak formulation, we have the following lemma regarding the existence

and uniqueness of the weak solution us € Uk p:
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Lemma 9. Suppose that for the Lebesgue measure A(-) and Lebesgue-measurable sets I'p, and I'p,,

one of the following hold:
(i) A('p,) >0 and I'p, is not colinear
(ZZ) )\(FDI) > 0, A(FDQ) >0, and )\(FDl ﬁFDQ) >0

Then there exists a unique weak solution to (6.37). If A(T'p,) = 0, then the solution is unique up

to a constant.

Proof. We want to show that axrp(-,-) induces a norm on Vgrp. KLPt v,w € Vkrp. To demon-
strate that axrp(+,-) is a norm on Vi p, we must show it satisfies the properties of being a norm.

Since axrp(-,-) is a seminorm, it satisfies properties (a), (b), and (c¢) of:

(a) agrpp(av,av) = |a?axpp(v,v) for a € R (absolute homogeneity)
(0) axrp(v+w,v+w) <agrp(v,v) +axrp(w, w) (subadditivity) (6.40)
(¢) axrp(v,v) >0 (non-negativity)
(d) axrp(v,v) =0 < v=0 (definiteness)

All that must be shown is that (d) is also true which we accomplish by considering cases (i) and (i7)
above independently. Both cases rely on demonstrating the function v3(&!,€2) = ¢1 + o€t + 362,

which violates (d), yield a nonsingular Vandermonde system.

(i) Suppose I'p, # 0 and I'p, is not colinear. Then 3 {(&},£3), (£3,€3), (€3,€3)} € T'p, that

are not colinear from which we obtain the following Vandermonde system:

1 & & c1 0
1 & & e | =10 (6.41)
1 & & c3 0

Note that since the points are not all colinear, the system is nonsingular and thus the only

solution is ¢y = ¢g = c3 = 0.
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(ii) Suppose I'p, # 0, T'p, # 0, and I'p, NT'p, # (). We define the closed, smooth, connected
set with nonzero measure @ C I'p, NT'p,. Then, select {(£1,£2), (£3,£2)} as the endpoints
of Q. Then by the intermediate value theorem, 3 (%,gg) € Q such that the boundary
normal n(€3,€2) = a [(5% — E%) a; + (E% — 511) ag] for some o € R\{0}. From these three

points, we arrive at the following Vandermonde system:

1 ¢ & ¢ 1 & &2 c1 0
1 ¢l g2 o |=|1 & ¢2 s | =10 (6.42)
0 n1 no c3 0 ff—{% 5%—511 c3 0

The determinant of this Vandermonde system is:

(& —&)P+(EE-8)° >0 (6.43)
hence the system is nonsingular and the only solution is given by ¢; = ¢c3 = ¢z = 0.

Therefore, the definiteness of the bilinear form is ensured and axpp(-,-) is indeed a norm on V.
The existence and uniqueness of the weak solution follows from Theorem
In the case where A(I'p,) = ), then I' = I'p, and the problem reduces to that of the linear-

elastic problem which was proved to have a solution unique up to a constant in Lemma ]

Once again, we have strongly enforced our Dirichlet boundary conditions which we strive
to release in the implementation of Nitsche’s method. However, before we can state Nitsche’s

method for the Kirchhoff-Love plate, we must first infer the underlying strong formulation from
the variational form ((6.37)).
6.2.4 The Strong Formulation for the Kirchhoff-Love Plate

Following an analogous procedure to what was performed in the context of linear elasticity

we obtain
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| B stes) 402 = — [ Blus)s v°¥ug a0
Q Q

— —/F (ﬂ Q(US)) - Vg dT +/Q (Z-é(ug)) - Vg d§2

Ovs

:/ Bn(u3)0n(vs) dU — [ Bpy(ug) =2 dF+/ Vg (y.ﬁ(ug))@dr
Ty T ot I =

- [ - (v Blw) s a0

:/ Bnn(u;g)en(vg) dl’ — Bnt(U3)1)3|XC —I—/ Ung(U3) dar
I'o N

1

- [ (v Blw) s a0

(6.44)
where we have utilized (4.23) and have introduced the following boundary quantities:
Bpn(uz) =n Q(Us)ﬂ (Normal traction)
Byi(us) = n B(us)t (Tangential traction) (6.45)
Ts(u3) = (E : E(U:’»)) n+ VB (ug)-t (Ersatz traction)

Note that the “corner” evaluation here has become y ¢ because the integration by parts was carried

throughout I'. Then, combining this result with the linear form fxp(v) yields

0=oagrp(vs,u3) — lxrp(vs)

~

_ _/Q V- (V- Blus)) +nf] 5 2 ~ | Bus(ug) — 0B v3‘XCN v /FN o [To(u) — By]

4 /F [ Bun(tts) = nBon | 0 (v3) I
Ny (6.46)

The remaining boundary integrals over the Dirichlet-1 and Dirichlet-2 boundaries and over xc,,
vanish due to strong homogeneous enforcement in the test space. However as we will demonstrate
later, these terms will become the consistency terms in Nitsche’s method. Therefore, the strong

formulation for Kirchhoff-Love plate is expressed as:



Find ug : 2 — R sucn that:

V- (V- Blus))
Gn(vg)

T3(”U,3)

Bnn(US)

Bnt(US)

Bl (us)

= B, (u3)

Strong Formulation for the Kirchhoff-Love Plate

in Q2

on I'p,
on I'p,
on I'n,
on I'y,
on Xcy

on int (xcy)
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(6.47)

We now have the ability to express Nitsche’s method for linear elasticity given the inferred strong

form of the PDE.

6.2.5 Nitsche’s Variational Form for the Kirchhoff-Love Plate

To begin our derivation of Nitsche’s method for the Kirchhof-Love plate, we define the fol-

lowing discrete spaces of admissible and virtual displacements which release the strong-enforcement

of Dirichlet boundary conditions

h — 7/h
VKLP = z/{KLP

= {ugl € H2<Q) : T3(u§) € LQ(FD1)7 BTm(u}Sl) € L2(FD2)7 Ug(flvﬁg) - ZCiNi(£1>£2)} :
=1

(6.48)

With the definition of these discrete spaces, we can express the discrete Galerkin formulation

for Nitsche’s method as follows:
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Nitsche’s Method for the Kirchhoff-Love Plate

Find ug € Ll;‘( 1p such that
h h , h h h
aferp(v3,us) = Ui p(v3) (6.49)
for all v} € VI, , where:
aerp(eh ) = arcephd) — [ AT a0 - [ B (u)6,0]) dr + Buu(ul)ol
I'p, I'p, XCp
Consistency Terms
— / ul T3(vh) dT — / B (v5)0,(uh) dT + By (v} )ult
JI'p, I'p, XCp
Symmetry Terms
3 Y . .
n E(/p(nrhl / SRk n E(meZ/ J }
T — Juy dl + ———= 0, (v3)0, (uy) dIl’
- 6h3 Jrp, vtz 4L+ 6h T'p, (05)0n (15)
Penalty Terms
e p () = L pp(vh) / 3Ty (vh) dr / B,Zn(v3)9 dT + By (vh)ii3
I'p, I'p, XCp
Symmetry Terms
3y . S (Y .
LC”)(’H ] ~ - b(*'mn 2 A N
= penid / Wity dD + ——pen2 / B, (v1)6, dI
()]’I"; . FDI ’ ()]I JTp, ‘
Penalty Terms
(6.50)

6.2.6 Consistency and Symmetry of Nitsche’s Method for the Kirchhoff-Love Plate

Once again, the symmetry of the discrete bilinear form arising through Nitsche’s method
(6.49) is obvious. We have the following lemma which details the proof of consistency of a’}{ Lp(se)
with the strong form of the original PDE, provided the exact solution us to (6.37) satisfies an

additional regularity condition:

Lemma 10. Suppose that the unique weak solution ug of (6.37)) satisfies the reqularity conditions

Ts(ug) € L*(T'p,) and 0, (u3) € L*(Tp,). Then:

aifl(LP(Ugyu?)) = f’;(LP(Ug) (6.51)
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for all vk € VI .

Proof. The result follows immediately through two applications of integration by parts which are

performed explicitly in (6.46]). Observe that:

ﬁm@mehA@—Agw»g@ww— vmmwﬂ—/ B (u3)0, (o) dT

I'p,

—/’ﬂmbm—@ww+mm®m—%}
xop  Jrp,

I'p,

+ Bnt(u;;)vg

Xcp
N 3EC en N

[ Buntoh) [ulus) ~ 8] ar - TECEerL /F ol g — 5] dT

Dy

I'p,

SEC en A
+ 77]3’2/ Qn(v;’;) [Hn(u;:,) - Hn} dl’ — 17/ fgvgb dQ)
6h T'p, Q

— 77/ Tg?)g dl’ + néntvg‘ - 77/ Bnnﬂn(vg) dl’
I'ng XCn I'n,

—— [ [2 (v B) an) aa— [ Tl - i) ar

I'p,

+ Bu(vh) fus — ]| - / Bun(04) [6n(uz) = 6,] dr
Xcp T'p,

3
n ECpenl/ h ~ /
4 L P Tug — ds] dT +
6h3 I‘Dl 3 [ ]

I'n,y

[Tg(ﬂg) - T]Tg,} vl dl

BEC en N
I'p,

— {Bm(u?,) — nl?m} ol

+/ [Bm(ug) — UBM} Qn(vg) dr’
XCy Tn,

=0
(6.52)

Hence the bilinear form is consistent with the strong form of the Kirchhoff-Love plate. O

6.2.7 Continuity and Coercivity of Nitsche’s Method for the Kirchhoff-Love Plate

To preface this section, we define the mesh-dependent norm with which we prove continuity,

coercivity, and later error estimates:
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3 3 3
2 Ui EC 1 n EC ,2 6h
losliz, = vsllls + 55 llvsllg.r + === [10n(vs)ll5r + T]TEHT:s(v:a)H%,r 653
6.53
6 6h2 2 7’]3E 2
B0l + 5 1 BurCn) 2]+ o
Note that (6.53) is indeed a norm over UL, ,, and moreover VI, ,,, since |||-||| 5 is a seminorm with

a constant and a linear in the kernel and the L? penalty terms enforce such modes to be zero for the

norm to vanish. Additionally, by (5.16)), (5.17)), (5.20), (5.21)), (5.25), and (5.28)), this norm satisfies

the following relationship V v € V&, ,, with Cc, 1> 14 max CirrCinvt + (14 Cirat)Cir gz;:rl )
812, < o411, + o e + T2 e + T T R
P ) 130+ w1 (uf) e + T e
<1+ Cvr1Cinvr + (1 + Clrrr)Crr.B) H‘Ug H‘ + % n(vg)HgF (6.54)
T G + o) 1 e
< & (I, + 222 i + Em ).

Now that we have demonstrated that || - ”U;'é i is indeed a norm, we are able to prove the continuity,

that is the boundedness, of the mesh-dependent bilinear form a’; (-, ) in the following lemma:

Lemma 11. The following continuity statement holds:

a}IL(LP(Ui}’,La w3) < Ccont,KLPHUéLHu;;LP [|ws ”U;h@p (6.55)

for all v} € VI, » and ws such that Ts(ws) € L*>(I'p,) and By, (ws) € L2(T'p,).

Proof. To prove the continuity estimate, we first write:
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’UéLTg(’wg) dr’ —l—/ Bnn(wg)ﬂn(vg) dl’ — Bnt(wg)vg

e (v, w3) = agpp(vh, ws) +/
T, Xc

I'p,

+/ ngg(Ug) dl’ + Bnn(vg)Hn(wg) dl’ — Bnt(vgf)wg
T,

FD2 Xc

3EC,en 3ECpen
+ =% pen,d Cg ’1/ véng dl“—l—in Cpen.2 Qn(v;}f)@n(wg) dr.
6h T'p, 6h T'p,
(6.56)
Observe we can bound:
3 3
" EC en,1 " EC en,2
acwpl(of o)+ T2 [ b ar T2 [ 00, wn) dT < [l sl
Dy Doy
(6.57)

Next, we bound the remaining terms via:

/ o Ts(ws) dT < [l lox | Ts(ws) or
'p,

1 6.58
<\ 5 1413 o/ B T ) 1 (6.58)

h
[ P [

and

/F B (u1)60 (w3) dT < [ Bun (020,116 (w3) o x
Do

1
< P Ban (0 05 100 (0 I3 (6.59)

h
< Nl Mewsloge,

and lastly, the boundary evaluation via:

Bnt(w3)Ug‘Xc < <|Bnt(ZU3)| ‘Xc> <"U§’
< \/h2 ‘Bnt('LUSHZ’X — |v§‘2‘ (6.60)
C

h
< [l Mwslln
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Clearly, this inequalities hold for the symmetric counterpart of this terms. Collecting this inequal-

ities yields:

h h h
CLKLP(U3 ,w3) < Ccont,KLPHU3 ||u;;LP [|ws ”U;}éu: (6.61)

with Ccont,KLP =T.

]

Next, we prove the coercivity of the bilinear form with respect to || - Hu}g o in the following lemma:
Lemma 12. The following coercivity statement holds:

ajferp(vg,v}) > Ccoer,KLPHU;}J,lHZ{Ih(LP, Vol eV, o (6.62)

Proof. Let Ug € V[h(Lpa €1 > 6Ctr,TC’im),Ta €2 > 6Ctr,Ba €3 > 6Ctr,MCim),Ba and observe that by

Cauchy-Schwarz and Young’s inequalities:

h h h h 773E51 hy2 3n? hy (2
o, v3T3(vg) dI' < |lvg o,r |T3(’U3)HOI < W”%Ho,r + @H%(%)HO,F (6.63)
and
3h 7]3E€2
/ Bun (05)05(v5) dT < [|Bun (03 lo.0 100 (v$) lo.r < 55— Ban (W) [I.r + —57—10n (@3 I5.r
FDQ n E€2 12h
(6.64)

Utilizing (5.20) and (5.21)), we obtain the following estimate for the boundary evaluation:

) (I
Xc (6.65)

Therefore, utilizing (6.63)), (6.64), (6.65)), (5.16) through (5.21)), (5.25), and for Cpen1 > 1/2 +

6Ctr,TCmv,T + GCtr,MCtr,BCtr,uF and Cpen,2 > 1/2 + 60,5,"73, we have the following:

Bu(uif| < ()Bm(vé’)f

3hCir AN 112 773E53Ctru h
< s B ,Ur 2
Xc) = T PEes | Brt(v3)llor + T1on lvs16.r




68

2
dhapfeod) > [[d][[ -2 [ dTay ar—2 [ B,k a0 -2 Bt
Dy

Dy xo
3
n EC 1 n EC 2
T’Qe"\lvsllo,ﬁ%!\@ (v )H%r
2 3| 6h3
nLey
> ][, - (Tt + e s
6h Ee
- ( B o)+ T 210, )
6hC’t M n E€3Ct ,
. HBnt(Us)HorJring RIS
6h
n Ecpen,l n ECIJEWQ

+ THU:& lo.r + Tﬂen(vs)\\ar
> (1 . CtT,TCinv,T . Ctr,B Ctr,MCt’r,B> H’vgmz

€1 £9 €3

3 3
n E (C en,] — €1 — 630”7“ ) n E (C en,2 — 62)
S o3+ T2 = g (o
13 ECpen,1 3 EC en,2
2 5 (IR + ot ot + o o eI

hy2
> Ccoer,KLP””:g Hth{LP
(6.66)
Cerup 1\ 71
where Ceoer KLP = % (1 + max [Ctr,TCm%T + (1 + Cyv1)Crr B, ﬁ}) and we have made use

of (6.54) in the last inequality.

6.2.8 A Priori Error Estimates

Before proceeding with discretization-dependent approximation theorems, we have the fol-

lowing corollary to Theorem

Corollary 13. Let ug and ug denote the unique solutions of problems (6.37) and (6.49), respec-

tively. Furthermore, suppose the hypotheses of Theorem[1] and Theorem[3 are satisfied. Then,

C .
HU3 — ugHth(LP < (15 + 14 max |:Ctr,TCz'nv,T + (1 + CtT7M)Ct7‘,B, tr,up :|) ) inf HU3 — wh Huh

Cpen,l w3 EZ/{Ih(LP KLP'

(6.67)
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Proof. Recall Theorem [3| and the estimate provided therein. Then the result follows immediately
by the continuity and coercivity constants defined in Lemma [l11]and Lemma [12|and the consistency

inherent to Nitsche’s variational formulation for the Kirchhoff-Love plate.

6.3 Linearized Kirchhoff-Love Shell

In the previous two sections, we have independently derived and devised Nitsche’s method for
the problems of linear elasticity and the Kirchhoff-Love plate. Herein, we employ the techniques
presented in those sections to arrive at Nitsche’s method for the Kirchhoff-Love shell. In this
setting, the presence of intrinsic curvatures introduces a coupling between membrane and bending

displacement modes.

6.3.1 Kirchhoff-Love shell formulation

Shell models simulate the structural response of a three-dimensional immersed manifold sub-
ject to both in-plane and out-of-plane loadings. These models are similarly idealized through a
midsurface model with linearized through-thickness displacement profiles. Moreover, the Kirchhoff-
Love shell paradigm assumes there is no transverse shearing strain through-thickness which leads
linear elasticity-type PDE over the in-plane displacements, a Kirchhoff-Love plate-type PDE over
the out-of-plane displacements, and a coupling between the two due to intrinsic curvatures present

in the curved manifold.

6.3.2 Work and Energy

As we will see in the following derivations, the displacement solution field for the Kirchhoff-
Love shell require that at least one derivative be integrable along the convective manifold coordi-
nates while at least two derivatives be integrable in the direction of the midsurface normal director,
in the interior of 2. Moreover, we will require that at least one derivative be integrable on the

boundary I'. We then strongly enforce the Dirichlet boundary conditions for displacements and



Figure 6.3: An arbitrary shell domain. All positive conventions for degrees of freedom and applied
loadings are depicted.

rotations while weakly enforcing the Neumann boundary conditions. However, these derivatives are
not classical derivatives since they are over a manifold. Therefore, to define our spaces of admissible
test and trial functions, we must first define the auxiliary spaces M and M which which imposes
the appropriate regularity on classical derivatives and the required smoothness associated with the

geometric mapping, respectively. Let

M = HY(Q) x H'(Q) x H*(Q) (6.68)

and

M = {u: QR wox e Mand & € H(Q) x HX(S) x H3<Q)} (6.69)

Then, we formally define the spaces of admissible and virtual displacements as
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Ukrs :i= {u e M: u!rDl =4 and 9n(1,1,)|FD2 = én} (6.70)
VKLS = {v e M: U\FDI =0 and Qn(u)\FD2 = O}.

The energy balance of the system between internal energies and external loadings yields a
weak formulation through the principle of virtual work for the Kirchhoff-Love shell. As in the
case of the flat plate, there are portions of the boundary which will have either displacements,
rotations, or both constrained, while other portions will have the energetically-conjugate applied
tractions. Therefore, we decompose these conditions into Dirichlet and Neumann parts, i.e. I' =
Tp UTy, respectively. Moreover, we can further decompose these conditions as I'p = I'p, UT'p,
and 'y = 'y, U TN, such that Tp, NTx, = 0 for « = 1,2. Physically, I'p, is the boundary
with a fixed displacement, I'p, is the boundary with a fixed rotation, I'y, is the boundary with
applied shear forces, and I'y, is the boundary with an applied bending moment. Similarly, we
can define I'y :=I'p, UT'N, and I's = I'p, UT'y,. Note that necessarily, I' = T, =T, Physically,
displacements and work-conjugate applied shear forces are elements of I'; while rotations and work-
conjugate applied moments are elements of I'y. Given a displacement field w, the internal energy

of the system is given by

1 1
Wi, wps(w) = §\HU\H?4 + §|HUIH% (6.71)

and the external work done on the system is given by

Wm,KLS(u):/Bf-udBJr/a +-ud(88)+/ B-0(u) d(9B)

B oB

:n/f~udQ+n/ f'-udl“%—n/ T3U3 dF—i—n/ B0 (u) dI' (6.72)
Q T'n 'y 'y
+17 / Bpnby(u) dr.
I'n

Here f = f + fsa® is a distributed loading, + = 7 + 73a3 is the boundary traction, and B =

~

Bpnn + Byt is the applied moment. Moreover, 73 is an applied transverse shear force, 7 is an

in-plane membrane loading, B is an applied twisting moment, and B, is an applied bending
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moment. For the shell system to be in static equilibrium, the internal energy must equal the
external work. Furthermore, the system must assume a minimal potential energy configuration.

The Lagrangian of the system is given by:

Zrrs(u) = Wepr krs(w) — Hing ks (w). (6.73)

6.3.3 The Euler-Lagrange Equations and the Variational Formulation

To arrive at the variational formulation of the Kirchhoff-Love shell, we must take a variation
of this Lagrangian and find the stationary solution which corresponds to the minimum potential

energy configuration:

0Lkrs(u) = Wepr krs(w) — 01l kr5(w)

:n/f-au dQ+n/ T-audr+n/ 73 (du3) dF+77/ Bifi(5u) dT' (6.74)
Q I'n I'n

'y

+77/FN Bpnbp(du) dT' — /Qé(u) l(éu) Q) — /Qé(u) K (0u) dQ

which follows immediately by the linearity of our constitutive model. The variational form is the
extremal value of the Lagrangian corresponding to the root of the variation. Therefore letting

v = du and utilizing our stress-strain relationship, we have the following variational form:

J

(w):

fla>

(v) dQ—F/B(u):Q(v) dQ:n/f~de+77/ T-vdI‘—i-n/ T3v3 dIl’
Q Q 'y I'n

1=

- 77/ Bnt [(EU)T a3} E dl’ + 77/ Bnnen(v) dr’
I'n INY;
(6.75)

where we have utilized (4.23]) to obtain 6;(v) explicitly in terms of the displacement field.
Similar to (6.34]), we only have the ability to enforce two boundary conditions while this varia-
tional formulation requires the enforcement of three boundary conditions: displacement, tangential

derivatives, and normal derivatives. Analogously to the Kirchhoff-Love plate, we must construct
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the equivalent ersatz forces for the Kirchhoff-Love shell where in this scenario the boundary inte-
gration by parts of the tangential derivative introduces a modified shearing term with both in-plane

and transverse contributions. Observe, using integration by parts along OI'

/ Bt |(V0)" as] £ dl = Buwg|  — / vg (ZBu - t) dr + / Buvbtdl  (6.76)
I'n XCn 'y I'n -

where the last term follows since Vaz = —b.

Therefore, the tangential boundary rotation is in fact energetically-conjugate to the boundary
displacement. Therefore, this quantity is a I';-entity, in contrast to the normal rotation which is
a ['9-entity. Analogous to the plate setting, we have presented yo which are the set of non-
differentiable loci, e.g. corners, of I'y, in addition to the set OI'n, UOI'p,, e.g. the contour endpoints
of I'p, and I'p,, respectively. We will require subsets of x¢ in the derivation of Nitsche’s method,
which we define here. Namely, (i) xcy := xc NI'n, and (ii) xc,, := xc NI'p,. The notation -|,
should be understood as an integral evaluation. In particular, if € int(x¢), the evaluation has
both “left” and “right” points, while contour endpoints only have their evaluation from the interior.

Intuitively, this evaluation adds corner forces to the non-differentiable points which prevent
an artificial lifting of the response surface. As we will present in the strong form of the Kirchhoff-
Love plate, we weakly impose the constraint B, (v3) = B;,(vs) on int (xc,) which nullifies the
application of these corner forces where two edges of the same BC type meet. Therefore, the only
portion of the boundary where these corner forces truly appear are those which the boundary
condition transitions from a Neumann-1 type to Dirichlet-1 type, or vice-versa. The variational
form is now well-posed requiring the satisfaction of only two boundary conditions. Therefore, the
infinite-dimensional Kirchhoff-Love plate problem statement is written as With the presentation of

these forces, we can concisely write the variational form as

| Atw:

1=

(v) dQ+/§(u):ﬁ(U) dQ:n/f~de+7] T -v dl' — B3
Q - Q FNI XC

(6.77)
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Here we have introduced the applied ersatz force which is defined as

T: 73 +yént t as +i_BntQt (678)
— N—
Ts T

The full tensor form of the membrane and bending strains will prove useful for the necessary
mathematical manipulations to arrive at a Nitsche’s method for the Kirchhoff-Love shell. Namely,
Green’s identities extend naturally to the manifold setting wherein the differential operators behave
in an analogous manner to a general region in R2. It should be noted that l(u) and £ (u) are not
“truly” surface tensors in the form that they are written in . This is because they contain
differential operators that, after acting upon the convective coordinate system, introduce out-of-
plane contributions. However, in the context of shells, and more generally energy principles, we
always contract these tensors with constitutive models which are surface tensors. Therefore, these
out-of-plane tensor components arising through differentiation will vanish due to their mutual
orthogonality.

The infinite-dimensional Kirchhoff-Love shell problem statement is written as:
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Variational Formulation for the Kirchhoff-Love Shell
Find u € Uk s such that

axrs(v,u) = arp(v,u) + axrp(v,u) = lrrs(v) (6.79)

for all v € Vg, where

arp(v,8) = 1 /Q CoPMyo 5 () 1) d2 (6.80)

3
axcrp(v,u) =T / TP 5 (0) i (1) A2 (6.81)
Q

and

fKLs(U)ZU/f'UdQJr?? T v dl' — nByvs
0

I'ny

XCn I'n,

With the presentation of this weak formulation, we have the following theorem regarding the

existence and uniqueness of the weak solution u € Uk g.

Lemma 14. Suppose that for the Lebesgue measure A\(-) and Lebesque-measurable sets I'p, and

I'p,, one of the following hold:

(i) /\(FDl) >0 and Q(PDl) 75 0
(i) AN('p,) >0, AM(I'p,) >0, and A(I'p, "I'p,) >0

Then there exists a unique weak solution to (6.79). If A(T'p,) = 0, then the solution is unique up

to a constant.

Proof. The proof follows through the combination of Lemma [ and Lemma [9] In particular,

b(I'p,) # 0 ensures that I'p, is not colinear and the proof follows immediately. O
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6.3.4 The Strong Formulation for the Kirchhoff-Love Shell

We apply (5.34) to the shell equations. Beginning with the membrane energy, and dropping

the explicit dependence on u for notational brevity, we have for every v € Vg g:

/Qézl(v) dQ_/Fnévdr—/Q(v.é)vdg—/ﬂ(é;g)vg ds. (6.83)

The bending energy is more involved, regardless, the same procedure is followed

B: K(v) dQ:—l/QB: (aST (yyv)+(yyv)Ta3) Q
=—/§:v(a§(va>) dQ—/
Q

Q
= /FB,men(v) dl’ — /FBntet(’U) dF‘f‘/Q (zé) ‘ (a?’: (Yv)) d

_/Fn<2§>vdr+/ﬂ(v.(Qé))de—i—/Q(é;g)vg dQ
Xc_/me (Qt>vdF+A(VBnt-t)v3 dr
+/Q(V.§).VU3 dQ+/QQ(V-§) ”dQ_/F”(QE)”dT

[ e [ (g n
:/FBmﬂn(v) dF—Bntvg‘XC—F/F [@ (z'§>+(ant'D] vz dl’
—I—/Q{Q:Q_V~(V.Q)]w,dQ—k/QQ(v.é) v dQ

_/F[Bnt<2t>+n<2§)]vdr+/ﬂ(v.(2§>>UdQ

Combining these two results yields the following relationship

(2B): (Vo) a0

= / Bpnbpn(v) dU' — Bpus
r (6.84)
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[

1=

(v) dQ + /QQ: 5(v) dO :/F Bnfn(v) dT — Bmvg)

Xc

+/F1 [ﬂ (z'§> + (Y Bt -t)} vs dT°
+/1“1 [n(A-bB) —Bu(bt)|var
+/Q[§;

¢~V (¥ B)-A:b|vs a0
(6.85)
+ ) [0 (02)+b(v-2) -3 afuan
Q
- / Bunfn (v) dT’ — Bntvg) + [ T(w) vadr
'y Xc I
+/Q Bic—Y (Y- B) - A: b vg a2
[5G ea(sn) -5 o] o
We have also presented the equations using the following boundary quantities:
Bun(u) =n Bn (Bending traction)
Bpi(u)=n Bt (Twisting traction) (6.86)
T(u) = [n (Y : é) + (VB t)] as+n (4 -b é) — B (2 ;) (Ersatz traction)
T3(u) T(u)

Note that the “corner” evaluation here has become y¢ because the integration by parts was carried

throughout I'. Then, combining this result with the linear form {xg(v) yields

0=akrs(v,u) —lxrs(v)

= /F [T(U) - nT} v dl — [Bnt - an] v3

el
+/F2 | Bunfn(v) = 0B dl“+/9[({v.(§£>+<v.§)g_v'

The remaining boundary integrals over the Dirichlet-1 and Dirichlet-2 boundaries and over xc,,

lov

2g—2‘<2'

sy

)—é:g—fg}vgdﬂ

[

}raa)a —f| v do.
(6.87)

vanish due to strong homogeneous enforcement in the test space. However as is demonstrated
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shortly, these terms become the consistency terms in Nitsche’s method. Therefore, the following

strong form is inferred from the “reverse” integration by parts of the weak formulation above:
Strong Formulation for the Kirchhoff-Love Shell

Find uw:  — R3 such that

V- (b Bw)+b(Y Bw) -V -Aw)] -aa =nfa @m0
B(w):c- V- (V-B(w) - Aw):b =nfs in Q

u =u onI'p,
O0,(u) = én onT

( ) Do (6.88)

T(u) =nT on 'y,

Bun (u) = ann on I'y,

Bt (U) = ant on XcCy

Bl(w) =By(w) onint(xoy)

As in the plate setting, for physical reasons it is convenient to split the domain boundary into
four disjoint parts I' = 'c UT'gg UI's UT'p each with zero BCs. Here, I'¢ is the clamped portion of
the boundary, I'gg is the simply-supported portion of the boundary, I'g is the symmetric portion
of the boundary, and I'r is the free portion of the boundary. Then the boundary conditions we

wish to prescribe are given via:

(clamped) u=0, O,(u)=0, onI'c =Tp, NI'p,
(simply-supported) u =0, Bpp(u) =0, onT'gs=Tp, NIy,
(symmetric) On(u) =0, T(u)=0, onl'gs=In, NTp,
(free) T(u)=0, Bpp(u)=0, onI'r=IyN NIy,
(6.89)

6.3.5 Nitsche’s Variational Form for the Linearized Kirchhoff-Love Shell

To begin the derivation of Nitsche’s method for the linearized Kirchhoff-Love shell, we define

the following discrete spaces of admissible and virtual displacements which accordingly release the
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strong-enforcement of the Dirichlet boundary conditions

h — 7/h
VKLS = UKLS

= {uh e M: T(u")eLl?Tp,), Bum(u") e L*Tp,), and u"(x)= zn:ciNi(sc)} .
- (6.90)

We now present the following discrete formulation for the Kirchhoff-Love shell:
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Nitsche’s Method for the Linearized Kirchhoff-Love Shell
Find u" € L[}‘(LS such that

dfeps (0", ut) = i pg(v") (6.91)

for all v € V?{ g Where

a}IL{LS(vhvuh) = aKLS('Uhauh)

— / B,,,,,,,(uh')ﬁ,,,(vh) dl’ + B,,,t(uh)fug — / I(uh) ol dl — / Tg(uh)vg dr’
JT'p,y X¢p  JI'p,

Jrp,

Consistency Terms

/ Bm(vh)ﬁn(uh) dl’ +Bm(vh)u§ / I(vh) -~y dl / Tg(vh)ug dr’
I'p, XCp I'p,

I'p,

Symmetry Terms

EC,, ' , n? [ SEChens [
er 2/ u oM dD + 7]‘ / ’u,»lg"?té" dl’ | + 7]pen_>/ 9,1,(u/")9n(vl") dr'
h I'p 6}7,2 JT'p o 6h I'p
1 1 2

Penalty Terms

(6.92)

and

Uieps(0") = Lrps(v™)

_/ Bnn(vh)én dal' + Bnt<Uh)713
',

—/ T(vh)-adr—/ T3(v")ii3 dT
XCp I'p,

I'p,

Symmetry Terms

L EC’)(’T} ] . n? . ! 3EC’Y'J(’H‘ . A
_A'_r]ill 2 / - ﬂh dl’ + LZ ,():%/1/,3 dr | -+ ']712 / 9”0”(,0}7,) dl’
h . ]"D] 6h . ]"D] 6h . ng

Penalty Terms

(6.93)

6.3.6 Consistency of Nitsche’s Method

Once again, the symmetry of the discrete bilinear form arising through Nitsche’s method
(6.91]) is obvious. We have the following lemma which details the proof of consistency of a’}( ()

with the original strong form of the PDE, provided the exact solution u satisfies a reasonable
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regularity condition.

Lemma 15. Suppose the unique solution w of (6.91)) is sufficiently regular such that T(u) €

L*(Tp,) and Byn(u) € L*(T'p,). Then:

al (v u) = i pg(v") (6.94)

for all v € V?(LS

Proof. By a process identical to those performed in (6.83) - (6.85]), it follows that:
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dps(uv”) — Cpg@) = [ Blw): 5(0") d2+ [ A(w): y(0") d2 — /F B ()0 (") dT

|
S~
A
13
&
IS

ot dD — / T3(w)vh dI' 4 Bys(v") [us — 3]
T'p,

Xcp
[ Bpa(oM [en(u) . én] ar— | T@") - [u—a] dr
T'p, I'p,
2
nE%en ! <2/ [u—a] - o™ dT + gﬁ [ug — us] vy dI‘)
T'p, I'p,
E A
4+ T ECpen / [an(u) - en] Op(v") dU — 7 [ f-o" dQ
6h o

+ By (v") [ug - ah} ) T(o") - [u— @] dr
D Dy
+/ [T(u) oy ] Loh dF+/ [B,m(u) . an} 0, (v") dT
T'n, T'n,
ECpen 2
+77 pen,1 2/ [g—@]yhdf—i-% |:u3_,&h:|_vhdr
h T, 6h2 Jr,
3EC en .
4+ TECpen2 / [en(u) - en] 6, (v") dT
6h
[ B [en(u) - én] dr + [Bm(u) nf}m} vg‘
I'p, XCn
=0

Hence the consistency with (6.88)) is proven.
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6.3.7 Continuity and Coercivity of Nitsche’s Method for the linearized Kirchhoff-

Love Shell

To preface this section, we define the mesh-dependent norm with which we prove continuity,

coercivity, and later error estimates:

2 9 NECpen 7> M ECpen.o
IIvIIZ;{LS = [[|o]ll3 + [l|vll[z + % <2llv||%,r + W"“:””‘%’F) %IIO ()[[§ ¢
6h3 9 h 5 6h 6h? 5
gl )Ilo,r+2TEHI(v)Ilo,r+nTEIIBm( v)|5 P | Bt (v)] g (6.96)
L E 2
+ a1l ‘

Note that ( is indeed a norm over V%, ¢ since it is a combination of | - ||uh and || - Hth{LP. Ad-

ditionally, by (5.15)), (5.16), (5.17), (5.20), and (5.25)), this norm satisfies the following relationship

. — 2 C'V‘/U/
Vol € Vi, o with C;1 > 1+ max [Ctr,Aa Cir,7Cinv,1 + (%HQH%’Q +1+ Ctr,M) Cirps ok |
h UEC 1 h ” o h 1> ECpen 2
10, < [lof [+ P+ 255 (2 + gl ) + o2 o
6h2Cyy. 7
L ") R
2
Cira 18][65,0Cr,B 6Cr.
+ A AR+ — B0+ e B
6th M 3 ECy,
i S g o+ T

< (1 + Cir,a) H‘vhmi + (1 + Cr i Cinvr + <1§IIQII3,9 +1+ CtrM) C““’B) H‘”hml

n EC 2 27]EC 1 773E
+%H9 (v )H3F+%H "5 + 5 (Cpent + Crur) V5150
nEC 1
< 2 (I [l + 2252 (e + et
1 ECpen2

+ TR g, (o) .

(6.97)
Now that we have demonstrated that || - Hulh( s is indeed a norm, we are able to prove the continuity,

that is the boundedness, of the mesh-dependent bilinear form af; 4(-,-) in the following lemma.
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Lemma 16. The following continuity statement holds:

a]II(LS('Uha w) < Ccont,KLS”UhHL{;;LS ”wHZ/{Ih{LS (6.98)

for all v" € V., ¢ and w such that T'(w) € L?>(T'p,) and By, (w) € L3(T'p,).

Proof. To prove the continuity estimate, we first write:

a}IL(LS(’Uh7w) = aKLS('Uh’ w) - /F
Do

—/ T3(w)ovl dT —
I'p,

By (w)6, (v") dI' + Bnt(w)vg‘xc - /F T(w) - v" dr
Dy

Bpn (M6, (w) dT' + Bnt(vh)wg(xc — /F T(v") - w dl

T'p,
ECpen 2
—/ T3(vM)ws dI + D= pen.t 2/ w - dT + 77—2 w3l dl
FDl h FDl 6h FDl
3E en
+ ’701’2/ 0, (w)0, (v") dr.
6h T'p,
(6.99)
Observe we can bound:
E en 2
aKLs(vh,w)%—w 2/ w -l dI’+n—2 wgvgl drl’
h I'p, 6h T'p,
3E
+ 7760}5’”2 0, (w)0, (v") dT (6.100)

I'p,

h
S .

Next, we bound the in-plane ersatz traction via

/ T(w) - o dT < [ or | T(w) o
FDl

1 101
<\ It R (0100

< o o, Mool

and the transverse component by
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/ Ty(w)ol dT < [l llor | Ts(w) o
FDI

1 102
<\ IR BT aw) 3 (6:102)

< 0"l el

The bending moment term is bounded via

Bm(w)é?n(vh) dl' < HBnn(w)HO,FHen@h)HO,F

I'p,
1 1
< Rl Ban(w)]3 07/ 16 (o) 13 (6:103)

h
< [[o" [l

vl

KLS

and lastly, the boundary evaluation via

Butwid] < (18wl | ) (4] )
xXc xXc Xc
1
E\/h2|Bnt(’w)‘2‘ \/h2 yug,}ﬂ (6.104)
XC XC
< ", ol

Clearly, these inequalities hold for their symmetric counterparts. Collecting these inequalities yields

lwll;n (6.105)

alie g (0", w) < Coont, s ]|V"Jyn -

KLS
with Ccont,KLS =09.

O]

Next, we prove the coercivity of the bilinear form with respect to the ||- Hu}g | ~horm in the following

lemma.

Lemma 17. The following coercivity statement holds:

a}IZ('LS('Uh,’Uh) Z Ccoer,KLSH'UhHi{}h{LS, v ’Uh S V?(LS (6106)
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PTOOf. Let 'vh S VIh(LS’ £1 > max (2015747%1,167720157473”2”%79), g9 > SCtr,TCim;,T, €3 > 80157«73, Eq4 >

8Cr.mCir. B, and observe that by Cauchy-Schwarz and Young’s inequalities:

Ee h
/ T(v") - o dr < |l or|T(®")llor < =2 0" 12 + 1T 31 (6.107)
FDI 4T]E€1
and
hy, R h h 1’ Ees |2 3h? hy (2
. T3(v")vg dl' < [lvg]lor||T5(v")[lor < Thg”vZSHO,F + @HT:%(’U Mo (6.108)
Next, the moments and conjugate rotations
3h 3Fe
Bnn(vh)gn(vh) dl' < HBnn(Uh)||0,F||9n(vh)||0,l“ < T”Bnn(vh) (2),F + nThSH‘gn(Uh)H(Q),F-
I'p, noLEES
(6.109)

Lastly, utilizing (5.20)) and (5.21]), we obtain the following estimate for the boundary evaluation:

3h2 2 3E€4 2
B (v )Ug‘ : <n3Ee4 ‘Bm(”h)‘ + 7712h2 ‘Ug‘
xe xc xc (6.110)
3hCir, hy||2 773E€4Ctr,ur h)|2
< mHBnt(U Mo + Thgﬂvs 10,1

Therefore, utilizing (6.107), (6.108), (6.109), (6.110), (5.15) through (5.21), (5.25), and for

1
Cpen,1 > 3 + max [ZC’t,«,A, 167720”,3

|Q||(2),Q, 8 (Ctr,7Cinw,T + Ctr,MCtr,BCtr,uF)} (6.111)

and Cpen2 > % + 8Cy,. B, we have the following:
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2 2
s @ 0") = [||o" || +[|Jo"]|| =2 [ Bun@")0u(0") d = 2 Bustw"yod

FD2 Xc

—2/ T(v") - " dP—2/ T3(v") - ol dr
I'p, I'p,

NECpen,1 772 " PEChen
# ZECEt (o e+ 2B ) + T2 (0

2 2 6h n Eg3
2 i1+ el = ey Vom0
- H’v A+ Y5 173E£3|| (W)or + ——l0n(v |2

6hCir,m w2 TEeaCrrur | pio
N\ = ——=—|v3llor

)

e B+ g

- T

- (P B+ g TP ) = (Tt Ied e + o IR
nEC 1 n EC 2

+ 128G (2thuﬁl~+»6hzuvguar) TECen2 1o, v)3,

Ctr,A 2 an n E
> (1 _ 81) ‘HuhH)A + 2= Cpent =) 1" Br + = (Cpenz = £3) 18 @) 3

2n*Cyr 111G
+ 1= N tT’BH:HO’Q _ Ctr,TCinv,T _ C’tr,B _ Ctr,MCtr,B ’H’UhHr

€1 €2 €3 €4
3E
+ L (Cpenst = 22 = Curaez) 9113
1 nECpenl hn2 2
= 5 (eIl + 202" 5 + Gz b
1° ECpen 2
+ B2, o)

> Ccoer,KLS ||vh ”Z{Ih(LP
(6.112)

Cerap 1\
where Cepericrs = § (1+max [Cor.a, CorrCinur + (510 o + 1+ Corar ) G, 225 )

O

6.3.8 A Priori Error Estimates

Before proceeding with discretization-dependent approximation theorems, we have the fol-

lowing corollary to Theorem

Corollary 18. Letu and u" denote the unique solutions of problems (6.79) and (6.91), respectively.

Furthermore, suppose the hypotheses of Theorem[1] and Theorem[3 are satisfied. Then,
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(6.113)

where

- 2 C
CkrLs = (18 + 19 max |:Ctr,Aa Cir1Cinv,r + (%HQH%,@ +1+ Ctr,M> Ctr,B» Ctr’ur ]) (6.114)
pen,1

Proof. Recall Theorem [3| and the estimate provided therein. Then the result follows immediately
by the continuity and coercivity constants defined in Lemma [16|and Lemma [17]and the consistency

inherent to Nitsche’s variational formulation for the Kirchhoff-Love plate.

6.4 Numerical Results

In this section, we demonstrate the effectiveness of Nitsche’s formulation for the linearized
Kirchhoff-Love shell formulation presented in previous sections. Note that we do not provide
explicit examples for the linear-elastic membrane or Kirchhoff-Love plate since the Kirchhoff-Love
shell encompasses both of these scenarios. In all of our examples, we employ uniform biquadratic,
bicubic, and biquartic B-spline discretizations. Moreover, we present the so-called shell obstacle

course, as presented in [I1], as a validation of the discretization.

6.4.1 The Shell Obstacle Course

The shell obstacle course is comprised of three problems: (i) the Scordelis-Lo roof [5, [107],
(ii) the pinched cylinder [44] 50, 78], and (iii) the pinched hemisphere [82] [84].
6.4.1.1 The Scordelis-Lo Roof

The Scordelis-Lo roof is a section of a cylindrical shell supported at its ends by a rigid
diaphragm while the remaining boundary of the cylinder is free. The roof is subject to a uniform

gravitational loading across the entire domain. By the symmetry of the problem, only one quarter
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of the physical domain is modeled and symmetric boundary conditions are imposed accordingly. A
more detailed problem configuration is provided in Figure

Problem Setup
=50

=25

=0.25

= 40°

= 4.32 x 108
= 0.0

= 90.0/,

Fl DU = Hn =0
I's, :up=u3=0 R L/2
I's : free

'y :u1=6,=0

T @6 S

Figure 6.4: The Scordelis-Lo Roof problem setup and configuration.

The criterion for convergence is the vertical displacement of the free edge of the roof. The
converged numerical solution from our discretization is v = 0.3006. This value is lower than
u = 0.3024, that is reported in [5], [107], however it is in exact accordance with [72]. For this
problem, numerical convergence is observed almost immediately for cubic and quartic B-splines

while the quadratic counterpart exhibits locking on coarse meshes, as is shown in Figure 6.5

035
03
0
025t 1
- -0.05
02r R o <
B 0.1
0.15 f
——p=2 0.15
———p=4 02
0.05 f Ref.
025
0 5 10 15 03

number of control points per side

Figure 6.5: The Scordelis-Lo Roof displacement criterion is shown across the range of refinements
considered in this paper (left). The z-displacement field is shown on the contour plot (right).
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6.4.1.2 The Pinched Cylinder

The Pinched Cylinder problem is supported by rigid diaphragms at either end and subjected
to two opposite point loads directed inward at the cylinder center. Once again, due to problem
symmetry, only one eighth of the cylinder is modeled and symmetric boundary conditions are

imposed accordingly. The problem setup and configuration is provided in Figure

H =600 Q
R =300

n =30 I's I
FE

1%

f

Problem Setup

= 3.0 x 106 H/2

=0.3 Tfl
' tu=6,=0 Iy 2'2"\?
FQ :UQZU3:O
I's :us=6,=0
F4 :U1:9n20

\/

Figure 6.6: The Pinched Cylinder problem setup and configuration.

The criterion for convergence of this problem is once again a point displacement however in
this instance it is at the point of load application. The reference displacement is u = 1.8248 x 10~
as given in [44] [50] [78]. Convergence to this value is demonstrated for biquadratic, bicubic, and

biquartic B-splines in Figure

6.4.1.3 The Pinched Hemisphere

The Pinched Hemisphere problem is minimally-supported as to prevent rigid-body motion.
The boundaries of the hemisphere are completely free and are subject to two opposing point loads
directed either inwards or outwards. Once again, due to problem symmetry, only one quarter of the

hemisphere is modeled and symmetric boundary conditions are imposed accordingly. The problem
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-10
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number of control points per side

%1070

Figure 6.7: The Pinched Cylinder displacement criterion shown across the range of refinements
considered in this paper (left). The y-displacement field is shown on the contour plot (right).

setup and configuration is provided in Figure
The criterion for convergence of this problem is once again a point displacement at the point
of load application. The reference displacement is u = 0.0924 as given in [82] [84]. Convergence to

this value is demonstrated for biquadratic, bicubic, and biquartic B-splines in Figure
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Problem Setup

R =10
n =0.04

E = 6.825 x 107
v =20.3

f == 2/77

I'n 1u=6,=0
FQ :U1:9n20
I's : free

I';s 52

Figure 6.8: The Pinched Hempisphere problem setup and configuration.

0.1
0
008 |
0.02
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s 004
004 |
N
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002}
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0 10 20 30 40
number of control points per side
Figure 6.9: The Pinched Hemisphere displacement criterion shown across the range of refinements

considered in this paper (left). The z-displacement field is shown on the contour plot (right). Note
this is symmetric to the z-displacement field due to the symmetry of the loading configuration.



Chapter 7

Design Space Exploration

7.1 Parametric Partial Differential Equations & Families of Geometries

The seamless connection between CAD geometry and analysis in IGA allows us to define a
unique relationship between design parameters and the corresponding CAD geometry. These
parameters define the control points and weights associated with a geometric configuration. How-
ever it should be noted that, in general, control points are not individual design parameters to be
tuned. Instead, we seek a reduced set of these design parameters which describe features and the
overall shape of the design, in contrast to specific control point locations. For instance, these design
parameters may be the radius of hole or fillet, the thickness of a load-bearing plate, or the Lamé
parameters which relate stress and strain through a constitutive relationship.

Let us now formalize the above concepts. Namely, let us construct a design space D C R%,
where d,, is the dimension of the parametric space associated with design parameters. We refer to
each member of D, denoted as p € D, as a design variable, and it contains a selection of design
parameters governing the material and geometric properties for a given design as discussed above.
We assume throughout the dissertation that D is a hyperrectangle, that is, a Cartesian product
of intervals: D = (a1,b1) x (ag,b2) X ... X (aq,,bq,). This will allow us to easily adopt existing
sampling-based surrogate modeling approaches as shown in a later subsection. With the above
terminology established, we connect a CAD geometry to the design space through the notion of a

family of geometries:
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Definition: Family of Geometries

A family of geometries {Q}uep is a set of open domains 2y, C R% defined from a family of

geometric mappings:

T, (€) = ZPiw)Ri(&) VEED (7.1)

That is, Q,, = :IZH<Q) for every u € D.

Note that in the above definition, we have implicitly defined the control mesh to be a function
of the design variable. To make the concept of a family of geometries clear, consider the example

of a Scordelis-Lo roof, as illustrated in Figure The design variable:

w=(L,R,p,t E V) (7.2)

completely describes the Scordelis-Lo Roof family of geometries. In other words, we are able to

generate the unique control points and weights as a function of the design variable (|7.2]).

t,E,v

Figure 7.1: The Scordelis-Lo Roof Family

In parametrized IGA for a family of geometries, we consider the effect of changing
geometry on the resulting solution. In particular, we parametrize the partial differential equation

(2.5)) in terms of the design variable p:

L(u(p)ip) =Fp) Yee,

B(u(p)ip) =G(p) Voed,

(7.3)
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x% 115 (€)

{1

Figure 7.2: A representative sample of Scordelis-Lo Roof geometries belonging to the same family.
Notice that after defining the appropriate mapping x,,(€), the same parametric domain can be
mapped to various geometries seamlessly.

Leveraging the concepts (2.6) and (2.7)), we claim that the discrete solution to such a problem can

be expressed as:

u'(z, p) = Zdi(u)Ri(w) = Z dr) Ry (2, (2)) (7.4)
! ! unknown known

The effect of p on the physical basis functions is known through the isoparametric concept. With
the concept of geometric families defined, the terms d;(p) in (7.4) are determined by a set of

nonlinear algebraic equations:

R(p,d(p))=0 VpeD (7.5)

where R(u,d(p)) is a vector of residuals and d(u) is a solution vector collecting the unknown

control variables. In the linear setting, this system reduces to solving the system:
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K(p)d(p) =F(p) VpeD (7.6)

The discretized PDE systems and provides a vessel to explore the design space.
Namely, for every p, the solution d(p) is the parametric system response. However, every time p
is changed, one must not only solve the system, but also assemble it. For an effective rapid design
space exploration paradigm, we want to construct a framework for determining the solution for a
family of geometries in a neighborhood about some nominal design, rather than for one particular
design, so it is greatly desirable to reduce the computational expense of solving and .

There exists two primary approaches to reduce this computational expense through the con-

struction of suitable surrogate models:

1. Dimensionality Reduction of the Spatial Approximation: In this instance, a lin-
ear system of the form for every parametric instance of p is assembled and solved.
However, the associated computational expense is reduced by employing a reduced-order
model. This approach utilizes techniques such as reduced basis methods [83] and proper

orthogonal decompositions [95] for the surrogate model construction.

2. Dimensionality Reduction of the Parametric Representation: In this instance,
rather than solving a linear system for every parametric instance of p, we solve the full
system ((7.6]) for a set {p;}; and extrapolate the obtained solutions throughout the design

space to effectively construct a surrogate model.

In this dissertation, we consider the second approach listed above due to ease of implemen-
tation. More specifically, the second approach allows us to build sampling-based surrogate models
using a wrapper about existing IGA simulation technologies. It should be mentioned that the
parametrized analysis paradigm that we have presented here is quite difficult to implement within
a classical finite element analysis framework. This is because changes to the geometry require a

complete re-meshing within standard design-through-analysis platforms built on finite elements.
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Consequently, most existing design space exploration environments allow users to visualize only
quantities of interest such as max displacement, von Mises stress, or power consumption [71], [123].
By contrast, our environment allows users to visualize full system response.

We now transition to a discussion of surrogate modeling techniques including both sampling

and construction.

7.2 Design Space Collocation for Parametrized IGA

In this section, we present a number of techniques of constructing a surrogate model for
the solution manifold in parametrized IGA. To set the stage, recall that the displacement field in

parametrized structural mechanics takes the form:

u(z, p) = Zdi(N)Ri(w)

The basis functions R;j(x) are known while the control variables dj(p) are unknown functions of
the design parameters. In our surrogate modeling approach, we approximate the solution vector of

(7.6) using a basis expansion of the form:

d(p) = Z c; Vi(p)

where {U;(p)}; is a finite-dimensional set of orthogonal basis functions scaled by the coefficients
Ci.

There are many suitable choices of basis functions but we only consider two herein. In partic-
ular, our choice of basis functions lie in the realms of nodal and modal manifold representations. A
nodal paradigm considers the familiar Lagrange basis, which interpolates nodal data at sampling
points while intermediate data is obtained through a linear combination of such basis functions
scaled by their corresponding nodal values [6]. On the other hand, a modal representation consid-
ers a truncated spectral expansion of a function. An orthogonal polynomial series is first specified
in which to represent the function. The modal coefficients are then associated with the terms in this

series. Fach coefficient quantifies the modal behavior intrinsic to the aggregate solution field. For
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both the nodal and modal approaches, we employ parametric sampling to obtain approximations
of the coefficients c¢;. In this manner, our surrogate modeling approach is non-intrusive in that our
modeling methodology may be used as a “black box” in conjunction with existing IGA packages.
This dramatically simplifies implementation as compared with intrusive approaches such as the
parametric Galerkin method.

Before proceeding with the derivation of such polynomial surrogate models, we formally
introduce the concept of a multi-index, since it greatly simplifies the notation in following sections
and will establish a uniform language to be used consistently throughout this dissertation. A
multi-index is an array of indices used to reference the dimensions present in a variable. Consider
the multi-index i = (i,1i9,...,74). We can then enumerate a variable in several dimensions as
i = (Wiy s fig, -5 [tiy ). 1t is often times convenient to introduce the concept of a multi-index norm.

In this dissertation, the two norms of interest will be the sup-norm and 1-norm given by:

00 — norm: 111]] oo :mkax|ik|
d (7.7)
1-norm: lillx = Z ik
k=1

respectively. Moreover, after specification of a multi-index norm and a given non-negative integer

k, we can define the following multi-index spaces:

Isotropic: P = { ic(ZH0<|ill; < k‘}
(7.8)

Tensor-product: 2¢ .= { ic(Z2)]0< il < k}
The meaning of this terminology will be made clear in a moment when we define polynomial spaces
associated with these spaces of multi-indices. Note that these multi-index spaces are nested, specif-
ically @g C o@,‘f, and we can simply write summations and products over multivariate quantities

using multi-index notation. For example, the tensor-product summation and product operations

can be expressed compactly as:



99

Y4 4 y4
Summation: Z flui) = Z Z e Z iy Moy -es hig)

ieﬁ@zl i1=112=1 ig=1
P . (7.9)
Product: H f(:Uﬂ) = H H T H f(,uiu,uizv -"7,Uid)
iegg i1=112=1 ig=1

With the above multi-index notation established, we can now define what we mean by
isotropic polynomial and tensor-product polynomial. Specifically, we define the respective spaces

of isotropic and tensor-product polynomials of degree p for the domain P C R? via:

Isotropic: Pp(D) = {f c L*(D) Z T }
iegd
(7.10)
Tensor-product: 9,(D) := {f e L*(D) Z Fuplt }
icod

At this juncture, it is not quite clear what we mean by “isotropic.” This is made clear by
recognizing that if f € P,(D) and v : D — R? is an affine mapping, then the composition mapping
g = fov is also a member of Pp(D)EI . Consequently, the space of isotropic polynomials is invariant
under an affine change of coordinates. By contrast, this is not the case for the space of tensor-
product polynomials. The concepts and formalism associated with constructing nodal and modal
representations of the solution manifold from the tools discussed in heretofore are presented in the

following sections.

7.2.1 Nodal Solution Manifold Representation

With a nodal manifold representation, we approximate the control variables as:

ME Zd () Vi () (7.11)

where {p;}; are a set of interpolation nodes and {N;}; are a set of interpolating polynomials

satisfying:

! Here, we have used a slight abuse of notation in extending the domain of f to all of R9.



100

1, ifi=]j
Ni(py) = (7.12)

0, otherwise

where equivalence of multi-indices is understood in the component-wise sense, i.e., iy = jr k =
1,2,...,d. In the univariate setting, we build the interpolating polynomials from a set of p + 1

unique interpolation nodes {uz}fill which construct the Lagrange interpolants:

p+1

Ni(p) = [T =2 (7.13)
j]‘;[l |
J#i

For the multivariate setting, we must take a bit more care. First of all, we do not allow the
interpolation nodes to be defined in an arbitrary manner. Instead, we enforce them to be defined
via a tensor-product of one-dimensional sets of unique interpolation nodes. Then each interpolation

node takes the form:

d .
i = (Mg),ug?, . ,,,Ljd)) Vie 2 (7.14)

for a desired tensor-product polynomial approximation of degree p. We build the corresponding

interpolating polynomial as:

d prt+l (k) (k)

d ! = s
_ ®/\/'Z(kk) ® H k‘ Jk (7.15)
k=1

k=1 jip=1 @k - H]k
Tk

Note that the solution coefficients d(u;) are the collocated values of the control variables at the
interpolation nodes. Thus, they are obtained by running an IGA simulation for a select number of
design instances.

The choice of interpolation nodes to use with such an interpolating scheme remains to be
discussed. It is worth noting that an interpolatory representation of the solution manifold, such as
the one described in this section, exhibits behavior dependent on the choice of sampling scheme.

For example, a uniformly-distributed collection of collocation points results in a solution manifold

suffering from the Runge phenomenon, providing acceptable function approximations in the interior
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i, y)

Figure 7.3: A representative tensor-product Lagrange interpolating basis function (left) and an
interpolatory representation of the function f(z,y) = sin(wz)sin(mwy) — e~ =4 using equispaced
nodes and tensor-product Lagrange polynomials (right).

of the design space while exhibiting poor approximability near the boundaries. On the other hand,
a Chebyshev distribution of sample points, where the node density is larger near the boundaries of
the domain, distributes the error more uniformly throughout the surrogate solution manifold.

For the purposes of design space exploration, we consider the tensor-product Gauss-Legendre
quadrature scheme for nodal collocation points. This selection is made due to the high-fidelity
of the resulting surrogate model while minimizing the required number of points. In particular,
the nodal expansion which interpolates the Gauss abscissa is equivalent to a spectral expansion in
terms of a Legendre orthogonal polynomial series, maintaining the same fidelity therein [31].

Note that in using the above procedure, we have built an interpolating basis for the tensor-
product approximation space Q,(D). We can build an interpolating basis for the alternative mul-
tivariate approximation space P,(D) in an analogous manner, but a stable choice of interpolation
nodes for P,(D) is not known at this time. One may also resort to other forms of multi-dimensional
interpolation such as radial basis functions, but such an approach is beyond the scope of this dis-

sertation.
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7.2.2 Modal Solution Manifold Representation

With a modal manifold representation, we first write the control variables in terms of the

infinite sum:

dp)= > aMi(p) (7.16)

[[i]loc <oo

where {a;}; are a set of spectral coefficients defined as:

mzAWW¢MMMMD (7.17)

and {M;}; are a set of orthonormal polynomial basis functions satisfying:

M My = [ Wt Myuap = (718)
D 0, otherwise

where (-, -),, is the weighted L? inner product and W(u) > 0 is a pre-defined weighting function. A
spectral representation of the solution manifold provides a characterization of the various sensitivies
with respect to the design parameters. Namely, the average displacement throughout the design
space is given by ag while the magnitude of the following spectral coeflicients, aj, quantify the
prominence of particular higher-order modes in the aggregate solution manifold. In this dissertation,
we consider the case when W(u) = 1, in which case the corresponding orthonormal basis functions

coincide with tensor-product Legendre polynomials. For instance, when D = (—1,1)¢, we have

that:

d

Mi(p) = Q) Loy (1) (7.19)
k=1

where {.£,}>°, are the univariate Legendre polynomials.
In practice, our infinite sum representation must obviously be truncated after some finite

number of terms, resulting in a computationally tractable surrogate model. We consider two such
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approximations herein, an isotropic polynomial approximation and a tensor-product polynomial

approximation. An isotropic polynomial approximation takes the form:

dp) = 3 aMi(w) (7.20)
ie@,‘f“

while a tensor-product polynomial approximation takes the form:

d(p) = ) aM;(p) (7.21)
iegﬁ"

Since Pp(D) C Qp(D), the isotropic approximation includes less terms than the tensor-
product approximation, but both isotropic and tensor-product approximations are spectral ap-
proximations exhibiting exponential convergence rates. Hence, the isotropic approximation is often
preferred due to its comparatively lower computational expense.

From Figure[7.4] it is clear that such a modal representation cannot be interpreted analogously
to an interpolation. In the latter case, exact function values are realized at collocation points
whereas the former is a least-squares approximation to the function. Note that in order for us
to recover both the isotropic and tensor-product approximations, we must compute the spectral

coefficients:

= (M) = | Wid(u) M) ap (7.22)

This presents a challenge for two reasons: (i) We often do not know how to perform the
integration analytically and (ii) we do not know the exact form of d(u) as it is the unknown we are
trying to solve for. To overcome these issues, we turn to numerical quadrature. Briefly speaking,

we approximate:

m = [ W)d(oMi() 0D~ 3 d(ng) M(isa)veq (7.23)
a
where {ptq}q is a set of quadrature points and {wgq}q is a set of corresponding quadrature weights.

We refer to the resulting design space approximation as a pseudospectral approximation since
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Figure 7.4: The 1% row of the figure shows the Legendre polynomial basis sets for p = 2 and p = 3.
The 2" row shows the 1-dimensional pseudospectral approximation of f(z) = cos(7*/2) using the
above sets of Legendre polynomials, requiring 5 points and 9 points, respectively, for accurate in-
tegration using the univariate Clenshaw-Curtis quadrature rule over the domain D = (—1,1). The
37 row shows the pseudospectral representation of the function f(z,y) = e=’ =y using a tensor-
product Clenshaw-Curtis quadrature rule in a tensor-product Legendre basis, requiring 25 points
and 81 points respectively, resulting in 2"¢ and 3"% degree tensor-product polynomial approxima-
tions over the domain D = (—1,1)2. The 4" row shows the pseudospectral representation of the
function f(x,y) using a Delayed Smolyak Clenshaw-Curtis quadrature rule in the isotropic Legen-
dre basis, requiring 13 points and 29 points respectively, resulting in 2"¢ and 3" degree isotropic
polynomial approximations over the domain D = (—1,1)2.

the exact spectral coefficients have been approximated. With quadrature, we avoid the need for
analytical integration and we also only need to determine d(u), that is, sample the solution space,
at a set of quadrature points. In the next section, we provide an overview of quadrature schemes

one may utilize including tensor-product quadrature and sparse quadrature.
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7.2.3 Design Space Sampling and Numerical Integration

It remains to select sampling schemes and quadrature rules to recover the interpolated values
in the nodal manifold representation and the spectral coefficients in the modal manifold representa-
tion. Our objective is to obtain sampling and quadrature schemes which not only lead to accurate
surrogate models but are also computationally efficient. Since our selection of interpolation nodes
in the nodal manifold representation follows a quadrature scheme, all of our schemes begin with a

univariate quadrature rule which is then extended to the multivariate setting.

7.2.3.1 Univariate Quadrature

A general univariate quadrature scheme takes the form:

b "q
Iif = / W) (2)de ~ UDf =S wof () (7.24)
a q=1

where (a,b) is the integration domain, f : (a,b) — R is the function to be integrated,
W(x) > 0 is a specified weighting function, n, is the number of quadrature points, {l‘q}gil are
the quadrature points, and {Wq}:;il are the quadrature weights. We have used the notation U,
to denote a univariate scheme with n, points. There are a great many number of univariate
quadrature schemes to choose from, each with their own sets of pros and cons. We consider three
herein: Gauss-Legendre quadrature [55], Clenshaw-Curtis quadrature [29], and Kronrod-Patterson
quadrature [091]. The Gauss-Legendre scheme is ideal in that it employs a minimal number of
quadrature points for a desired level of polynomial accuracy. On the other hand, the Clenshaw-
Curtis and Kronrod-Patterson schemes exhibit a so-called nestedness property, to be described later,
which alleviates the computational expense associated with an increase in the model polynomial
fidelity in the multi-dimensional setting. Each of the three aforementioned schemes consist of not

" member of

only one quadrature rule but rather a family of quadrature rules. We refer to the
a given family as the ¢*" level, and it contains n; quadrature points and weights and exhibits a

polynomial degree accuracy of py. That is, the quadrature rule i, exactly integrates polynomials
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of degree py. Table[7.1] characterizes the Gauss-Legendre, Clenshaw-Curtis, and Kronrod-Patterson

schemes and their properties.

Table 7.1: A comparison between the Gauss-Legendre, Clenshaw-Curtis, and Kronrod-Patterson
quadrature schemes considered in this dissertation.

Univariate Scheme | Nested? ny Pe
Gauss-Legendre X l 2ny — 1
. 1, (=1 Ny, ng even
Clenshaw-Curtis 4 { 9141, £>2 { ne+1. ngodd
Kronrod-Patterson v 26 —1 1/2(3ng, — 1)

We are now ready to define what we mean by nested. Namely, a family of quadrature rules is
nested if Ui_:%{mq}k C {xq}r where {xq}/ is the set of quadrature nodes of level ¢. This property
will allow us to build highly efficient quadrature schemes in the multi-dimensional setting using the

so-called Smolyak method.

7.2.3.2 Tensor-Product Multivariate Quadrature

We define a tensor-product multivariate quadrature rule as a tensor-product of univariate
quadrature rules. In particular, given a set of ny-point univariate quadrature rules, {Z/IT(L?}LP each

associated with the ¢*" level of a family of quadrature rules, we construct the multivariate rule:

d
Fif=Qulf (7.25)
i=1
for f: D — R where D C R is a hyperrectangle. Then, to approximate the integral of a function,

we write:

Iﬁ/f:/QWl(:nl)Wg(xQ)---Wd(:rd)f(azl,a:Q,...,xd)dQ
v ome e (7.26)

d
%.Fgf: Z Z ZwilwiQ---Widf(a:il,xi2,...,:rid)

i1=lig=1  igz=1

Figure shows the tensor-product collocation schemes for Clenshaw-Curtis and Gauss-Legendre

quadrature rules for two-dimensional integration.
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Figure 7.5: Two-dimensional tensor-product Clenshaw-Curtis (left) and Gauss-Legendre (right)
quadrature rules for the integration domain D = (—1,1)2. The ¢*"-level Clenshaw-Curtis quadrature
rule is capable of integrating f € Q,,(D) with py = 261 + 1 for £ > 1 exactly while each Gauss-
Legendre grid level £ is capable of integrating f € Q,, (D) with py = 2¢ — 1 exactly.

Using tensor-product quadrature, we are able to obtain suitable interpolation points for the

nodal manifold representation as well as suitable approximations of the spectral coefficients for both
isotropic and tensor-product modal manifold approximations. In the nodal setting, we determine

the polynomial order of the set of Lagrange basis functions by selecting the appropriate number
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of collocation points, i.e., p = n — 1 > 0 where n is the number of univariate sample points. The
selection of these points, and hence the polynomial order, are dictated by the error bound given by
the Taylor series truncation error [6]. On the other hand, in the modal setting we seek to accurately

represent the integrals defining the spectral coefficients using numerical integration:

= [ WOd(u)Mi()dD = Fid = 3 ()Mo (7.27)
ic2¢

In this case, we select £ such that py = 2p where p is the desired polynomial degree of the modal
manifold representation, i.e., p = max deg (M;). This has been shown to yield a stable and accurate
numerical integration scheme [51, Chapter 4], and when d(u) is a tensor-product polynomial of
degree p, the numerical integration scheme is exact.

Unfortunately it should be noted that a tensor-product quadrature rule suffers from the so-
called curse of dimensionality. Particularly, each additional dimension, i.e. design parameter,
causes an exponential increase in the number of required quadrature points. This sampling
approach scales as Ny = n?, where Ny is the total number of collocation points for level £, ny is the
number of points associated with a univariate quadrature rule of level £, and d is the dimension
of the design space. Therefore, as the complexity of the design space grows, this approach quickly

becomes intractable.

7.2.3.3 Sparse Multivariate Quadrature

To alleviate the curse of dimensionality associated with tensor-product quadrature, we con-
sider sparse quadrature schemes obtained through the use of Smolyak sparse grids. Our objective
is the construction of a numerical integration scheme capable of integrating a multi-dimensional
isotropic polynomial with a minimal number of quadrature points. Recall that here isotropic
refers to a polynomial with total degree ||p|l; < p for some p > 0. To begin, we define difference

operators for each parametric dimension from a family of quadrature rules via:
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(i) .
. Un/, ifj=1
AP = . 1 0 (7.28)
Z/{ 7 3

nj1 — Un;, otherwise

Then, the corresponding level £ Smolyak quadrature scheme is defined for f: P — R as:

d
Sif=% Qalrs (7.29)

acpd i=1

The above quadrature rule is exact for at least all isotropic polynomials of degree less than or
equal to py, though it is not quite exact for tensor-product polynomials of degree p,. Consequently,
Smolyak quadrature should be employed for isotropic polynomial approximations. However, as we
shall see, Smolyak quadrature schemes employ far fewer quadrature points than tensor-product
schemes.

It is often times convenient, especially for implementation, to represent the Smolyak scheme
in terms of the univariate quadrature operators L{T(L?. After algebraic manipulation, we arrive at

the representation:

d
dp_ Cvde—|Ki—1{ d—1 (i)
- 3 o) @ )

£<] k|1 <d4-£—1 i=1

From the above expression, we see that a Smolyak scheme is simply comprised of many tensor-
product univariate quadrature schemes. If these schemes happen to exhibit nestedness, then there
is an interlacing of quadrature points in between levels which provides additional accuracy with a
minimal increase in required function evaluations. Consequently, we only consider nested quadra-
ture families when building sparse quadrature rules for design space exploration.

As see in Table the number of quadrature points ny and corresponding degree p, with the
univariate Clenshaw-Curtis and Kronrod-Patterson schemes increases exponentially fast with the
level £. Unfortunately, this means this is also the case for Smolyak quadrature rules built from these
families. This exponential growth per level is not ideal for application to design space exploration

since we ultimately desire an economical, low-fidelity surrogate model. Fortunately, as presented



D © )
o O ) )
05 0.5
Z o O O O @3 o O o} o
-0.5 -0.5
o o} o} o}
16 © O -1
1 -0.5 0 05 1 -1 -0.5 0 0.5 1
1 H1
Clenshaw-Curtis (£ = 4) Kronrod-Patterson (¢ = 4)
10—6 8 c—0 O
D o} o) o o o
05 o 0.5 o)
I @O O O O OI 0pO O O O 0O¢g
05 © 05 o
D (o} (0} e} e} e}
16—0 g o0 1 o
1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
w o
Clenshaw-Curtis (¢ = 5) Kronrod-Patterson (¢ = 5)
D O o o0 00 O O O 0¢d@
%0 o o o o o
2 @O O O O O¢psI 0O O O O O¢g
q
p O o c 9 0O 0 O O 0d
_1 o o) Q o) o _1 n n n
\ >4 \ >4 \>J \ >4 \>J
-1 0.5 0 0.5 1 -1 -0.5 0 0.5 1
M1 H1

Clenshaw-Curtis (¢ = 3)

Kronrod-Patterson (£ = 3)

110

Figure 7.6: Smolyak collocation schemes for the delayed, two-dimensional Clenshaw-Curtis (left)
and Kronrod-Patterson (right) quadrature rules for the integration domain D = (—1,1)2. Both
delayed Clenshaw-Curtis and Kronrod-Patterson grids are capable of integrating f € P, (D) with
pe = 20 — 1 exactly. Note that the nestedness of the Clenshaw-Curtis naturally permits Smolyak
implementation, contrary to the Gauss-Legendre scheme which requires the Kronrod extension and

Patterson’s recursion.

in [92] 24], these exponentially-growing sequences can be delayed to slow the growth in required

sampling data. In these delayed sequences, some of the quadrature rules are repeated to lower the

rank of approximation and hence the required number of univariate quadrature points. With this
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in mind, the delayed Clenshaw-Curtis rule is defined as:

1, =1
qu,delayed —USC, k= (7.31)
Mogy(6—1)+1]+1, £>1

while the delayed Kronrod-Patterson univariate rule is defined as:

4¢ 8¢—1
Y eleved — y kP og, <3> < ke < log, <3> (7.32)

where, for simplicity of presentation, the subscripts ¢ and k; refer to the level rather than the
number of quadrature points. Because of the presence of the logarithmic factors in the definitions
of the delayed univariate rules, the number of quadrature points ny associated with the univariate
sequences increases only linearly with the level £. Consequently, the number of quadrature points
ny associated with Smolyak quadrature schemes built from these sequences increases algebraically
with the level £. This is illustrated in Figure [7.6| which displays the Smolyak quadrature points for
the delayed Clenshaw-Curtis and Kronrod-Patterson quadrature rules for levels £ = 3,4, 5.

It should be mentioned that the delayed Clenshaw-Curtis and Kronrod-Patterson sequences
were constructed such that the associated Smolyak quadrature schemes built from these sequences
exhibit a polynomial accuracy of py > 2¢—1 for £ > 1, and for relatively low levels, p, = 2¢—1. This
guides the selection of sparse grid quadrature rules for the computation of spectral coefficients for
isotropic polynomial coefficients. Recall that to accurately compute the coefficients for an isotropic
polynomial of degree p, we should employ a quadrature rule with accuracy 2p. Therefore, we can
use a level £ = p+ 1 Smolyak quadrature scheme built from one of the two delayed sequences. With
this in mind, and recalling the rules displayed in Figures and we see that these Smolyak
quadrature schemes employ fewer quadrature points for a desired polynomial accuracy than their
tensor-product counterparts, as contended earlier, and this reduction becomes far more dramatic
with an increase in the dimensionality of the design space.

As a final remark, it is worth noting that the tensor-product quadrature scheme can be

expressed in terms of the difference operators defining the Smolyak scheme. Namely, we have:
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d d
Fir=3Y Qal,r=QRQus (7.33)
=1

ae.,%i =1

Consequently, the primary difference between the tensor-product and Smolyak schemes lies

in the specification of the multi-index spaces ,@g and Qg.

7.2.4 Numerical Results

This section contains a selection of numerical examples illustrating the convergence behavior
of the aforementioned methodology. In particular, we consider: (i) the Scordelis-Lo roof, (ii) a
flat L-bracket, and (iii) an NREL 5MW wind turbine blade. Each subsection begins with a brief
description of the methodologies discussed in previous sections with application to the problem
under consideration. A convergence analysis is presented thereafter, where we will consider the
effect of the polynomial order on the expansion to quantify the accuracy of our sampling-based
surrogate modeling methodology as well as the effect of a change in the number of quadrature points,
which assess the accuracy of the modal coefficients computed through the discrete integration.
Lastly, we will numerically demonstrate the capability of design optimization facilitated through
the design space exploration paradigm by maximizing or minimizing quantities of interest over a

pre-specified design space for the Scordelis-Lo roof.

7.2.4.1 Scordelis-Lo Roof

Farlier in this dissertation, the Scordelis-Lo roof was introduced as a canonical shell code
validation problem. Due to the relatively simple design-variable description of this shell, it is a
premier problem choice for demonstrating the concepts presented in this dissertation. As such,
we will study all aspects of our methodology using this problem, including: (i) the effectiveness
of both nodal and modal solution manifold representations, (ii) the effectiveness of both isotropic
and tensor-product polynomial approximations in the design space, and (iii) the accuracy of both

tensor-product and sparse grid quadrature schemes as applied in design space exploration.
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Figure 7.7: The computational domain of the Scordelis-Lo Roof. For sake of computational expense,
only a quarter of the roof is modeled with symmetry boundary conditions. Therefore, refinement
with respect to this geometry occurs only in this quadrant. This particular geometry has 16
elements.

7.2.4.2 Problem Formulation and Methodology

For the following discussion, the design space Dyoof C R* is specified as:

Droof i= {pt = (L, R, t,0)[45 < L <55, 20< R<30, 2<t<.3, 35°<p<45°}  (7.34)

Note that this design space is restricted in the sense that £ = 550M Pa and v = 0.05 are held
fixed and moreover are not treated as design parameters, in comparison with our earlier discussion.

The computational domain used for analysis is shown in Figure [7.7] Due to the symmetry of
the cylindrical shell geometry, only one quarter of the domain is analyzed. Homogeneous Dirichlet
boundary conditions are applied to the cylindrical part of the free boundary while the remaining
straight portion of the free boundary is unconstrained. Symmetry boundary conditions are applied
by enforcing homogeneous normal derivatives, as well as zero in-plane displacement, across the
symmetric boundary. The shell is loaded by a uniform gravitational field g = (0,0, —90)". Two
tensor-product meshes of 16 and 64 elements are considered to assess convergence of the sampling-
based surrogate modeling strategy under mesh refinement.

Both modal and nodal representations of the solution manifold to this design space are con-
structed with both tensor-product and sparse sampling. For ease of user interaction and demonstra-

tion, the results were compiled into a Graphical User Interface (GUI), which convey the properties
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Figure 7.8: The “nominal” Scordelis-Lo roof geometry. A sparse, level 5 Kronrod-Patterson grid is
used to compute the pseudospectral coeflicients of the surrogate displacement field in the isotropic
Legendre basis.

of this design approach in comparison to conventional design methodologies. Figures [7.§ and [7.9]

below show screenshots of such a GUI.

7.2.4.3 Convergence Analysis

We continue our discussion by analyzing convergence behavior. In particular, we consider

the error, e = u{lG A ugurrogate, in both the L? and energy norms:

2 2
||eh\|379 = /Q \ehIZdQ and H)ehmA + ’Heh’HB = aKLg(eh,eh) (7.35)

effectively assessing the accuracy of the displacement field and the strain energy, respectively. To
ensure the accuracy of the figures presented, the L? and energy norms are computed for a total
of 10 randomly-selected admissible geometries in the design space and then averaged. It should
be noted that we do not compare our solution to the exact solution as we are only assessing the
effectiveness of our surrogate modeling strategy. Instead, we are comparing the results obtained
from our surrogate model to those obtained from IGA.

The first numerical test performed is shown in Table below. In this instance, we use
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Figure 7.9: An admissible geometry to the design space specified above. In this particular example,
a full (tensor-product), level 5 Gauss-Legendre grid is used to construct a nodal representation of
the displacement field using a tensor-product Lagrange basis in the design space.

ny Gauss-Legendre quadrature nodes in each parametric direction to construct a tensor-product
Lagrange polynomial of degree p, which interpolates the solution manifold at the Gauss-Legendre
collocation points. From the table we see that the error decreases exponentially fast as the polyno-
mial degree py is increased. However, as the nodal manifold representation employs a tensor-product
polynomial approximation in the design space, the number of required interpolation points increases
very quickly with polynomial degree. Note moreover that the error behavior is the same for both
the 16 element mesh and the 64 element mesh.

The second numerical test, shown in Table uses a modal solution manifold representation
with a tensor-product polynomial approximation in the design space. The pseudospectral coeffi-
cients are computed using the Gauss-Legendre quadrature scheme. Recall that in this case, the
polynomial order of the basis function set is characterized as a tensor-product of univariate polyno-
mial basis functions of degree py = £ — 1. Again, we see that the error decreases exponentially fast
as the polynomial degree py is increased, and in fact, the reported errors in Tables and are
nearly identical. Consequently, these nodal and modal approaches exhibit very similar behavior for

tensor-product polynomial approximations of the solution manifold.
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The last numerical test employs the sparse collocation framework through Smolyak grids,
presented earlier. Both the delayed Kronrod-Patterson and delayed Clenshaw-Curtis Smolyak
schemes are used to assess the numerical properties of the sparse modal representation of the
solution manifold. The results are presented in Table [7.4] in which the aforementioned collocation
schemes are employed to compute the pseudospectral coefficients for the sparse Legendre basis
contained in Pp(Droof)-

In Table [7.4] we see that both the delayed Kronrod-Patterson and Clenshaw-Curtis schemes
exhibit similar convergence rates as a function of level £. However, the required number of quadra-
ture points to achieve the same accuracy using Clenshaw-Curtis is approximately three times that
of Kronrod-Patterson. For both rules, the error behavior is the same for both the 16 element mesh
and the 64 element mesh.

It is also important to assess the accuracy of computation of the sparse pseudospectral coeffi-
cients. To determine this accuracy, the sparse coefficients of P,(Dyoof) are computed for 0 < p < 4
using a tensor-product univariate quadrature rule, in contrast to the sparse quadrature rule used
in Table [7.4 The results of this analysis are depicted in Table [7.5] From this table, we can see
that the tensor-product Gauss-Legendre scheme overall performs better in the computation of the
sparse pseudospectral coefficients in comparison to the sparse integration rule. However, the results
are only marginally better but with a significant increase in computational cost. This suggests that
the sparse rules can and should be employed in practice.

The results from Tables [7.2] [7-3] [74] and [7.5] are summarized in Figures [7.10] and [7.11}
In Figure the L? error is plotted against the required number of samples n, while Figure
depicts the Energy error against required number of samples. Once again, note that the
tensor-product Gauss-Legendre quadrature scheme using a Nodal surrogate model produces similar
results to its modal equivalent. Additionally, we see that the isotropic surrogate model with sparse
quadrature performs similarly to the full sampling. With increasing design space dimensionality,
we predict the attractiveness of sparse Kronrod-Patterson with an isotropic polynomial basis to be

much more pronounced. This is due to the curse of dimensionality which will exponentially increase
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the number of required function evaluations for a tensor-product quadrature rule.

7.2.4.4 Design Optimization and Comparison with Exact Optima

The design space exploration paradigm presented in this dissertation allows the user to pose
a multi-constraint optimization problem, for which the solution can be approximated after the
surrogate model has been constructed. In particular, we can specify an objective functional that is
to be minimized through a constrained optimization routine. For example, consider the functional

which combines the effects of midpoint displacement and root strain:

Flan, ag; p) = ondz(p) + g1 () (7.36)

Here, &7 is the largest principle strain at the clamped end of the roof, d, is the displacement
of the midpoint of the free edge, and «y, as are weights which describe the significance of each
quantity in the optimization routine.

Without our design space exploration framework, a functional such as the one above can be
minimized, or maximized, through a constrained optimization code. However, each iteration in
such a routine requires a complete system construction, assembly, and solve. In the design space
exploration paradigm, each iteration is simply a function call to the surrogate model of the solution
manifold that has been constructed. Although the output of the optimization routine in this
context is an approximation to the true value, it provides a refined search window for additional,
high-fidelity design space exploration tools to converge on the true optimum.

For the Scordelis-Lo roof, we employ a constrained optimization routine and compare results
of a full system construction and solution to the design space exploration surrogate model. The
design space is identical to that used in the previous sections and the initial guess to the opti-
mization routine is a random geometry in this design space. For these simulations, we use the 64
element mesh and consider two surrogate models: (i) a tensor-product polynomial approximation
interpolating the solution at Gauss-Legendre quadrature points, and (ii) a pseudospectral isotropic

polynomial approximation where spectral coefficients are computed with the delayed Kronrod-
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Figure 7.10: The L? error in the displacement field for the various surrogate models considered
applied to the Scordelis-Lo roof problem. The first half of each legend entry refers to the sampling
scheme employed while the second half refers to the surrogate model used. Note here that TP de-
notes “Tensor-Product”, GL denotes “Gauss-Legendre”, KP denotes “Kronrod-Patterson”, and CC
denotes “Clenshaw-Curtis”. Additionally, “Nodal” indicates the use of the Lagrange polynomials
as an interpolating basis while “Modal” denotes the use of the Legendre orthogonal polynomials.
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Figure 7.11: The energy error in the displacement field for the various surrogate models considered
applied to the Scordelis-Lo roof problem. The first half of each legend entry refers to the sampling
scheme employed while the second half refers to the surrogate model used. Note here that TP de-
notes “Tensor-Product”, GL denotes “Gauss-Legendre”, KP denotes “Kronrod-Patterson”, and CC
denotes “Clenshaw-Curtis”. Additionally, “Nodal” indicates the use of the Lagrange polynomials
as an interpolating basis while “Modal” denotes the use of the Legendre orthogonal polynomials.
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Patterson quadrature rule. The results of this optimization routine are shown in Tables 7.7
and [.8

For convergence criteria, we assert that the quantities of interest are within 1% of their true
value. We observe that the interpolatory surrogate model converges to the optimal design location
quickly in that it generally converges by ¢ = 2, except for (ay,a2) = (1,0), where it converges
by ¢ = 4. On the other hand, the isotropic polynomial surrogate model converges to the optimal
design location slower, typically by ¢ = 3, except for (a1,a2) = (2/3,1/3). Recall however, that
the computational expense associated with constructing the isotropic polynomial surrogate model
is lower than the tensor-product polynomial approximation. We also consider the convergence of
the surrogate model predicted max principal stress to that of the IGA solution. In the case of the
interpolating surrogate model, note that the stress generally converges by ¢ = 3, slightly slower
than the rate of convergence to the optimal design location. In the case of the isotropic polynomial

surrogate model, the max principal stress generally converges to the true value by ¢ = 5.

7.2.5 Flat L-Bracket

We next consider application of our design space exploration framework to the analysis of a
flat L-Bracket. The L-bracket is a linear-elastic model with a 17-dimensional design space, demon-
strating the versatility of the proposed design space exploration framework. Moreover, full tensor-
product sampling with either nodal or modal solution manifold representations is not feasible due
to the high-dimensionality of this problem. For example, a linear, tensor-product pseudospectral or
interpolatory model of the solution manifold would require 2'7 = 131,072 samples. Therefore, we
resort to the sparse collocation schemes presented in previous sections, which capture the modes
described by the total order of the underlying polynomial basis set. Additionally, the analysis
model is constructed from 28 CY-continuous NURBS patches, demonstrating the applicability of

this exploration framework in the multi-patch setting.
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7.2.5.1 Problem Formulation and Methodology

Figure below shows the design parameters for the L-Bracket as well as the patch layout
used for analysis. Figure below shows the boundary conditions and forcing used in the design
space exploration problem. The mutli-patch model is discretized and refined to a 480-element mesh.
Additionally, the holes described by a; and ao are constrained to zero displacement, effectively
simulating a bolt. The remaining hole has an applied loading of P = 30 x 10°, directed upwards
at a 45° angle and cosine-distributed across the boundary.

In reference to Figure the design space of the L-bracket is is characterized by the design

variable:

DL = {H = (Mv Na leH?nRfaalvelatll‘wtlkaa2a625tthtQk)a3763)t3hat3k)’p’ € R17} (737)

which is comprised of the 17 design parameters associated with the L-bracket, as illustrated in
Figure We construct two design spaces of the form (7.37) for the L-Bracket geometry. The

parameters defining the spaces are shown below.
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Figure 7.12: The design parameters associated with the Flat L-Bracket problem (left) and the
patches associated with implementing a multi-patch isogeometric linear-elastic solver (right).
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u=20 P =30x10°

t=Pcos(6 — ”/4_)

Figure 7.13: The boundary conditions and applied loading used in the L-Bracket problem. The
lower and center L-Bracket holes are constrained with homogeneous Dirichlet boundary conditions.
The loading on the remaining hole is cosine distributed for —7/4 < § < 37/4 and is applied as a
Neumann traction.
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The first design space is “minor” in the sense that the admissible design parameter perturba-

tions lie in a localized neighborhood about a nominal design. The second design space is “extreme”

since much larger perturbations and imperfections are admissible in this space. The two spaces are

considered to assess the moderate dimensionality of the problem on the effectivity of the design

space exploration paradigm. Representative geometries from these two design spaces are depicted

in Figures and respectively.

To ensure that only sensical geometries live in these design spaces, we define the position of the

L-Bracket holes’ center through a dimensionless design parameter which designates the percentage

offset from the true center. The t;;, and t;;, 7« = 1, 2, 3 parameters above define the hole offset via a
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TV

Figure 7.14: A sample geometry contained within Pp, (D1, minor) (left) along with the resulting Von
Mises stress field (right).

TV

0.5

Figure 7.15: A sample geometry within Pp, (D, extreme) (left) along with the resulting Von Mises
stress field (right).



125

convex combination of related design parameters, for example hq(t1,) = (a1 — L1/2)t15 + L1 /2. The
remaining quantities of k1, ho, ko, h3, k3, are defined in a similar manner.

It should be noted that the L-Bracket problem is motivated by the design space exploration
problem of identifying suitable geometric tolerances for manufacturing. That is, one is often inter-
ested in the design question: How large may we allow a set of tolerances to be without
compromising performance? Our framework allows one to address this question in a direct and
efficient manner. Moreover, as well will see in the following chapter, we have devised an in-depth

methodology for addressing this question.

7.2.5.2 Convergence Analysis

A convergence analysis is performed for the pseudospectral model of the solution manifold
with the Flat L-Bracket. In particular, we measure the error in both the L? and energy-norms to
assess the convergence of the displacement and strain energy fields, respectively. These norms are
given by:

2
I = [ P aeandlet] ] = asstet. et (7.38)

The results of the convergence analysis are shown below for the Dy, minor and Di, extreme in
Tables and respectively. To ensure the accuracy of the figures presented, the L? and
energy norms are computed for a total of 10 randomly-selected admissible geometries in the design
space and then averaged.

From these tables, we see that our surrogate modeling strategy quickly converges as the
polynomial degree py is increased. Similar to the Scordelis-Lo roof, the L?-error converges quicker
than the energy error. The effectiveness of our surrogate modeling strategy is portrayed through

these tables since quick convergence is seen for geometries in both Dr, minor and Dr, extreme-
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7.2.6 Wind Turbine Blade

As has been the theme of this dissertation, the inconsistent geometric descriptions used in
design and analysis models constitute a significant rift in modern engineering work flows. While
IGA addresses this issue fundamentally, many industrial design strategies remain disconnected and
iterative, requiring repetitive user interaction. Typically, a designer first develops a CAD model
using a particular software platform. The model can then be uploaded into a CAE platform
to convert the geometry model information into mesh information suitable for analysis. Upon
completing analysis, if the user wishes to change a design parameter, the entire process is repeated.

Previous work addressed this challenge by constructing a computational framework capable of
performing NURBS-based parametric design, isogeometric analysis, and result visualization seam-
lessly in a single software environment. The framework is unique in that it is capable of utilizing
complex, CAD-based geometric operations to generate parametric models for IGA. Basic heuris-
tic methods were employed to perform optimization of a subset of design variables of an NREL
5MW wind turbine blade, a complex geometry defined by many design variables in [65]. However,
given the seamlessness of the framework, it can be readily modified to incorporate design space

discretization techniques, demonstrating the viability of such techniques for industrial applications.

7.2.6.1 Problem Formulation and Methodology

Here we consider application of our surrogate modeling methodology to the parametric de-
sign and analysis of an NREL 5MW wind turbine blade within the aforementioned design space
exploration framework. Our goals are twofold: (i) to demonstrate that our surrogate modeling
strategy seamlessly extends to the nonlinear and time-dependent settings and (ii) to demonstrate
the effectiveness of our methodology in the context of an industrial-strength application.

Wind turbine blade geometries are typically defined by a set of parameters at discrete lo-
cations, or “stations,” along the length of the blade. The usual parameters are radial location of

the section along the blade, chord length, airfoil shape, and twist degree. These parameters define
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Figure 7.16: Simplified composite layup used for wind turbine optimization. Green color (top)
indicates base uni-directional carbon across entire blade, blue color (middle) indicates root buildup
of SNLTriax, and purple color (bottom) indicates spar cap region made up of additional uni-
directional carbon.

the shape and orientation of each two-dimensional station in three-dimensional space; lofting all
airfoil profiles produces a wind turbine blade shell geometry. In [69] a complete definition of a wind
turbine blade geometry intended for use in 5MW offshore applications.

For this dissertation, all geometries are considered to have the same loading configuration.
The root edge of the blade is clamped by eliminating all motion of the two innermost rings of
control points, and a uniform flapwise traction of 250 Pa is applied in the reference configuration.
The wind turbine blade is modeled as a nonlinear Kirchhoff-Love shell with a composite material
model. A simplified composite layup is also used, shown in Figure The blade is constructed
primarily of a thin shell of uni-directional carbon, indicated by green, covering the entire blade,
with additional uni-directional carbon thickness in the spar cap zone, indicated by purple, and
buildup of SNLTriax on the root, indicated by blue. See [09] for details about material properties.
Moreover, the T-spline analysis model is comprised of 1440 elements. From the traction loading,
the shell model is iteratively solved until reaching its maximum tip displacement. The resulting
displacement field in this state is the output which is used in our design space exploration surrogate

modeling paradigm.
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Figure 7.17: The basic layout of the isogeometric PDO framework, laid out in Grasshopper 3D, a
visual programming plugin for Rhino, configured for iterative use.

7.2.6.2 Implementation

For implementation, we employed and extended an isogeometric Parametric Design Opti-
mization (PDO) framework based on the CAD software Rhinoceros 3D (Rhino) [65]. Rhino has a
NURBS-based geometry kernel, making it an attractive choice for IGA, and also features Grasshop-
per, a visual programming interface that enables parametric design within Rhino. The basic struc-
ture of the isogeometric PDO framework configured for iterative use is shown in Figure

As Figure demonstrates, each of the stages in the entire design and analysis work flow
are contained within a single software platform. The rectangular components in Figure [7.17] are
referred to as Grasshopper “clusters” and each contains a subset of predifined Grasshopper func-
tions and C# scripting components. The “Design” cluster, for example, contains the appropriate
geometric functions, such as point interpolation, curve rotation and translation, and lofts, necessary
to construct a NURBS-based engineering model. The exact contents of the “Design” cluster will
of course depend on the engineering application. The “Analysis” cluster contains functions that
output the geometry, without performing meshing, and call the analysis code. The analysis code in
these examples is IGA-based and seeks the midsurface displacement of a composite Kirchhoff-Love
shell, originally formulated in [I0] and reproduced in [65]. The results are then directly read and
visualized within the Rhino viewport using the components inside the “Visualization” cluster.

The approach described above unites the paradigms of parametric design and high-fidelity

FEA, allowing seamless design and analysis of complex engineering models within a single workspace.
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Figure 7.18: The isogeomtric PDO framework configured for use with the design space explo-
ration methodology, including analysis-heavy, iterative offline stage (top) and GUI-driven, rapidly
evaluated design exploration stage (bottom).

In the configuration shown in Figure however, the approach is limited in that it relies heavily
on iteration. Hence, a designer cannot actively interrogate a particular point in the design space.
Instead, once a point is selected, analysis results are available only after the entire structural anal-
ysis is completed.

In this work, the Grasshopper-based isogeometric PDO framework is reconfigured for use
with the design space discretization methodology presented in the previous sections. As Figure
illustrates, the “Design” and “Analysis” clusters can first be used to automatically analyze the
displacements d(u;) at a predetermined set of collocation points p;. This analysis information is
then utilized to construct the surrogate model which approximates the solution manifold d(u). In
particular, given a design variable u, the associated displacement vector can be efficiently produced
via evaluation of the solution manifold. As shown in Figure this displacement vector is
provided to the Grasshopper interface such that visualization of the solution, based on the original
geometry’s position and nodal displacements, is performed. The designer can therefore use the
GUI to select a design point of interest and quickly see the resultant geometry and any other

post-processed results within the Rhino viewport, as shown in Figure [7.18
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We emphasize that, in the workflow demonstrated by Figure only the initial, offline
stage requires relatively computationally expensive finite element calculations. Once the results of
these analyses have been used to construct the surrogate model however, a GUI can be used to
rapidly explore the entirety of the design space and associated high-fidelity analysis results.

The NREL 5MW wind turbine blade in the PDO framework uses 19 radial locations, the
parameters described in [69], each with independent chord lengths and airfoil cross-sections, to
generate a turbine blade geometry. To reduce the dimensionality of the design space, we construct
a quadratic B-spline with 4 parametric degrees of freedom which describes the chord line, ¢, as a
function of radial position, r, as our design variable. Moreover, we do not consider the effect of
varying airfoil cross-section on the displacement field and instead hold these nominal specifications

constant. We define the turbine blade design space Diye, C R? via:
Diurp == {p € R}9 < P, <13, 4.1 < P5, <4.7, 22< Pp, <30, 4.2 < Pry < 4.6}

where these parameters define the control variables P3 and P5 which describe the B-spline curve

given by

Figure depicts the chord line of design space, Dy, for the wind turbine blade.
In addition to the design space presented in Figure[7.19] a representative set of geometries in
this design space are shown in Figures and These figures demonstrate how altering the

chord design parameter affects the resulting geometry.

7.2.6.3 Convergence Analysis

Similar to before, we perform a convergence analysis and assessment on the wind turbine blade
using a nodal representation of the solution manifold. This choice of surrogate model was informed
by the results of the Scordelis-Lo roof namely, a nodal surrogate modeling strategy is preferred

for a low-dimensional design space. In particular, we measure the errors in the displacement
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Figure 7.19: The chord line describing design space of an NREL 5MW wind turbine blade, Dgyp.
The chord line as a function of radial location is constructed using a piecewise quadratic B-spline.
The two red control points in the dashed box, P; and P; are the design parameters for the turbine
blade, which are free to move within the box. The B-spline curve shown is the nominal configuration
for the turbine blade.
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Figure 7.20: A sample geometry contained in Dyy,. This design has a tip wise shift in the maximal
chord location.
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Figure 7.21: A sample geometry contained in Diy,. This design has a smaller maximal chord
location.
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Figure 7.22: In the left plots, we present representative chord lines associated with geometries
admissible to Dy The blue lines correspond to the nominal turbine geometry while the red
lines are the chord lines associated with a turbine geometry present in the design space under
consideration. In the right column of plots, the corresponding strain fields for the exact IGA
solution, as well as the nodal surrogate model for levels 1 through 4, are shown.
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field and maximum in-plane strain field, both of which are measured in the L?-norm. For e" =

h h hy — h h ; .
UIGA ~ Usurrogate and 5(6 ) - E(UIGA) - Z':(usurlrog;ate)a these fields are given bY-

”eh||(2),Q:/Q|€h|2 d  and  [e"||Z = [le(e")lf o (7.39)

where the e-norm is the L2-norm of the strain as defined in [73]. These norms effectively assess the
accuracy of the surrogate model’s capability of representing the displacement field as well as the
corresponding strain field. Table below depicts the convergence behavior of the nodal surro-
gate model constructed using the Lagrange polynomials with the tensor-product Gauss-Legendre
sampling scheme.

We see that both the L? and ¢ errors decrease very quickly from the first level to the third
level. In fact, both errors drop by over an order of magnitude from the first level to the third level.
However, it should be noted that the convergence rates slow by the fourth level. This is because the
coarse-scale solution behavior across the design space has been resolved while a high polynomial
degree is required to accurately capture the remaining fine-scale solution features. Nonetheless,
the average L? and e errors are quite small and acceptable by the 4*" level. In addition to the
convergence table above, we present the strain fields for a representative set of turbine geometries
present in Dy, in Figure [7.22] This figure demonstrates that our surrogate modeling strategy is
very effective in resolving the solution fields of interest in nonlinear structural mechanics, namely

the strain and stress fields.
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Table 7.2: Results for the Scordelis-Lo roof with a Nodal solution manifold representation using
a full tensor-product interpolation scheme with the Gauss-Legendre quadrature nodes. In the
table below, ¢ is the level parameter, py is the polynomial order of the Lagrange basis used to
represent the solution manifold, ny is the number of interpolation points used to attain the specified
representation, and ng,¢ is the number of basis functions in Qp, (Droof)-

. Number Average
C()Sll(flcatlon of ¢ | pe | Maog| me Average L? Encray
cheme FElements error Error
1] 0 1 1 | 1.6377x 10"t | 7.1909 x 10!
2 | 1] 16 | 16 | 3.2600 x 102 2.3733
16 3 | 2 [ 8 | 81 | 2.2544 x 1073 | 7.8076 x 107!
4 | 3 1256|256 | 4.3639 x 10~% | 7.3727 x 102
5 | 4 1625625 ] 6.9755 x 107° | 9.9253 x 103
Gauss-Legendre
1] 0 1 1 | 1.3030 x 10~ | 4.6528 x 10!
2 [ 1] 16| 16 | 2.2413 x 1072 2.1955
64 3 | 2 [ 8 | 81 | 3.7941 x 103 | 3.4959 x 107!
4 | 3 1256|256 | 5.2635 x 10~% | 1.0806 x 10T
5 | 4 [625]625 | 7.1170 x 10~° | 1.2703 x 102

Table 7.3: Results for the Scordelis-Lo roof with a Modal solution manifold representation using a
tensor-product Gauss-Legendre quadrature scheme for numerical computation of the pseudospectral
coefficients. In the table below, £ is the level parameter, p; is the polynomial order of the Legendre
basis used to represent the solution manifold, ny is the number of quadrature points used to attain
the specified representation, and ng4,¢ is the number of basis functions in Qp, (Droof)-

Number Average

Qléairature of ¢ | pe | Maog| me Average L? Energg;

cheme Elements error Error
1] o0 1 1 | 1.6377 x 107! | 7.1909 x 10*

2 | 1] 16 | 16 | 3.2600 x 102 2.3733
16 3 [ 2 [ 81 [ 8 | 22544 %1073 | 7.8076 x 10~ "
4 | 3 256|256 | 4.3639 x 10~% | 7.3727 x 1072
5 | 4 1625|625 6.9755 x 107° | 9.9253 x 1073

Gauss-Legendre

1] o0 1 1 | 1.3030 x 10! | 4.6528 x 10*

2 [ 1116 ] 16 | 2.2413 x 1072 2.1955
64 3 | 2] 81 | 8 | 3.7941 x 1073 | 3.4959 x 1071
4 | 3 256|256 | 5.2635 x 10~% | 1.0806 x 1071
5 | 4 1625|625 ] 7.1170 x 107° | 1.2703 x 102
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Table 7.4: Results for the Scordelis-Lo roof with a modal solution manifold representation us-
ing sparse, delayed Kronrod-Patterson and Clenshaw-Curtis schemes for the computation of the
sparse pseudospectral coefficients in the isotropic Legendre basis. In the table below, ¢ denotes
the level parameter, ny is the number of function evaluations required to accurately capture the
pseudospectral coefficients, and ng,¢ is the number of basis functions in P, (Dyoof)-

Number Average
Qléairature of ¢ | Maog| e Average L? Energg;/
cheme Elements error Error
1 1 1 1.6377 x 1071 | 7.1909 x 10!
2 5.1812 x 1072 | 1.7968 x 10!
3 | 15 | 33 | 9.5744 x 1073 3.9784
4 |35 [ 81 | 3.3485 x 1073 | 9.8703 x 10~ T
16 5 | 70 | 193 | 1.2528 x 1073 | 2.1011 x 10~ T
6 | 126 | 385 | 3.0431 x 10~% | 6.8352 x 1072
7 [ 210 ] 641 | 1.1234 x 10~% | 1.8871 x 1072
8 [330] 1217 2.2538 x 107° | 5.8715 x 1073
9 [495 [ 1985 | 1.0071 x 10~° | 1.3624 x 10~
Delayed 10 | 715 | 2881 | 2.7734 x 10°° | 4.9535 x 10 *
Kronrod- = T
Patterson 1 1 1 1.3030 x 10 4.6528 x 10
2 5 9 2.1879 x 1072 7.0638
3 [ 15| 33 [ 9.3368x10°3 2.5295
4 135 [ 81 | 21281 x 1073 | 7.0158 x 10~ T
64 5 | 70 | 193 | 6.4161 x 10=* | 1.2545 x 10~ T
6 | 126 | 385 | 1.8277 x 10~% | 4.9450 x 102
7 | 210 | 641 | 7.4230 x 10~° | 8.9910 x 1073
8 [330 ] 1217 | 1.9857 x 107° | 3.5557 x 1073
9 [ 495 [ 1985 | 8.4778 x 107° | 6.4857 x 10~ *
10 | 715 | 2881 | 2.3575 x 1070 | 2.9674 x 10~*
1 1 1 1.6377 x 10~ | 7.1909 x 10!
2 5 9 5.1394 x 10~2 | 1.8089 x 10?
3 | 15 | 41 | 1.1524 x 1072 4.0875
4 | 35 | 137 | 5.2109 x 103 1.1882
16 5 [ 70 | 369 | 1.8731 x 103 | 3.8849 x 10T
6 | 126 | 849 | 6.9447 x 10~% | 1.6440 x 10~ T
7 1210 [ 1777 | 2.0808 x 10~* | 3.4681 x 102
8 13303377 | 7.1409 x 10~° | 1.0398 x 102
9 [ 495 [ 5953 | 1.3878 x 10™° | 2.4518 x 1073
Delayed 10 [ 715 | 9857 | 2.9136 x 10~ % | 5.5005 x 10~2
Clenshaw-Curtis 1 1 1 1.3030 x 1071 | 4.6528 x 10!
2 5 9 2.4812 x 1072 7.2903
3 | 15 | 41 | 6.8846 x 1073 3.1244
4 | 35 | 137 [ 3.6722x 1073 | 7.7122 x 10~ T
64 5 | 70 | 369 | 1.5087 x 1073 | 3.3838 x 10~ T
6 | 126 | 849 | 3.1583 x 10~% | 1.0724 x 10~ T
7 210 | 1777 | 1.0943 x 10~% | 4.3432 x 102
8 [330]3377 | 82457 x 107° | 7.9000 x 103
9 [ 495 [ 5953 | 1.0503 x 10~° | 2.0733 x 1073
10 | 715 | 9857 | 2.0608 x 1075 | 3.4954 x 10~*
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Table 7.5: Results for the Scordelis-Lo roof with a modal solution manifold representation using an
isotropic Legendre basis with a tensor-product univariate Gauss-Legendre quadrature scheme. In
the table below, ¢ denotes the level parameter, n, is the number of function evaluations required
to accurately capture the pseudospectral coefficients, and ng4,s is the number of basis functions in

sz (Droof) .

Number Average

Qtéa(}ilrature of ¢ | Ndof me Average L? Energgy

cheme Elements error Error
1|1 1 | 1.6377 x 107! | 7.1909 x 10*
2 | 5 | 16 | 4.8885 x 1072 | 1.8471 x 10!

16 3 [ 15 ] 81 | 8.0005 x 103 3.9283
4 135|256 | 2.6645 x 1073 | 8.6922 x 10~ 1
5 | 70 1625 | 1.0542 x 1072 | 1.6657 x 10~ 1

Gauss-Legendre

1|1 1 | 1.3030 x 107! | 4.6528 x 10*

2 | 5 | 16 | 2.4659 x 1072 7.4684

64 3 [ 15 ] 81 | 7.2669 x 1073 2.2228
4 |35 ]256 | 2.0511 x 1073 | 5.7762 x 10!
5 [ 70 [ 625 ] 5.2271 x 10~* | 1.1514 x 10T

Table 7.6: Optimization of the functional presented in this section using the full IGA model through-
out the design space.

Optimal Design .
Model ap | a9 Parameters Function o1 d, €1
(L, R, t, ©) Calls
1] 0| (45, 20,03, 45) 215 -841.1226 | -0.0501 | -0.3414
. [ % [ % | (55, 30, 0.2, 38.35) 321 ~1524.0956 | -0.2687 | -1.4085
Isogeometric 5= = 5r"35 0.2, 35) 243 -1644.8266 | -0.3010 | -1.4606
Solution s | % | (55, 30, 0.2, 35) 180 1644.8448 | -0.3010 | -1.4606
0 1| (55, 30,0.2 35) 150 -1644.9230 | -0.3011 | -1.4607
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Table 7.7: Optimization of the functional presented in this section for varying level and «; for
tensor-product, interpolating surrogate model.

a

Optimal Design

Function

Model al | as | p Parameters o1 d, €1
(L, R, t, ¢) Calls
0| (45.7, 24, 0.3, 41.9) 5 -1564.7212 | -0.1214 | -0.6749
1 (45, 20, 0.3, 35) 282 -873.3413 | -0.0495 | -0.3130
110 |2 (45, 20, 0.3, 35) 236 -902.2156 | -0.0509 | -0.3212
3 (45, 20, 0.3, 45) 212 -840.5739 | -0.0501 | -0.3411
4 (45, 20, 0.3, 45) 181 -841.1787 | -0.0501 | -0.3414
0 (55, 30, 0.3, 45) 186 -947.7444 | -0.1214 | -0.8791
1] (55, 30, 0.2, 37.05) 195 -1536.1837 | -0.2698 | -1.4058
¥ | ¥ | 2] (55,30, 0.2, 37.79) 176 -1530.2811 | -0.2687 | -1.4061
3| (55, 30, 0.2, 38.46) 167 -1518.8445 | -0.2674 | -1.4051
4 1 (55, 30, 0.2, 38.37) 187 -1523.7463 | -0.2686 | -1.4084
Interpolatory 0 (55, 30, 0.3, 45) 141 -947.7431 | -0.1214 | -0.8791
with 1 (55, 30, 0.2, 35) 157 -1595.2322 | -0.2903 | -1.4453
Gauss- Vo | Yo | 2 (55, 30, 0.2, 35) 132 -1639.3973 | -0.2984 | -1.4600
Legendre 3 (55, 30, 0.2, 35) 160 -1643.2761 | -0.3006 | -1.4591
4 (55, 30, 0.2, 35) 178 -1645.0724 | -0.3011 | -1.4607
0 (55, 30, 0.3, 45) 133 -947.7425 | -0.1214 | -0.8791
1 (55, 30, 0.2, 35) 128 -1595.2309 | -0.2903 | -1.4453
Vo | % | 2 (55, 30, 0.2, 35) 154 -1639.4217 | -0.2984 | -1.4601
3 (55, 30, 0.2, 35) 133 -1643.3374 | -0.3006 | -1.4591
4 (55, 30, 0.2, 35) 139 -1645.1882 | -0.3011 | -1.4608
0 (55, 30, 0.3, 45) 123 -947.7419 | -0.1214 | -0.8791
1 (55, 30, 0.2, 35) 111 -1595.2319 | -0.2903 | -1.4453
0 1 ]2 (55, 30, 0.2, 35) 142 -1639.4180 | -0.2984 | -1.4601
3 (55, 30, 0.2, 35) 115 -1643.3302 | -0.3006 | -1.4591
4 (55, 30, 0.2, 35) 131 -1645.1909 | -0.3011 | -1.4608
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Table 7.8: Functional optimization for varying level and «; for a sparse, isotropic surrogate model.

Optimal Design .
Model a1 | ag | £ Parameters Function o1 d, €1

(LRt | W

1 | (474, 20,02, 434) | 5 | -1620.7782 | -0.1214 | -0.6987

2 [ (45, 20, 0.3, 45) 90 | -525.6763 | -0.0133 | -0.2302

3 [ (45,20, 0.3, 35) 147 | -815.8440 | -0.0436 | -0.2969

1 (45,20,0.3, 45) 136 | -813.3066 | -0.0479 | -0.3363

L | o 545,20, 0.3, 1) 140 | -847.3026 | -0.0507 | -0.3431

6 [ (45,20, 0.3, 45) 125 | -840.7822 | -0.0501 | -0.3413

7 [ (45, 20, 0.3, 45) 136 | -841.3068 | -0.0501 | -0.3414

8 [ (45, 20,0.3, 45) 162 | -841.0824 | -0.0501 | -0.3414

9 | (45,20, 0.3, 45) 143 | -841.1001 | -0.0501 | -0.3414

10| (45, 20, 0.3, 45) 133 | -841.1252 | -0.0501 | -0.3414

1| (55, 30, 0.3, 45) 126 | -947.7444 | -0.1214 | -0.8791

2 [ (55, 30, 0.2, 45) 88 | -1333.4704 | -0.2011 | -1.2796

3 (55 30, 0.2, 41.56) | 113 | -1408.0096 | -0.2360 | -1.3363

1 (55,30,02,39.22) | 123 | -1493.7329 | -0.2607 | -1.3921

o | v | (55,30, 0.2, 38.56) | 150 | -1518.9885 | -0.2675 | -1.4071

6 [ (55,30, 0.2, 38.37) | 130 | -1524.1443 | -0.2687 | -1.4087

7 1 (55,30, 0.2, 38.35) | 106 | -1524.0718 | -0.2687 | -1.4085

8 (55 30,0.2, 38.35) | 95 | -1524.2580 | -0.2687 | -1.4036

9 [ (55, 30,0.2,38.35) | 131 | -1524.1108 | -0.2687 | -1.4085

10 [ (55, 30, 0.2, 38.36) | 120 | -1524.1015 | -0.2687 | ~1.4085

Pseudospectral I (55, 30, 0.3, 45) 165 | -947.7431 | -0.1214 | -0.8791

with 2 [ (55, 30, 0.2, 45) 90 | -1333.4712 | -0.2011 | -1.2796

Delayed 3 [ (55, 30, 0.2, 36.39) | 108 | -1521.7261 | -0.2737 | -1.3933

Kronrod- 1 (55,30, 0.2, 35) 150 | -1623.7197 | -0.2969 | -1.4484

Patterson | | |75 | (55,30,0.2,35) 127 | -1641.9099 | -0.3005 | -1.4600

| 26 (55 30, 0.2, 35) 133 | -1644.2682 | -0.3009 | -1.4603

7 1 (55, 30, 0.2, 35) 143 | -1644.8948 | -0.3011 | -1.4607

S [ (55, 30,02, 35) 101 | -1644.9328 | -0.3011 | -1.4607

9 (55,30, 0.2, 35) 127 | -1644.9215 | -0.3011 | -1.4607

10| (55, 30, 0.2, 35) 110 | -1644.9249 | -0.3011 | -1.4607

1| (55, 30, 0.3, 45) 143 | -047.7425 | -0.1214 | -0.8791

5 (55, 30, 0.2, 45) 91 | -1333.4715 | -0.2011 | -1.2796

3 [ (55, 30,02, 35) 117 | -1541.0108 | -0.2823 | -1.4008

1 (55,30,02,35) 99 | -1623.9744 | -0.2070 | -1.44%5

v, | 2, [ 5| (55,30,0:2,35) 107 | -1641.9102 | -0.3005 | -1.4600

6 [ (55,30, 0.2, 35) 97 | -1644.2650 | -0.3009 | -1.4603

71 (55, 30, 0.2, 35) 118 | -1644.9110 | -0.3011 | -1.4607

8 [ (55,30, 0.2, 35) 109 | -1644.9338 | -0.3011 | -1.4607

9 [ (55,30, 0.2, 35) 92 | -1644.9182 | -0.3011 | -1.4607

10| (55, 30, 0.2, 35) 99 | -1644.9260 | -0.3011 | -1.4607

T | (55, 30, 0.3, 45) 144 | 047.7419 | -0.1214 | -0.8791

2 [ (55, 30, 0.2, 45) 127 | -1333.4718 | -0.2011 | -1.2796

3 (55 30, 0.2, 35) 95 | -1541.9196 | -0.2823 | -1.4008

1 (55,30,02, 35) 110 | -1623.9775 | -0.2970 | -1.4485

o | | [ (55,30,02,35) 102 | -1641.9127 | -0.3005 | -1.4600

6 | (55,30, 0.2, 35) 98 | -1644.2677 | -0.3009 | -1.4603

71 (55, 30, 0.2, 35) 126 | -1644.9140 | -0.3011 | -1.4607

8 [ (55,30, 0.2, 35) 109 | -1644.9364 | -0.3011 | -1.4607

9 (55 30, 0.2, 35) 120 | -1644.9208 | -0.3011 | -1.4607

10| (55, 30, 0.2, 35) 132 | -1644.9289 | -0.3011 | -1.4607
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Table 7.9: Results for the Flat L-Bracket with a modal solution manifold representation of the
D1, minor using the sparse, delayed Kronrod-Patterson with an isotropic Legendre basis. In the
table below, £ denotes the level parameter, ng,; are the number of basis functions contained in
Pp, (D1, minor) and ng are the number of function evaluations required to accurately capture the
pseudospectral coefficients.

Collocation Number n Average L? Average
Scheme of V4 dof | Tw orror Energy
Elements Error
1 1 1 2.3589 x 107° | 1.3782 x 102
2 18 35 | 5.3034 x 1076 | 4.8530 x 10!
Kronrod-Patterson 480 3 | 171 | 579 | 1.4566 x 10-° | 1.7515 x 107
4 1140 | 6087 | 4.9801 x 10”7 3.5950

Table 7.10: Results for the Flat L-Bracket with a modal solution manifold representation of the
D1, extreme Using the sparse, delayed Kronrod-Patterson with an isotropic Legendre basis. In the
table below, ¢ denotes the level parameter, ng,; are the number of basis functions contained in
Ppy (D1, extreme) and ny are the number of function evaluations required to accurately capture the
pseudospectral coefficients.

Collocation Number ; Average 72 Average
Scheme of 14 dof | T orror Energy
Elements Error
1 1 1 1.9409 x 107° | 2.3368 x 102
2 18 35 9.9425 x 106 1.0326 x 102
Kronrod-Patterson | 480 3 | 171 | 579 | 40818 x 10 ° | 5.2883 x 10!
4 1140 | 6087 | 1.4370 x 10°© 2.2798 x 10T

Table 7.11: Results for an NREL 5MW with a nodal discretization of the design space using
tensor-product Gauss-Legendre nodes. These results use 10 randomly chosen design variables and
compares the isogeometric solution to the solution predicted by the nodal surrogate design space
representation. In the table below, ¢ denotes the level parameter, ng4,; are the number of basis
functions contained in Qp,(Dgyrp) and ny are the number of function evaluations.

Collocation Number n n Average L? Average ¢
Scheme of t dof) THt error Error
Elements
1 1 1 | 3.8484 x 10~ | 3.0465 x 1073
2 | 16 | 16 | 5.2918 x 1072 | 3.3269 x 10~*
Gauss-Legendre | 1440 3| 81 | 81 | 21019 x 102 | 1.4241 x 10— %
4 1256|256 | 9.0516 x 1073 | 9.7949 x 10~°




Chapter 8

Physics-Informed Tolerance Allocation

The problem considered emanates naturally from the aforementioned isogeometric design
space exploration methodology presented in Chapter[7] In contrast to the design space exploration
framework, rather than a full-system response, we are instead interested in the system perfor-
mance Q(u), a scalar-valued function which provides a quantity of interest, e.g. maximum stress,
maximum displacement, etc., as a function of design. Although we ground this topic in examples
pertaining to the elastic problems considered in Chapters and the methodology can

easily be extended to a wide array of parametric partial differential equations.

8.1 Problem Statement

We are particularly interested in controlling allowable geometric deviations such that the de-
sign conforms to a prescribed performance constraint, which we denote Q.jiow. In the spirit of clas-
sical tolerance practices, we define the tolerance variable T € ]Ri“ which employs a performance-
based tolerance about a nominal design, which we denote f1 € R%. In this instance, any varied
geometry about the nominal design can be represented via the relationship gt = ft + 7. We wish to
determine an optimal tolerance T € Ri“ such that for all fo with |f; — fi;| < 7 for i =1,2,...,d,,
it follows that Q(ft) < Qanow. However, since we are no longer concerned with a single design but

rather a space of designs, we must define the tolerance hyperrectangle centered at g by:

Da(r) = {u eRY ;| — | <7y i=1,2,... ,du}. (8.1)
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This hyperrectangle formally characterizes the space of designs which deviate from a nominal design
£t within some threshold 7. Note that sequences of hyperrectangles of this type are in fact nested. In
particular, given some fi and tolerance variables 71, 75 such that if (71); < (7); fori =1,2,...,d,,
it necessarily follows that Dy (1) C Dp(12).

The quantity Q(u) provides a characteristic of only one design. Instead, we would like to
understand the behavior of this quantity over an entire space of designs, in particular the space of
designs within a specified tolerance hyperrectangle. This necessitates the direct manipulation of
the tolerance variable 7, rather than the design variable p. Therefore, we define the performance

measure G(7) which will be used as our constraint in the optimization problem:

g(r) = s Q(n) (82)

elucidating the equivalent constraint on the tolerance variable of G(7) < Qaow. That is, all
candidate tolerance variables in our selection procedure must satisfy the criterion that the “worst-
case” design within the corresponding tolerance hyperrectangle must be in compliance with the
performance constraint.

There are a variety of approaches to arrive at an optimal tolerance variable, which we refer
to herein as 7, satisfying the above criteria. For our applications, it is desirable that 7 be maximal
with respect to some measure, denoted F(7), which we refer to colloquially herein as the tolerance
measure. Moreover, it is preferable that the choice of the tolerance measure will ultimately provide
the most flexibility in design as well as inform design considerations such as cost or manufacturabil-
ity. With the appropriate mathematical formalism in place, we can pose our general optimization

problem:
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Given 1 € Ri“, find 7 such that

7 = argmax F(7) where Taow := {‘T S Ri“ :G(m) < Qallow} (8.3)

TEEIIOW

With this problem formulation, there are four outstanding concerns:

1. Each function call to G(7) is a demanding optimization over p, how do we mitigate this

seemingly unavoidable computational expense?

2. How do we construct the tolerance “search space” Taow in a computationally feasible, yet

exhaustive manner?

3. Our choice of F(7) may dramatically affect the resulting 7, what is an appropriate choice

for this measure?

4. How do we arrive at 7, the solution to the optimization problem Eq. (8.3)) which we have

outlined above?

We address these issues in the following subsections and present our solutions to each.

8.1.1 A Low-Rank, Separated Representation for System Performance

Recall Eq. , the worst-case constraint function over a tolerance hyperrectangle. Given a
tolerance variable 7, G(7) searches the corresponding tolerance hyperrectangle for the entry which
maximizes the performance constraint Q(u), a rather costly optimization procedure. This is due to
the necessity of a global system construction and subsequent solve of the isogeometric discretization
for each p. Moreover, this computational cost is only compounded in optimization routines over
the tolerance variable, in which G(7) must be evaluated several times. The goal of this subsection
is to construct an economical and numerically stable model for the quantity Q(u).

To alleviate this inherent computational expense, we resort to constructing a surrogate model

to Q(u), analogous to those considered in [I4]. However, the nodal and modal surrogate models
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considered therein suffer from the notorious curse of dimensionality, where a linear increase in model
fidelity demands an exponential increase in required sample realizations. Additionally, high-fidelity
orthogonal polynomial expansions are comprised of many terms, consequently increasing compu-
tational expense for each evaluation. Furthermore, the cardinality of these orthogonal polynomial
basis sets in moderate dimensions present stability concerns in floating-point arithmetic. Therefore,
we instead adopt a technique emanating from the uncertainty quantification community known as

a low-rank, separated representation. That is, a representation of the form:

r du
Q) ~ Qrp(p) = > s5¢%p(p) where  Gpp(p) =[] g0, (1) (8.4)
/=1 i=1

for a surrogate model to Q(u). The separation rank, r, is chosen to be relatively small, mitigating
the stability and economic concerns presented above while the polynomial degree p is chosen suffi-
ciently large to effectively resolve nonlinearities. The coefficients sy are constants which enforce any
normalization preferences e.g. || géyp” = 1. These basis functions provide a better approximation
to Q(p) at the expense of the orthogonality that is ensured by an orthogonal polynomial series.
Determining the basis set {géyp(ui)};ﬂ for i = 1,2,...,d, is a nonlinear optimization problem
with various solution approaches as outlined in [15[42]. One approach utilizes an alternating least-

squares routine, e.g. see [75), 20, 34} [IT1], which minimizes the usual least-squares error between N

data points {(u(j), Q(j)) }j\;l and the minimizer Q,.,(u):

N

(9, @Y = Qrp(D) [ = D (V) = Q, p(u)))? (8.5)

j=1
where pl) = (ugj),,ugj), e ,ug}) and Q) = Q(ul)). This is accomplished by determining the
coefficients cé’ ; in-an orthogonal polynomial expansion, e.g. the Legendre polynomials, of the form:

M,

Goplpi) =Y ¢ Lp(mi),  i=1,2,....d,, (=12, .r (8.6)
j=1
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effectively approximating the non-polynomial basis function set. Alternative approaches for deter-
mining the coefficients CZ ; exist, including compressive sensing [122], [127] and adding regularization
terms to the error [117) [42]. Moreover, other orthogonal polynomials, e.g. Hermite, may be
employed to consequently induce a non-uniform weighting on the sample space. Note that this
representation is particularly appealing for our purposes due to the variety of existing optimization
algorithms for determining G(7) from function representations of this form, e.g. [100]. Additionally,
the low-rank nature of these separated representations affords its numerically stable and economical
evaluation, since they are comprised of relatively few terms in comparison to potentially thousands

in the interpolatory or spectral counterpart.

8.1.2 Construction of the Tolerance Search Space

The question of over which space to construct the surrogate model, that is Taiow, naturally
arises after the presentation of our surrogate model construction strategy. Constructing this space
too expansively will render Qr,p(u) a poor approximation of the true performance constraint Q(u)
while a conservative construction of 7Taow Will limit our tolerance allocation capabilities. Given
certain regularity and smoothness assumptions on the performance constraint Q(u), we can convert
the problem of sizing the tolerance search space Taiow into a set of d,, one-dimensional root-finding
problems. In particular, we define ¢;(u) := Q(ft + pe;). Then, if ¢;(1) € C', we can assert that

(Tanow); = |17 — fu;| where:

' ai(1) = Quy
W; = argmin 3 | — ﬂi|2 such that ’ o (8.7)

dq; ~
g 2l sgn (1 — fi;) >0

fori=1,2,...,d,. We rigorously ground this concept in the following proposition:
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Proposition 19. The tolerance hyperrectangle Tajion with dimensions defined by Eq. (8.7)

contains all solutions to Eq. (8.3)).

Proof. Suppose 3 7* satisfying Eq. (8.3 such that G(7*) = Qaiow but 7 > (Taliow); for some

i € [1,d,]. Then by the monotonicity asserted by Eq. (8.7)) it follows that for some T € Tanow:
Qallow = g(T*) > g(T) = Qallow

In the case of a strict inequality, the contradiction is apparent. However in the case of

equality, G(7*) = G(7) implies that %ﬁf) (uf — f1i) < 0 due to monotonicity, contradicting the
the condition presented in Eq. (8.7). O

We have thus far presented a methodology for sizing the upper bounds, T, of the toler-
ance hyperrectangle. However, in practice it may be desirable to additionally enforce lower bounds
Tmin, €nsuring that boundary solutions to Eq. still allocate some prescribed minimum, nonzero
tolerance to every design parameter. The only requirement in this case is that G(Tmin) < Qallow,
where, in the case of equality Tmin = 7. Moreover, assignment of T, does not affect the afore-

mentioned construction of T ax.

8.1.3 Tolerance Measures

In Section section of this dissertation, we consider the following three tolerance measures
for optimization. FEach measure is used to emulate the cost, or inverse of cost in the instance
of the first two measures, associated with each tolerance. Intuitively, the more flexibility each
tolerance parameter has, the lower the associated cost, e.g. if 7; is large, manufacturing costs
will be low given the loose tolerance. The tolerance measures presented in this section are by
no means exhaustive. However, they are perhaps the most relevant for the applications considered
herein while also demonstrating the versatility of our methodology with respect to matters of design

interest. For a list containing several other tolerance measures that are considered in practice, refer
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to [27, 13}, 79, [115, 33

1. The first measure considered, Fi(7), is perhaps the simplest choice.

d“
Fi(r) = Zn (8.8)
i=1
Note that, F1(7) = ||7||1- Intuitively, the selection of this tolerance functional will maxi-

mize the total tolerance available while complying to the performance constraint. However
this choice may lead to the sparsest solution in the presence of large discrepancies in the

magnitudes of design parameter sensitivities.

2. The second measure considered, F,,(7), leverages the design variable sensitivities informed
through the performance measure surrogate model since the weighting: «; = |9, ()]

accounts for design parameter sensitivities revealed through the surrogate model.

With this selection, design parameters which are the most sensitive to perturbations are

given prevalence in the optimization routine.

3. The third and final measure considered, F_i(7), is a more drastic weighting than the
previous two. In particular, this measure will “isotropize” the allocated tolerance since

maximal values of the contours lie along the vector of ones.

d, -1

Foi(r) = j{:éﬁ (8.10)
i=1""

Moreover, this measure coerces tolerance values away from the axes which, in the scenario

without minimum-allocated tolerances, prevents “wall solutions” from occuring.
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8.1.4 Manifold Traversal

The feasible region Tj10w in the optimization problem Eq. (8.3)) in fact describes a connected,

immersed manifold of codimension one, embedded in a d,-dimensional space, specifically,

M = {’T € Ri“ :G(m) = Qallow}- (8.11)

The nestedness of the tolerance hyperrectangles granted by our construction ensures that
this manifold is monotonically increasing. Moreover in some instances, this manifold is also convex
suggesting an ascent-based optimization routine will excel. Classical optimization routines cannot
be directly employed, since each point of the manifold belongs to a different linear space. However,
many of these algorithms have been generalized to a manifold setting [2), [I03] which are well-suited
for our optimization problem by introducing an affine connection between linear spaces. Common to
these algorithms is that for every iteration ¢, a linear space is constructed about the point 7;, namely
the tangent space Ty, M. If we define N'(T) := span {V,-G(7)}, then it follows that T, M = N (7)*,
necessitating the computation of V,G(7;) in an efficient and accurate manner. Moreover, since G(7)
is an implicitly-defined manifold with potentially sharp gradients, finite-difference approaches lack
robustness in this regard. Instead, we resort to an analytic gradient by first defining the set of
candidate p-maximizers which define G(7), K(7) := {p € Dyu(7) : Q(n) = G(7)}. The gradient is

then given by:

0Q
i — i), K
so .|, G0 e, ki) £0
5. (T = lwimpul=r; (8.12)

Necessarily, R% = N (7)@Tr M for every T € M. Let {tl}flil_ ! € R denote an orthonormal

basis of T, M and define T = [t1|t2| ces |th_1]. Then for every 7 € R% there exists b € R and
¢ € R%~! such that 7 = n+bn where n = G(7)/||G(7)|| and n = TE. Intuitively, 1 is the manifold

normal at 7 and n is a vector in the tangent space with coordinates £ in the T basis.
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v'rg(Ti)

Figure 8.1: An example manifold with a graphical illustration of the differential geometric tools
presented in this section.

It is through this decomposition that we are capable of performing manifold optimization
solely in terms of tangent-space entities. Then, we project VF(7) into the tangent space which
provides the direction of steepest ascent. An illustration of such a manifold, along with the necessary
differential geometric tools to perform optimization, are shown in Fig.

Any finite traversal in T M away from 7 will no longer reside in the manifold due to the lack
of a covariant gradient in the definition our tangent space basis. Moreover, we are unable to readily
define the necessary Christoffel symbols because the manifold is implicitly defined. Therefore, we
resort to determining an operator which transforms elements of T, M into elements of M. A smooth
mapping R: TM — M, colloquially referred to as a retraction in the manifold optimization
community, is well suited for our purposes and is formalized in the following definition. For further

details, the reader is referred to [3, [112].



150
Manifold Retraction

Definition 1. A smooth mapping R : TM — M is said to be a retraction if it satisfies the

following properties. Let Ry = R|T,M denote the restriction of R to T M.
(i) R+(0y) =T where Oy, is the zero element of T- M.

(it) DR, (0y) = idr, ,, where idr,,, is the identity mapping on Traq, e.g. DR-(0y)[&] =&

A retractor induces a retraction provided it satisfies Definition A retraction operation
is an approximation to the Riemannian exponential map, that is, a local parametrization of M
in a neighborhood of 7 € M in terms of of tangent-space entities 1. There are several retrac-
tors available which are classified depending on their approximation capability of the Riemannian
exponential map. In particular, a retraction is referred to as 1%‘-order of it approximates the Rie-
mannian exponential map to the first order and similarly, it is 2"¢-order retraction if it agrees with
this map up to second order. Retractor classifications are thoroughly discussed in [3] and the reader

is referred here for further details. For our purposes we use the first-order retractor:

or() = (T+m) — Tmin, G(7+m) > Qallow (8.13)

Tmax — (T +1), G(T+n) < Qallow
Note that this retractor doesn’t exactly satisfy the definitions of Definition However,
it is shown in [3| Definition 4.1, Theorem 4.2] that if R(0,) is transverse to T.M, that is
R,(0,)NTr-M = 0y, R-(n) is indeed a retraction. This retraction operator plays a pivotal role in
our algorithm as well as many others in the manifold optimization community since it enables the

evaluation of the objective functional on the manifold solely through the tangent-space coordinates.

This feature elucidates an equivalent formulation of the optimization problem Eq. (8.3)) namely,

# = argmax F(R(n)) = argmax F (&) (8.14)
neTM geM

Note here that the feasible region 710w is now implicitly embedded in the restriction n € T M, and
similarly & € M. The function F (&) denotes the pullback of F through the retraction R, i.e. the

objective functional in terms of the curvilinear manifold coordinates & € M, or more specifically
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N

Fr(&) for the restricted pullback associated with R,. Additionally, property (ii) of Definition

facilitates the vector-transport of 1 along & through the differentiated retraction operator:
Ten = VeR(n). (8.15)

This ability enables vector-field differentiation in terms of manifold coordinates through an affine
connection between nearby tangent spaces. With the introduction of the aforementioned entities, we
are now capable of introducing the manifold ascent algorithm. Herein we consider two algorithms
for manifold ascent: (i) bound-constrained manifold gradient ascent and (ii) bound-constrained
manifold conjugate gradients. As is with the Euclidean setting, the manifold gradient ascent
algorithm suffers from slow convergence in the presence of large disparity between eigenvalues;
the manifold conjugate gradients algorithm somewhat restores the expected convergence rates.
Next, we provide pseudocode for the manifold traversal in efforts to algorithmically combine the

aforementioned entities in a computationally tractable manner.

8.1.5 Algorithm Pseudocode

Manifold traversal begins with an initial guess, 79 € M which may be obtained in a manner
analogous to retraction. In our algorithm we begin at the origin, or Ty, and construct a ray from
this point along the direction of V. F (7Tmin), or V-F(0). We then traverse this ray until the point
of manifold intersection, 7y, the initial guess to start the gradient ascent or conjugate gradients
algorithm. Heretofore, the remainder of the algorithm is iterative until convergence. Therefore for
the sake of generality, we employ the notation of 7; throughout the remainder of this discussion.

At the point 7;, we compute VG(7;) through , providing us the normal director to
M at the point 7;. Thereafter, we construct a basis to the tangent space T, M by determining
the orthogonal complement of VG(7;). With the construction of a basis for the tangent space, we
then project V.F into the tangent bundle to obtain the steepest ascent direction and hence the
direction for the line search. In the case of conjugate gradients, there are additional terms in the

ascent direction which are informed through previous iterates of the algorithm. A line search is
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then performed over this search direction, between wall boundaries, and the maximal value is set
to 7;4+1. This line search process utilizes the retraction operation since every function evaluation
on the manifold is equivalent to an evaluation of a retracted tangent-space entity.

Note that in every step of the algorithm when constructing 7, M, we must employ a check
which will determine if 7; lies on a boundary of the hyperrectangle. If so, then we check if V.F
has increasing normal derivative out of the hyperrectangle. If both of these conditions are met, the
components of the tangent basis which exit the hyperrectangle are set to zero, effectively projecting
the manifold trace onto the tolerance hyperrectangle boundary. The monotonicity of the manifold
ensures that this component has been maximized and no further optimization in that direction
is necessary. Note that the first iteration of conjugate gradients is simply gradient ascent and
every new “boundary projection” effectively restarts the conjugate gradients algorithm, this flag is

denoted by CG in the algorithm pseudocode.

Algorithm 1 Manifold retraction operation

1: function MANIFOLDRETRACTION(70,n)

2 if G(10+m) > Qanow then > 79 + 1 is above manifold
3 v=(T0+1N) — Thin > Retractor per Eq.
4: else > 79 + 1 is below manifold
5: V= Tmax — (To + M) > Retractor per Eq.
6: end if

7 Ty(s) = sv+ (170 + 1) > Line from tangent space along retractor to manifold
8: Find s* such that G(7y(s*)) = Qalow > Determine manifold intersection
9: return 7,(s%)

10: end function

8.2 Numerical Tests

In the following section, we apply the aforementioned methodology to the setting of linear
elasticity. We consider a suite of problems including: (i) a plate with hole parametrized by two
design parameters, (ii) a plate with hole parametrized by six design parameters, (iii) an L-Bracket
parametrized by 17 design parameters. These problems are chosen to demonstrate the robust-

ness and effectiveness of the algorithm with respect to dimensionality over complex and intricate
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Algorithm 2 Build tangent space

1: function BUILDTANGENTSPACE(T(, Tmin, Tmax)

2 CG=1

3 T =[V:G(m)*" > T = [ti]ta] - [tq, 1]
4 for k=1,2,...,d, do

5: if (70);, == (Tmin);, OF (70);, == (Tmax);, then > Check if 19 is on wall
6 if F(tx) -n; >0 then > ny, is unit outward normal to wall k.
7 CG=0 > New wall intersection
8 form=1,2,...,d, —1do

9: Tim =0 > Project out k" component of search
10: end for

11: end if

12: end if

13: end for

14: return [T, CG]
15: end function

Algorithm 3 Bound-constrained manifold gradient ascent

1: function MANIFOLDGRADIENTASCENT(T0, Timin, Tmax)
2 1=20
3 while i < N do
4: T = BUILD TANGENTSPACE(T;, Tiin, Tmax)
5 v=TIVF(T)
6 Je = argmin | ¥/ (),
§>0
T: Ju = argmin
§>0

Set cp = Vie/ (Tuin);,
Set vy = Viu/ (Tomax) ;

Ju

> Get tangent space to T;
> Project VF(7;) into tangent space
> Index of first ray intersection with lower bound

v,/ (rmx)j‘ > Index of first ray intersection with upper bound

> Lower bound of search
> Upper bound of search

10: Find o* = argmax F(R.,(av)) > Line search for optimal step in ascent direction
ap<asay

11: Tit1 = v+ T > Compute 741

12: 1=1+1 > Increment counter

13: end while

14: end function
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Algorithm 4 Bound-constrained manifold nonlinear conjugate gradients

1:
2
3:
4
5

10:
11:
12:

13:

14:
15:
16:

17:
18:
19:

function MANIFOLDCONJUGATEGRADIENTS(T), Tmin, Tmax)

1=0
CG=0 > First iteration is gradient ascent
while i < N do
[T(i), CG] = BUILD TANGENTSPACE (T}, Tiin, Tmax) > Get T and check for new wall
intersection
v = (T(i))T VF(:) > Project VF(7;) into tangent space
if CG and 7 > 1 then
[T, CG] = BUILDTANGENTSPACE(T;—1, Tiin, Timax) > Get T(~1
vl = (T(i_l))TVf(Ti_l) > Project VF(7;) into tangent space
v = o) 4 BiTq, w1 (v(=1) > Add vector transport to search direction
end if
Jje = argmin !vj / (Tm;n)j‘ > Index of first ray intersection with lower bound
3>0
Ju = argmin ‘vj / (r,,,ax)j‘ > Index of first ray intersection with upper bound
7>0
Set ay = v,/ (Tmin);, > Lower bound of search
Set vy = Viu/ (Tuma),, > Upper bound of search
Find o* = argmax F (R, (av)) > Line search for optimal step in ascent direction
ap<a<ogy
Tit1 = a*v —ﬁ_’ri_ > Compute 741
1=1+1 > Increment counter
end while

20: end function
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geometric configurations.

In each of our numerical tests, we will begin by constructing the appropriately-sized tolerance
hyperrectangle as discussed in the previous subsection. From here, we are capable of building
surrogate models over a variety of polynomial degrees and ranks using the separated representation
methodology presented in an earlier section. These models are constructed from a database of
realizations from uniformly-distributed Monte Carlo samples corresponding to geometries which

reside in the predetermined hyperrectangle. Both the mean

N -
1 = Qexacti - QTP(P’i)

e PIM = = 7 ’ S0

lerallv = 32 | =0 o

and maximum

Qexacti - QTP(P’i)

_ 7 : 8.17

”er,pHOO 12%}](% Qexact,i ( )

relative errors in the surrogate models, as a function of polynomial degree and separation rank,
are considered in this section. Here, N, is the number of compared samples, none of which are
used in the construction of Qr,p(u). The average relative error provides a notion of surrogate model
convergence while the maximum error is the pointwise quantity we wish to accurately capture, since
the “worst member” in the set of designs indicates compliance to the system performace. Tables
containing these errors will be presented and leveraged in our choice of surrogate model construction.
Moreover, our proposed methodology allows the user to effectively “tune” the surrogate model to
be within their desired fidelities through this approach.

Throughout these numerical tests, we allocate tolerances while considering the effect of de-
sign parameter variations on the maximum stress at specified areas, effectively characterizing part
failure. In the two-dimensional case, we also consider the total strain energy of the design configu-
ration, providing a notion of overall geometric stiffness. To assess the algorithm’s effectiveness, we

consider the three following measures throughout our numerical results. First, we consider
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€rp = T — Tr,p (818)

which is the error between the obtained tolerance of a low-fidelity surrogate model and the true
optimal value, which comes from either a dense sampling or a high-fidelity surrogate model. In
particular, we examine ||€p|/c Which, in cases where the manifold is indeed convex, we expect
convergence with respect to this measure. However, this is generally not the case therefore we also
consider

_FA(®) = Fa(mp)l

PA (TT,P) - ]:A (7;) (819)

which is the relative error in the objective functional with respect to the true optimal value. If

A =1, this corresponds to the 1-norm, Eq. , if A = p, this corresponds to the p-norm, Eq.

, and if A = —1, this corresponds to the —1-norm, Eq. . Since this is the objective

functional, we can expect some sort of convergence with respect to this measure. However, the

non-convexity in the general setting does not guarantee convergence, since local optima may exist

throughout the manifold. Therefore in this case, we lastly consider the following measure
~1Qaanow — Ga(Tip)l

VA (Trp) = On (8.20)

that is the relative error in the constraint functional with respect to the performance constraint.
If A = SE, this corresponds to the strain energy measure, and if A = M, this corresponds to
the maximum stress measure, as defined in . This measure assess the convergence of the
surrogate model to the the true model in the optimization routine. We do expect convergence with
respect to this measure, since it is our manifold definition. Before proceeding with the presentation
of numerical results, we briefly discuss the linear-elastic theory, in its parametric form, which is

employed throughout the remainder of this section.
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8.2.1 Application to Linear Elasticity

From the solution vector u to (6.14]), we can construct the surrogate models to the aforemen-

tioned system performances we consider throughout the numerical tests. In particular:

Maximum Stress Strain Energy

(8.21)
QM(M)ngleag a(xu(&);n)  Qse(m) = / a(Xp; )t (Xps p) dQy

for a set P C specified a priori. Moreover, the corresponding performance measures are given by

Maximum Stress:  Gum(7) = max Qa(p) Strain Energy:  Gsp(7) = max Qgsp(p)
pED,(T) HEDy(T)

(8.22)

Finally, analogous to Eq. (8.3]), we have in this setting the following optimization problem:
Linear Elasticity Tolerance Allocation

Given f, find 7 such that

7 =argmax F(7) where Taow := {T e R% : Ga(T) < Qallow} (8.23)
Te,7—allow

where A = M or SE in the case of maximum stress and strain energy, respectively.

8.2.2 Two-dimensional plate with hole

In this section we consider the plate with hole problem with loading and boundary conditions
as depicted in Fig. 8.2l We consider the design parameters of horizontal and vertical translations
of the hole which we denote u; and py, respectively, which are depicted in Fig. Moreover, we
consider the effects of variations in hole placement on (i) the maximum Von-Mises stress occurring
at either the top or bottom of the hole and (ii) the strain energy of the plate configuration. The

nominal configuration of this problem is with the hole centered in the plate:



158

R fon 0
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The height and width of the plate is 1.5 with a circular hole radius of 0.35. The corresponding
Von-Mises stress distribution is shown in Fig. 8.2l The plate with hole is a 512-element, multi-
patch isogeometric analysis model parametrized with quadratic NURBS functions. This choice of

analysis model accurately represents the circular hole and additionally provides a natural parametric

modeling framework for obtaining quantities of interest as a function of design variable.

-06 -04 -02 0 02 04 06
z

h

Figure 8.2: (left) Two-dimensional plate with hole geometric configuration where variations of the
horizontal and vertical positions of the hole are considered. (center) The loading and boundary
conditions associated with the plate with hole problem. A uniform loading of P = 30 MPa is applied
to the right and the left side of the plate has zero-displacement boundary conditions. (right) Von
Mises stress distribution in the plate with hole in the nominal configuration.

This problem is thoroughly investigated since, due to the low-dimensional nature of the
problem, an “exact” optimal tolerance is obtainable through a dense sampling of the design space.
Through this approach, we are capable of comparing the accuracy of the tolerance obtained through
the aforementioned algorithms to this optimum as a function of polynomial degree and rank of the
chosen surrogate.

The process begins by tolerance hyperrectangle sizing in accordance with the techniques
described in Section[8.1.2] The sizing process was accomplished using the performance constraints of
OM allow = 210M Pa, corresponding to approximately a 10% deviation from the nominal stress, and

QsEallow = 760kJ, which corresponds to approximately a 10% deviation from the nominal strain
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energy. Since we consider two separate quantities of interest, we must size two hyperrectangles
according to this methodology. In the two-dimensional case, no nonzero minimum tolerance was
prescribed. Given the nominal geometric configuration of the two-dimensional plate with hole,
namely a width and height of 1.5, hole radius of 0.35, and no eccentricity, this corresponds to the

feasible domain defined by:

Th,max,M 0.263p 1 Th,max,SE 0.153puH
Tmax,M = = ; Tmax,SE = =

Tk, max,M 0.098pr, Tk,max,SE 0.156pu1,

Note that these quantities are relative in that they are percentage deviations as a function of the
nominal plate width py and plate height py. Moreover, both scenarios utilized the origin as the
minimum allocable tolerance, i.e. Tyin = 0.

To proceed with a demonstration of our methodology, we then construct a surrogate model
to the aforementioned quantities of interest. This was accomplished by constructing separated
representations of the system performances presented in Eq. . Determining the appropriate
polynomial degree and rank amounts to performing a survey of these parameters and selecting the
model which suits the desired fidelity. A set of N = 100 Monte-Carlo samples were used in the
construction of these surrogate models and their relative accuracy is computed using an additional
N, = 500 samples not used in the model construction. Table [8.I] portrays this survey and moreover
exhibit the convergence of the separated representations with respect to the polynomial degree
and rank of the expansion. Due to the least-squares nature of the separated representations, we
only expect convergence in an L?-sense. However, the smoothness associated with these response
surfaces additionally provides convergence in Eq. and Eq. .

With the construction of the surrogate models to Eq. , we are capable of employing
our tolerance allocation algorithm. For this two-dimensional problem, a dense sampling was used
to obtain an exact optimum tolerance and the following results reflect this choice. Fig. depicts
the response surfaces from the surrogate for the system performances of strain energy and the
maximum stress between the top and bottom of the hole as well as their corresponding performance

measures restricted to the preconditioned tolerance hyperrectangle. Additionally, there are three
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representative hyperrectangles which are overlaid on the response surfaces along with the design
maximizer, denoted with a hollow marker of identical color. The collection of these maximizers
comprises the performance measure G(7). These markers are also shown on the figure depicting the
performance measure for clarity. Moreover, the manifold of tolerances which attain the performance
constraint is represented by the solid red line. This is the manifold over which our algorithm aims
to maximize the available tolerance. The “exact” tolerance values are tabulated in Table .2 for
each tolerance measure and the subsequent allocation results are compared to these values.

The manifolds arising from constraint equality in Fig. [8.3] are shown in Fig. and Fig.
with norms Eq. , Eq. , and Eq. , overlaid. The optimal tolerance with respect to
these measures, i.e. 7, are denoted by the black asterisk. Clearly, the location of this optimal is
dependent on the choice of norm however the traversal algorithm is agnostic with respect to this
choice. Once again, the low-dimensional nature of this problem allows us to numerically determine
the values of these optima. Therefore, we are able to assess the efficacy of the algorithm as a
function of the polynomial degree and rank of the underlying separated representations.

Tables [8.3] [8:4] and [B.5 depict the effectiveness of our algorithm with respect to polynomial

Table 8.1: The strain energy and maximum stress surrogate modeling errors for the two-dimensional
plate with hole problem constructed from N = 100 samples and N, = 500.

Strain Energy Maximum Stress

P r=1 r=2 r=3 r=4 r=1 r=2 r=3 r=4
0 | 1.386e-1 2.030e-1
1] 6.86le-2 6.793e-2 1.327e-2  8.633e-3
2 | 1.309e-3 5.232¢-4  5.326e-4 8.071le-3  1.910e-3 2.236e-3

llerpllo 3| 1.007e-3  8.625¢-5 8.923e-5 8.965e-5 | 7.537e-3 1.602e-4 4.724e-4  4.969¢-4
4 1.206e-5 6.635e-6  6.841e-6 1.432e-4  2.918e-5 2.198e-4
5 4.811e-6  1.438e-6 2.064e-5 2.014e-5
6 2.288e-6 4.958e-6
0 | 5.194e-2 6.777e-2
1| 2.618e-2 2.623e-2 2.410e-3  2.159¢-3
2| 2.870e-4 1.478e-4 1.474e-4 1.517e-3 4.241e-4 4.225e-4

lerpllar 3| 2.617e-4  1.896e-5 1.893e-5 1.901e-5 | 1.542e-3 3.705e-5 3.946e-5 4.022e-5
4 2.131e-6  1.372e-6 1.375e-6 1.532e-5 4.088¢-6 6.448e-6
5 2.401e-7  1.516e-7 1.654e-6  1.212e-6
6 9.288e-8 3.343e-7
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Table 8.2: Tolerance values obtained using a dense sampling of the tolerance hyperrectangle. These
values are treated as the “exact” optima and are used in our subsequent results. Bold numbers
indicate values lying on the boundary of the hyperrectangle.

Strain Energy Maximum Stress
Fu(r) Fulr) Foulr) | Fa(r)  Fulr) Foulr)

7 | 0.114 0.153 0.100 0.263 0.263 0.100
71 | 0.081 0.000 0.093 0.061 0.000 0.061
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(a) (left) A contour plot of the strain energy and (right) the performance measure Gsg(7h, 7 )-
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(b) (left) A contour plot of the maximum stress and (right) the performance measure Gy (75, 7%).

Figure 8.3: The white asterisk at p;, = 0 and pi = 0 denotes the nominal configuration of the two-
dimensional plate with hole problem. The three colored rectangles depict three different tolerance
hyperrectangles, 7(9, with hollow markers that indicate the location where the maximum of the
restricted system performance Q(up, /,Lk)|D[L(T(i)) is attained. The red contour line denotes the loci
of T, that is the immersed manifold, such that G(74,7%) = Qalow- Refer to the online article for
the colorized figure.

degree and rank of the surrogate model. As is clearly demonstrated, the accuracy of the obtained

tolerance behaves similar to the accuracy in the surrogate model construction. Note that the
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Figure 8.4: The one-dimensional manifold corresponding to the level set of G(7T) = Qaliow,sE for
strain energy with (left) the tolerance measure Fi(7), (center) the tolerance measure F,(7), and
(right) the tolerance measure F_1 (7). The black asterisk denotes the location of 7 with respect to
this norm.
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Figure 8.5: The one-dimensional manifold corresponding to the level set of G(T) = Qaiow,m for
maximum stress with (left) the tolerance measure Fi(7), (center) the tolerance measure F,(T),
and (right) the tolerance measure F_1 (7). The black asterisk denotes the location of 7 with respect
to this norm.

optimal tolerances for maximum stress in both the 1-norm and the derivative-weighted norm are
identical and reside on the tolerance hyperrectangle boundary. On the other hand, the —1-norm has
an isotropized tolerance which is almost centered in the tolerance hyperrectangle. In these tables,
the error in the obtained tolerance is presented in the maximum norm, the cost of the optimal
tolerance, and the cost of the obtained tolerance. However, this is not the only important factor to
be considered in this analysis, the accuracy of the surrogate model, i.e. the manifold approximation,
is crucial for robustness since this is how the algorithm distinguishes the true optimal tolerance

from others present in the implicitly defined manifold. The columns ng4 and nog are the number
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of iterations until the increase in allocated tolerance size is within 1076 or until the algorithm

detects the wall intersection for all dimensions of the manifold.

Table 8.3: Errors and convergence behavior of the tolerance allocation algorithm for the 1-norm.

r p L nga nNcag ”67'.,11”00 ¥1 (Tr,p) VSE (Tr,p) l ngA TNcag ||57',p| o0 ¥1 (Tr,p) ™ (Tnp)
0 - - - - - - - - - -
1 1 2 2 7.462e-2  2.459¢-1 6.568¢e-2 3 3 6.479e-4 2.455e-3 6.728e-4
2 3 3 2.31le-3 1.108e-3 1.664e-4 3 3 4.102e-3 1.583e-2 1.626e-3
3 3 3 1.657e-3 1.324e-3 1.836e-4 4 4  3.156e-14 1.199e-13 5.677e-16
1 2 2 7.462e-2 2.375e-1 6.371e-2 3 3 5.437e-4 2.061e-3 5.646e-4
9 2 3 3 8.492e-4 3.030e-4 3.764e-5 3 3 2.695e-3 1.034e-2 1.068e-3
3 3 3 1.130e-4 5.113e-5 5.322e-6 3 3 2.477e-4 9.417e-4 9.812e-5
4 3 3 9.023e-5 7.823e-6 2.463e-6 3 3 3.156e-14 1.199e-13 5.677e-16
2 3 3 827le-4 3.090e-4 3.862e-5 3 3 2.568e-3 9.850e-3 1.017e-3
3 3 3 3 1.212e-4 3.745e-5 3.520e-6 3 3 3.156e-14 1.199e-13 5.677e-16
4 3 3 T7.976e-5 9.094e-6 2.631e-6 3 3 3.156e-14 1.199e-13 5.677e-16
5 3 3 7.949e-5 1.056e-5 3.720e-8 3 3 3.156e-14 1.199e-13 5.677e-16
3 3 3 1.242e-4 2.410e-5 1.759e-6 3 3 1.274e-4 4.840e-4 5.045e-5
4 4 3 3 8.05le-5 1.060e-5 2.830e-6 3 3 3.156e-14 1.199e-13 5.677e-16
5 3 3 7.938e-5 1.024e-5 7.970e-8 3 3 3.156e-14 1.199e-13 5.677e-16
6 3 3 T7.84be-5 1.092e-5 1.019e-8 3 3 3.156e-14 1.199e-13 5.677e-16

Table 8.4: Errors and convergence behavior of the tolerance allocation algorithm for the p-norm.

r p L nga ncc  |€rplle ou(Tip)  sE (Trp) l nga nNcag lerplloc  @u(Tp) M (Tip)
0 N N N N N N N N R N
1 1 3 3 4.963e-2  4.792e-1  3.397e-2 3 3 6.479%-4  2.391e-3  6.728e-4
2 8 8 1.769e-2  2.307e-5 1.329¢-3 3 3 4.102e-3 1.583e-2 1.626e-3
3 9 9 1.558e-2  3.295e-5 1.030e-3 4 4 3.156e-14 1.156e-13 5.677e-16
1 3 3 4.984e-2 4.822e-1  3.410e-2 3 3  5.437e-4  2.013e-3  5.646e-4
9 2 9 9 1.097e-2 2.323e-5 5.11le4 3 3 2.695e-3 1.034e-2 1.068e-3
3 12 12 2.481e-3 3.165e-7  2.618e-5 3 3 24T77e-4  9.417e-4  9.812e-5
4 13 13 1.581e-3  1.003e-7  1.065e-5 3 3 3.156e-14 1.161e-13 5.677e-16
2 9 9 1.095e-2 1.087e-5  5.087e-4 3 3 2.568e-3  9.850e-3 1.017e-3
3 3 12 12 2.615e-3  9.234e-7  2.908e-5 3 3 3.156e-14 1.163e-13 5.677e-16
4 13 13 1.324e-3  6.480e-8  7.474e-6 3 3 3.156e-14 1.162e-13 5.677¢-16
5 14 14 5.283e-4 1.636e-9  1.199e-6 3 3 3.156e-14 1.161e-13 5.677¢-16
3 12 12 2.575e-3  2.547e-6  2.821e-5 3 3 1.274e-4  4.840e-4  5.045e-5
4 4 13 13 1.308e-3  5.513e-8  7.290e-6 3 3 3.156e-14 1.162e-13 5.677e-16
5 14 14  5.263e-4  1.060e-9  1.190e-6 3 3 3.156e-14 1.161e-13 5.677e-16
6 14 14 3.716e-4 3.150e-9  5.961e-7 3 3 3.156e-14 1.161e-13 5.677¢-16
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Table 8.5: Errors and convergence behavior of the tolerance allocation algorithm for the —1-norm.

r p L nGgA nca Her,p”oo PY-1 (Tr,p) VSE (Tr7p) l nga nea ||€T,p||00 ¥Y-1 (Tr,p) ™M (Tr,p)
0 - - - - - - - - - -
1 1 2 2 2.908e-2 1.303e-1 2.322e-2 3 3 2.322e-3 1.081e-2  1.126e-3
2 4 4 9.884e-4 6.032e-3 8.173e-4 3 3 5.294e-4 2.545e-3  2.517e-4
3 4 4 2.88le-4 1.545e-3 2.032e-4 3 3 1.098e-3 6.728e-3  7.024e-4
1 2 2 2.483e-2 1.176e-1 2.024e-2 3 3  8.215e4 6.452e-4  1.035e-4
9 2 4 4 1.062e-3 3.874e-3 5.193e-4 3 3 9.725e-4 5.157e-3  5.882e-4
3 4 4 2.810e-4 2.710e-4 2.648e-5 3 3  3.815e4 1.530e-4  3.920e-5
4 4 4 1.975e-5 6.544e-5 2.025e-5 3 3 3.138e-4 3.604e-5  2.646e-5
2 4 4 1.140e-3 4.623e-3 6.235e-4 3 3 9.528e-4 5.186e-3  5.915e-4
3 3 4 4 5.129e-4 3.360e-4  3.547e-5 3 3 3.730e-4 1.583e-4  3.978e-5
4 4 4 1.320e-4 6.357e-4 7.673e-5 3 3 3.035e-4 4.272e-5  2.720e-5
b) 4 4 3.208e-5 1.927e-4 1.562e-5 3 3 3.053e-4 1.355e-5  2.401e-5
3 4 4 2.054e-4 6.705e-4 8.161e-5 3 3 3.764e-4 1.722e-4  4.130e-5
4 4 4 4 2.382e-4 6.842¢-4 8.332e-5 3 3  3.036e-4 4.447e-5  2.739e-5
5 4 4 2.434e-5 2.293e-4  2.068e-5 3 3 3.055e-4 1.451e-5  2.411e-b
6 4 4  8.573e-6 8.146e-5  1.700e-7 3 3 3.037e-4 7.077e-6  2.331e-5
H
- —|
a,e
L
k
fe—————1
h

Figure 8.6: Six-dimensional plate with hole geometric configuration where variations of the hori-
zontal and vertical positions of the hole, plate height and width, and hole radius and eccentricity
are considered.

8.2.3 Six-dimensional plate with hole

In this section, we consider an identical plate with hole problem as the previous section shown
in Fig. however we include 4 additional design parameters. These include plate width, height,
hole radius, hole eccentricity, and the previously-presented horizontal and vertical hole offsets. The

nominal configuration of the six-dimensional plate with hole problem is
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P L fn e fla o fe

(8.24)
nom. | 1.5 1.5 0 0 035 0

Moreover, using the same performance constraint of Oufaiow = 210M Pa corresponds to
an approximate allowable deviation of 10% in the maximum stress. Univariate root-finding with
this performance constraint constructs the feasible domain for the six-dimensional plate with hole.

Therefore, the feasible domain is given by:

min | 0.25 0231 0.263uy 0.098u; 0.034 0.3 (8-25)

max | 0.025 0.023 0.026py 0.010ur 0.003 0.03

Note that similar to the two-dimensional case, 75, and 7 are relative tolerances, namely
percentage deviations from the center. However, in contrast to the two-dimensional case, the
parameters used in its definition are themselves design parameters, particularly, py and pr,.

From here, we are capable of constructing the surrogate model via separated representations
over a set of Monte-Carlo samples. For the six-dimensional plate with hole problem, we used 1500
samples and once again performed a survey over various polynomial degrees and ranks until a
desired surrogate model fidelity was obtained. The results of this survey are shown in Table
where the surrogate models’ accuracies are determined by comparison to an additional set of 500
samples not used in the construction of the surrogate model. As expected, the higher-dimensionality
of this problem necessitates the use of larger polynomial degrees and separation rank for comparable
accuracy to the two-dimensional setting. Regardless, as depicted in the results, the methodology
is still capable of representing the true response surface with excellent precision in a relatively few
number of samples as well as low polynomial degrees and rank.

To assess the algorithm’s convergence behavior, we construct a high-fidelity SR from 1500
samples of rank 20 and degree 4 to approximate 7. This SR gives ||e||as = 4.837¢ — 5 and |le[|c =

3.649¢ — 4. The high-fidelity approximations to the optimal tolerances, which are treated as the



166

Table 8.6: The maximum stress surrogate modeling errors for the six-dimensional plate with hole
problem constructed from N = 1500 samples and N, = 500.

7.661e-3 3.278e-3  2.000e-3 1.127e-3
3.297e-3  2.033e-3 1.114e-3 5.916e-4
2.066e-3 1.167e-3  6.155e-4
1.221e-3  6.481e-4
6.330e-4

pL r=1 r=2 r=3 r=4 r=25 r=2=6
0 | 4.918e-1
1] 1.503e-1 8.576e-2
2 | 1.370e-1 3.982e-2  2.069e-2
llerplloc 3| 1.420e-1 3.664e-2  1.853e-2  8.061e-3
4 3.774e-2  1.886e-2 1.234e-2 1.023e-2
5 1.907e-2  1.303e-2 1.129e-2 4.686e-3
6 1.374e-2  1.012e-2 5.192e-3
7 1.055e-2  4.804e-3
8 3.908e-3
0 | 1.047e-1
1] 2.788e-2 1.832e-2
2| 2.159-2  7.559e-3  3.355e-3
llerpllar 3| 2.169e-2  7.563e-3 3.243e-3  1.416e-3
4
5
6
7
8

“exact” optimal over the various G(7) and F(7) are presented in Table

Tables and depict the effectiveness of our algorithm with respect to polynomial
degree and rank of the surrogate model. In these tables, the error in the obtained tolerance is
presented in the maximum norm, the cost of the optimal tolerance, and the cost of the obtained
tolerance. However, this is not the only important factor to be considered in this analysis, the
accuracy of the surrogate model, i.e. the manifold approximation, is crucial for robustness since this
is how the algorithm distinguishes the true optimal tolerance from others present in the implicitly
defined manifold. The columns ng4 and ngg are the number of iterations until the increase in
allocated tolerance size is within 107 or until the algorithm detects the wall intersection for all

dimensions of the manifold.

8.2.4 17-dimensional L-Bracket

For the L-Bracket, we use a performance constraint of O aiow = 260 MPa which corresponds

to an approximate allowable deviation of 10% in the maximum stress located at the top of the fillet.
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Table 8.7: Tolerance values obtained using a rank 20, degree 4 SR constructed from 7500 samples
of the maximum stress between the top and bottom of the plate with hole. These values are treated
as the “exact” optima and are used in our subsequent results. Bold numbers indicate values lying
on the boundary of the hyperrectangle.

FUT)  Fulr) Foa(r)
7 | 0073 0.050  0.044
7z | 0.058  0.080  0.032
7, | 0.088 0.080  0.035
7 | 0.010 0.010  0.023
7. | 0.003 0.003  0.013
7. | 0.117 0.030  0.136

Table 8.8: Errors and convergence behavior of the tolerance allocation algorithm for the 1-norm.

r pLTlGA ncg  |lemplls 1 (Tp) M (Tip)

0 - - - - -
1 1 69 53 1.857e-2 1.720e-1  9.439e-3
2 78 25 3.088e-2  8.062e-2  9.840e-3
3 79 27  2.665e-2 8.11le-2  9.882e-3
1 73 54 1.306e-2 1.229e-1  3.746e-3
9 2 82 23 3.304e-2  4.604e-2  5.922e-3
3 83 23 2.974e-2  3.583e-2  4.703e-3
4 81 24 3.916e-2  4.985e-2  6.306e-3
2 83 59  3.903e-3 3.28le-2  3.925e-3
3 3 85 60 2.977e-3 1.807e-2  2.328e-3
4 85 60 3.103e-3 1.991e-2  2.525e-3
5 85 60 3.098e-3 2.132e-2  2.673e-3
3 86 61 3.049e-3 1.094e-2  1.302e-3
4 4 86 61 3.391e-3 8.553e-3  1.068e-3
) 88 60 4.338e-3 5.455e-3  7.665e-4
6 87 61 4.291e-3 2.80le-3  4.764e-4
4 88 62 3.809e-3 2.394e-3  3.132e-4
5 ) 88 62 3.814e-3 3.252e-3  4.292e-4
6 87 62 3.738e-3 3.911e-3  5.049e-4
7 88 62 3.703e-3 2.895e-3  3.555e-4
) 88 62 4.089%-3 2.716e-4  2.573e-5
6 6 88 62 4.162e-3 6.215e-4  6.912e-7
7 88 62 4.146e-3 9.188e-4  4.253e-5
8 88 62 3.93le-3 1.062e-3 1.677e-4

The loading and boundary conditions associated with this problem are shown in Fig. [8.2] Univariate
root-finding with this performance constraint constructs the feasible domain. In this example,
we consider 17 design parameters which together completely describe an L-Bracket geometry, as

depicted in Fig. The analysis model is comprised of 28 NURBS patches for a total of 1792
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Table 8.9: Errors and convergence behavior of the tolerance allocation algorithm for the p-norm.

r p L nGA nca Henpnoo Pu (Tr,p> ™ (Tr,p)
0 N N N N N
1 1| >100 82 2.698e-1 1.774e-1  4.194e-2
2 | >100 >100 2.616e-1  9.630e-2  1.277e-2
3 | >100 98  2.598e-1 1.172e-1 1.331e-2
1 33 22 1.398e-2 1.417e-1  1.570e-2
9 2 29 21  6.005e-3  5.504e-2  5.043e-3
3 29 22  4.661le-3  4.389e-2  4.004e-3
4 30 21 5.764e-3  5.902e-2  5.672¢-3
2 29 19 3.986e-3 3.291e-2  3.143e-3
3 3 29 19 2.288e-3 1.525e-2  1.518e-3
4 29 19 2.794e-3  1.694e-2 1.627e-3
5 29 20 2.534e-3  2.018e-2  1.982¢-3
3 28 19 1.781e-3  9.068e-3  8.758e-4
4 4 29 19 9.338e-4 6.433e-3  6.957e-4
5 28 20 1.087e-3  2.824e-3  3.928e¢-4
6 28 19 7.918e-4 3.853e-4  1.429e-4
4 28 20 7.466e-4  3.510e-3  2.860e-4
5 5 29 20 6.914e-4  4.599e-3  4.073e-4
6 29 19 4.488e-4 4.502¢-3  4.077e-4
7 29 21  1.052e-3 4.078e-3 3.331e-4
5 28 20 7.449e-4  2.902e-4  4.453e-5
6 6 28 20 7.188e-4 3.603e-4  7.333e-5
7 28 22  8.143e-4 2.831e-4 1.011e-4
8 29 17 2.477e-2  2.276e-3  9.222e-5
elements. The nominal configuration is given by:
Av AN ALy PHg ARy fray frey Ay Ay fag frey 279 2799 fag fleg Ahg Pkg
nom. ‘ 6 3.5 1.25 1.25 .2 .25 0 0 0 .25 0 0 0 25 0 0 0
(8.26)
and through this parametrization, the feasible domain is given by:
‘ MOPN . fLy Fmg TRy Fay Fey Ty R Fay Fey P, T, Fag Feg Ty Fig
min 5 .21 .25 .07 .04 .1 .3 6 .6 .04 .3 57 A7 .03 .3 .6 .6 (8.27)
max .05 .021 .025 .007 .004 .01 .03 .06 .06 .004 .03 .057 .047 .003 .03 .06 .06

Note that, similar to the cases of the two-dimensional and six-dimensional plate with hole

problems, the hole offsets are parametrized as relative quantities. For example, 7, max = 0.6

corresponds to a maximum allowable horizontal hole deviation of 60% of the parameter

HKLy-

All quantities in this feasible region with a * denote relative quantities. However, as the
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Table 8.10: Errors and convergence behavior of the tolerance allocation algorithm for the —1-norm.

r p L nNGA ncg  lerplloe 01 (Tep) M (Tep)
0 - - - _ -
1 1| >100 >100 1.697e-2 1.514e-1  3.500e-3
2 | >100 > 100 7.262¢e-2 6.173e-2  6.260e-3
3| >100 > 100 8.475e-3 4.499¢-2  5.440e-3
1| >100 >100 1.453e-2 1.373e-1  1.846e-3
9 2 | >100 >100 1.213e-2 5.940e-2  7.157e-3
3 |>100 >100 1.233e-2 5.273e-2  6.224e-3
41 >100 >100 1.035e-2 5.445e-2  6.523e-3
2 | >100 > 100 3.080e-3 3.624e-2  4.342e-3
3 3] >100 >100 b5.614e-2 4.055e-2  3.727e-3
4| >100 >100 1.897e-3 3.227e-2  3.891e-3
5 >100 > 100 5.219e-3 3.483e-2  4.085e-3
31 >100 > 100 1.254e-3 1.243e-2  1.440e-3
4 4 | >100 >100 2.028e-3 1.368e-2  1.567e-3
5| >100 > 100 2.091e-2 1.607e-2  1.358e-3
6 | >100 > 100 2.477e-2 1.711e-2  1.398e-3
4| >100 > 100 2.366e-4 6.225e-3  7.327e-4
5 5 >100 > 100 5.134e-4 7.612e-3  8.839¢-4
6 | >100 > 100 4.924e-4 8.294e-3  9.653e-4
71 >100 >100 2.142e-4 6.807e-3  7.946e-4
5 >100 > 100 4.009e-3 3.799¢-3  3.356e-4
6 6 | >100 > 100 4.160e-3 4.955e-3  4.670e-4
71 >100 >100 1.620e-3 4.479e-3  4.777e-4
8 | >100 > 100 2.569e-4 4.664e-3  5.443e-4

design complexity grows, as well as the interaction between the design parameters, the expression
for these quantities are not as elegant which is why they are omitted.

To assess the algorithm’s convergence behavior, we construct a high-fidelity SR from 13500
samples of rank 20 and degree 4 to approximate 7. This SR gives ||e||as = 1.926e — 4 and |le[|c =
1.120e — 3. The high-fidelity approximations to the optimal tolerances over the considered G(7)

and F(7) are presented in Table
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Table 8.11: The maximum stress surrogate modeling errors for the six-dimensional plate with hole
problem constructed from N = 13500 samples and N, = 500.

lp r=29 r =10 r=11 r=12 r=13 r=14 r=15 r=16
1 1.529e-1 1.093e-1
2 7.284e-3 4.351e-3 4.882e-3  6.154e-3
llerplloo | 3 3.877e-3  3.611e-3 3.028e-3  2.314e-3
4 3.445e-3  3.561e-3 3.797e-3  3.721e-3
5 3.630e-3 2.662e-3
1 1.309e-2 1.320e-2
2 1.056e-3 9.822e-4 9.246e-4  9.397e-4
llerpllar | 3 5.101e-4 4.677e-4 3.162e-4  2.827e-4
4 4.697e-4  4.030e-4 3.427e-4  3.305e-4
5 4.072e-4 2.720e-4
N Tvar x 107
1 P
a a3 s
622J K 5 W @ 4@ ’
2 3
RffgI h3 ( 4
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6
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Figure 8.7: (left) The 17-dimensional L-Bracket configuration where the various design parameters
are shown. (center) The loading and boundary conditions associated with the L-Bracket problem.
A uniform bearing pressure of P = 30 MPa is applied to the top-right hole while the other two holes
have zero-displacement boundary conditions. (right) Von Mises stress distribution in the L-Bracket

in the nominal configuration.
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Table 8.12: Tolerance values obtained using a rank 20, degree 4 SR constructed from 7500 samples.

These values are treated as the “exact” optima and are used in our subsequent results.

numbers indicate values lying on the boundary of the hyperrectangle.

Fi(r) Fulr) Foui(r)
v | 0.348 0.056 0.050
7~ | 0.021 0.021 0.022
7., | 0.025 0.036 0.028
. | 0.007  0.007  0.008
7A'Rf 0.004 0.004 0.006
Ta; | 0.100 0.010 0.012
Te, | 0.030 0.030 0.033
Th, | 0.600 0.060 0.067
7A'k1 0.600 0.060 0.067
Tay | 0.004 0.004 0.006
Te; | 0.071  0.030 0.034
Thy | 0.057  0.167 0.063
o | 0.047 0.047  0.053
Taz | 0.003 0.003 0.005
Tes | 0.300 0.030 0.034
Thy | 0.060  0.090 0.060
Ty | 0.594  0.060 0.068

Bold

Table 8.13: Errors and convergence behavior of the tolerance allocation algorithm for the 1-norm.

T 1% L nga nca ||67',p||oo ¥1 (Tr,p) ™™ (Tr,p)
9 1 66 62 4.931e-1 2.690e-2  3.334e-3
2 | >100 >100 2.700e-1 4.591e-2  1.468e-4
10 2 | >100 >100 2.700e-1 5.045e-2  2.244e-4
3 | >100 74  5.340e-1 1.094e-3 2.271le-4
11 3 | >100 >100 5.340e-1 1.381e-1 2.021e-4
4 | >100 76 3.228e-1 1.112e-1  6.753e-5
12 4 | >100 >100 2.043e-1 6.775e-2 1.370e-4
5 | >100 69 2.700e-1 3.035e-2  1.029e-4
13 1 66 61 4.978e-1 2.670e-2 3.277e-3
2 | >100 42 2.953e-1 6.408e-2  2.531e-5
14 2 | >100 >100 3.279e-1 4.571e-2  9.149e-5
3 | >100 >100 2.700e-1 8.513e-2  6.960e-5
15 3 | >100 31 4.318e-1 1.013e-1 1.043e-4
4 | >100 38 3.754e-1 7.107e-2 1.457e-4
16 4 | >100 93 2.983e-1 3.304e-2  1.165e-4
5 70 24 4.972e-1 9.811e-3  2.646e-4
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Table 8.14: Errors and convergence behavior of the tolerance allocation algorithm for the p-norm.

r p L nga nNcag ||€r,p| o  Pu (Tr,p) ™ (Tr,p)
9 1 49 11 4.695e-2 1.091e-1  2.984e-3
2 | >100 7 1.317e-1  1.459e-2  1.575e-4
10 2 82 6 3.026e-2  9.584e-3 1.877e-4
3 54 7 3.799e-2  5.495e-4  1.985e-4
11 3 62 7 4.082e-2 1.681e-2 1.966e-4
4 56 7 3.876e-2 6.594e-3  4.562e-5
19 4 82 7 3.026e-2 1.394e-2 1.175e-4
5 | >100 7 4.103e-2 1.195e-2  1.910e-4
13 1 49 11 4.705e-2  1.084e-1  2.929e-3
2 79 7 3.026e-2 1.45T7e-2  1.391e-5
14 2 57 8 3.372e-2 4.805e-3  6.746e-5
3 75 8 3.430e-2  3.823e-2  5.397e-5
15 3| >100 7 1.144e-2  3.984e-3  3.428e-5
4 81 7 3.026e-2  9.893e-3 1.133e-4
16 4 62 7 7.662e-2 2.871e-3 7.815e-5
5 | >100 7 1.716e-2 3.503e-3  2.313e-4

Table 8.15: Errors and convergence behavior of the tolerance allocation algorithm for the —1-norm.

r p L nga  ncc  |l€rplloo @1 (Trp) M (Trp)
9 1| >100 >100 1.178e-2 1.214e-1  3.728e-3
2 65 13  8.653e-3 4.721e-3  1.048e-4
10 2 | >100 10 6.578e-3 2.737e-3  1.458e-4
3 | >100 13 3.514e-2 5.525e-3  1.675e-4
1 3 | >100 4  8.075e-3 1.819e-3  1.534e-4
4 43 9 8.075e-3 1.816e-3  3.380e-6
19 4 | >100 8 8.075e-3 5.857e-3  6.364e-5
5 | >100 6 2.047e-2 3.132e-4  8.808e-5
13 1| >100 >100 1.264e-2 1.207e-1  3.672¢-3
2 | >100 7 2.000e-2 7.108e-4  7.152e-5
14 2 25 16 7.454e-3 4.759¢-3  5.788e-6
3 32 7 5.623e-3 1.305e-3  9.865e-6
15 3 21 12 7.815e-3 3.915e-3  1.101e-5
4 | >100 8 3.190e-2 1.298e-3  4.391e-5
16 4 | >100 4 1.532e-2 2.906e-3  4.544e-6
5 40 7  5.924e-3 2.90le-4 1.157e-4




Chapter 9

Multigrid Methods

The purpose of this chapter is to present a scalable and robust methodology for obtaining
the numerical solution to the PDEs presented in this dissertation. As mesh resolution increases,
so does computational complexity necessitating the solver technologies capable of outperforming
direct solvers for large systems. For this purpose, we resort to geometric multigrid methods whose
computational complexity scales as O(N log N) where N is the number of degrees of freedom in the
discrete system, in contrast to O(N?3) for direct solvers. The mathematical exposition of geometric
mutligrid methods in this section is rather brief, since much of it is well-known. The primary focus
is on the extension of the concepts of prolongation and restriction operators to the isogeometric
setting, since this is the relevant contribution. For reference, the reader is referred to [19] in regards

to the analysis and implementation of standard multigrid methods.

9.1 Fundamentals of Isogeometric Multigrid Methods

We begin by reviewing the basics of geometric multigrid methods. We limit our discussion to
the V-cycle algorithm, though our approach can also be applied within a W-cycle or Full Multigrid
framework [19].

Assume that we have a sequence of nested isogeometric meshes that have been obtained
through knot insertion, a technique discussed in detail in the next subsection. We denote the

discrete displacement spaces associated with this sequence as {Vg}?i o Where ny is the number of
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levels, and we note that:
Vo CViC...CVy,, (9.1)

Level £ = 0 corresponds to the coarsest mesh while level £ = ny corresponds to the finest mesh.
The action of knot insertion not only allows for NURBS refinement, but it also provides the in-
tergrid transfer operators associated with a geometric multigrid method. Namely, we can build

prolongation operators:

PZ : Vg — Vg_H

for £=0,...,my — 1. We encode the action of these prolongation operators in the matrix P} such

that the following refinement operation holds:

7€) = [PyljiRje(6) (9:2)

J
for £ =0,...,n, — 1 where {Rl-7g}?:”’f denotes the displacement NURBS basis functions associated
with level £. Moreover, the degrees of freedom associated with displacement field on the ¢*" level

can be transferred to the the (£ + 1) level via the expressions:

Uyl = qué (93)

As is standard with a Galerkin formulation, restriction operators are constructed as the adjoint
or transpose of the prolongation operators, namely Ry, , = (Py)" and Ry, , = (P}’)T for ¢ =
0,...,n¢ — 1. The corresponding restriction matrix for level ¢ is given by Ryi1 = (Pg)T.

We need a few more ingredients before stating the multigrid V-cycle algorithm for our dis-
cretization scheme. First of all, we need to form the matrix system associated with the finest
level, KU = F. We then form the system matrices associated with coarser levels via the relation

K/ =R/ 1K 1Pofor £ =0,...,ny—1where K,,, = K. Second of all, we need to choose a smoother
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for each level £ which we encode in a smoothing matrix Sy, and and we need to select a number of
pre-smoothing steps vq and post-smoothing steps vo. Typically, Jacobi or Gauss-Seidel smoothers
are employed though other variants are used to exploit PDE-level or matrix-level structures, e.g.
[30]. Third of all, we need to choose a suitable initial guess U for the solution on the finest level.
Then, one V-cycle corresponds to a single call of the form MGV (ny, U, F) to the recursive function

defined below [19].

Algorithm 5 Multigrid V-Cycle Algorithm

1: function MGV (¢, U, F)

2 if / =0 then

3 vd = Kle > Exact System Solution
4 else

5: for i =1 to v do

6 U« U+S,'(F-K/U) > Pre-Smoothing
7 end for

8 G =R, (F-K,U) > Restriction of Residual to Coarse Grid
9: AU =0 > Coarse Grid Correction Initialization
10: MGV(¢—-1,AU,G) > Coarse Grid Correction Evaluation
11: U+~ U+P,1AU > Update of Solution
12: for i =1 to 15 do

13: U+ U+S,'(F-K/U) > Post-Smoothing
14: end for

15: end if

16: end function

Note that the solution U is updated within the algorithm stated above. Hence, additional V-cycles
simply correspond to additional calls of the form MGV (ng, U, F). We now proceed with explicitly
outlining the construction of the necessary intergrid transfer operators in the isogeometric setting.

The primary goal of knot insertion is to enrich the underlying parametric basis by providing
additional functions while leaving the geometry and parameterization unchanged. The process of
knot insertion is to insert an additional knot, & € (&%, €"TPH1) into the existing knot vector, Z,

resulting in the extended knot vector = namely,

(1]

{€l7§27 "'7§k7§k+17 "'7€n+p+l}
(€ =¢2

(9.4)
2

(1]

= =T = O g T ey
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where m is the number of basis functions after knot refinement. Now, for each knot we insert, we
expect the addition of a new basis function to the parametric domain. Thus, we seek to find a

relationship between the two bases, before and after knot insertion, of the form

m
R; p(§) = ZTJZ;'RM(@
j=1
In particular, an expression for the old basis in terms of the new, enriched basis. While performing
the knot insertion operation, we wish to preserve geometry and since we are adding additional
basis functions, we expect the the control points which describe the geometry to change as well.
Therefore, we require a relationship between the old control points P; and the new control points

Q;. This is accomplished by recognizing that the geometric mapping transforms via

ClE) =) PiRi()=> Pi|Y T'R;,() | =) (Z TﬁPz') Rip(©) =D QR;p(&)
=1 =1 7j=1 7j=1

j=1 i=1

From the above derivations we see that in terms of operators,

— Tp —
R,=(T")"R, and Q=TP

hence TP is an m xn array. We can find an explicit expression for T? by first noting that the support
of the newly-inserted B-spline basis function is compactly-supported in the parametric domain such
that Ny ,(€) # 0 for € € [£x—p, Ekt1). Therefore, only the old basis functions in this knot interval
are affected by the knot insertion operation. Moreover, the construction of the operator resembles

the Cox-deBoor recursion relationship:

itk - itk
S — ngkfl + gkl — ¢ k—1

Ji gith — gi Jji gith+l _ gitl Jio0

for k=1,...,p with
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Note that for each inserted knot, a new operator T}, is constructed which governs the relationship
between the knot vectors before and after insertion. Moreover, the complete refinement operator
for B-spline control points after repeated knot insertion is given by T = T,Tq_1---T1. Now,
since all geometric manipulations of the NURBS entity must occur in projective space, we must
account for the NURBS weighting. With this in mind, we can define the prolongation operator for

isogeometric analysis on NURBS via:

P=W;!'TW,

where the coarse-weighting W and fine-weighting Wy matrices are defined via

wi 0 0 wy 0 0
0w 0 0 wl 0
W, = and W; =
0 0 we 0 0 wi,

It is clear that performing a prolongation operation amounts to first transferring the control
points to projective space, performing the refinement operation, and then returning the control
points to n-dimensional space. Before proceeding to implementation, there are a few points to
make note of. First, the prolongation operator (and knot insertion) operator for d-dimensional

geometric entities is formed via tensor product, ie.

P=Pi®P2®..%Pq

The other concern is the restriction operator, which is almost the transpose of the knot
insertion operator with compensation for the projective space transformation, namely the NURBS

weights

R=P’ =W, T7W;!
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Lastly, we define the coarse-grid operator via the Galerkin condition

A% — RA"P

With the above discussions, we are ready to implement an isogeometric multigrid solver on various
PDEs. The examples we present only consider Kirchhoff-Love Plates as they are compelling re-
sults for a fourth-order operator. Although the simple geometric multigrid method we’ve discussed
is naturally applicable to the linear-elastic membrane [6.1], we do not consider it since superior per-
formance of such a method on Laplace-type operators is well-known. Finally, we do not consider
results of this method on the Kirchhoff-Love shells because often times they suffer from mem-
brane locking, as was demonstrated in the shell obstacle course displacement criterion, i.e. Figure
Figure[6.7, and Figure[6.9] This is problematic as the course-grid correction will not inform the

fine resolution displacement field through prolongation, the crux of an effective multigrid method.

9.2 Numerical Tests

We now present a series of numerical tests illustrating the effectiveness of our proposed multi-
grid framework. The first test is a simply-supported rectangular Kirchhoff-Love plate with uniform
downward loading. The exact solution to this problem is known and used as an assessment of con-
vergence. Figure[9.1| contains a table displaying the number of V-cycles required to reduce the error
by 109, along with the corresponding average convergence factor during this process, for various
numbers of degrees of freedom. For each V-cycle, one pre and post smoothing step is employed us-
ing the Gauss-Seidel smoother. From the figure, we observe that the number of iterations required
for error reduction is independent of the number of levels. Figure demonstrates the convergence
of the numerical solution with mesh refinement if a full multigrid algorithm is employed for system
solution. From the figure, we observe the convergence is optimal with respect to mesh refinement.

That is, the error decays like N2, where N is the number of degrees of freedom.
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DOFs | V-cycles Convergence Factor I o
16 9 0.211 o o8
25 10 0.241 °ef :
49 9 0.203 -l e

121 9 0.213 o4 "
361 10 0.229
1225 10 0.226

0.1

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 %102

Figure 9.1: Convergence behavior and displacement plot for the rectangular Kirchhoff-Love plate
system using a V'(1,1) scheme.

DOFs Error Convergence Rate o .

16 2.879¢-05 - .

25 3.698¢-06 4.5985

49 3.863e-07 3.3568
121 | 6.404e-08 1.988
361 | 3.528e-09 2.6519

1225 | 4.781e-10 1.6358

Figure 9.2: Convergence rates and plot of ||e|| 2 at various levels of refinement for the rectangular
Kirchhoff-Love plate using FMG(1,1,1) scheme.

Our second test is a simply-supported parallelogram Kirchhoff-Love plate with uniform down-
ward loading. As opposed to the first test, the exact solution to this test exhibits singularities in
the obtuse corners which inhibit convergence. Figure [9.3] contains a table displaying the number
of V-cycles required to reduce the error by 105, along with the corresponding average convergence
factor during this process, for various numbers of degrees of freedom. The V-cycles for this problem
are identical to the rectangular plate case. From the figure, we observe that the number of itera-
tions required for error reduction is asymptotically independent of the number of levels, though the

number of iterations required for convergence for this problem is larger than the number required
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for the first problem. This deterioration is a consequence of the singularities present in the exact

solution.
DOFs | V-cycles Convergence Factor
16 6 0.092
25 13 0.341
49 39 0.699
121 65 0.808
361 82 0.845
1225 86 0.851

0.4
03

02
01

Figure 9.3: Convergence behavior and displacement plot for the parallelogram Kirchhoff-Love plate

system using a V' (1, 1) scheme.



Chapter 10

Conclusion

In this dissertation, we have presented a novel framework for the propagation and control of
geometric variation in engineering structural design and analysis. The dissertation began with an
exposition of isogeometric analysis which is the primary analysis paradigm employed throughout
the dissertation. This selection was made for several reasons, the first and foremost being the nat-
ural parametric modeling environment provided through this analysis methodology. In addition,
the arbitrary continuity of the NURBS basis is capable of exactly representing a variety of common
engineering features, such as fillets and holes, as well as providing a high-quality and a high-order,
accurate solution field. The parametric modeling framework granted through the isogeometric
paradigm played a pivotal role in the construction of a rapid and efficient design space exploration
tool as well as an algorithm for a physics-informed tolerance allocation procedure. Moreover, the
arbitrary continuity of NURBS basis functions allowed for a direct, primal formulation and imple-
mentation of the Kirchhoff-Love shell equations, the major structural setting considered throughout
the dissertation.

Following the exposition on the fundamentals of isogeometric analysis, we provided a brief
discussion of differential geometry which is crucial for the analysis and derivations of the Kirchhoff-
Love shell equations. We introduced the fundamental concepts and methodologies required for
arriving at a physically-consistent variational formulation. We grounded these concepts in the
physical principles of continuum mechanics where the Green-Lagrange strain tensor was linearized

and thereafter used in the derivation of strain fields for a linear-elastic membrane, the Kirchhofi-
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Love plate, and the agglomeration of these two settings over a curved manifold, the Kirchhoff-Love
shell. Before proceeding to the detailed derivations and analyses of these three physical problems, we
provided a brief discussion of the functional analysis tools used for obtaining a high-order accurate
numerical method resulting in a symmetric, positive-definite discrete system through Nitsche’s
method. With these tools in place, we were then able to discuss the physics of the structural
problems considered throughout this dissertation.

The design space exploration framework and tolerance allocation procedure was set in the
context of linear elastic membranes, Kirchhoff-Love plates, and Kirchhoff-Love shells. To this end,
we provided a detailed derivation and analysis of these three physical problems through Nitsche’s
method. For all three problems, we began with deriving the work and energy of the physical systems
and through the Euler-Lagrange equations, we obtained a variational principle. Through this weak
formulation, we were able to infer an underlying strong form in each setting which provided the
physically-consistent boundary integral terms and in the setting of the Kirchhoff-Love plate and
shell, this resulted in a modified shearing term known as the “ersatz” force relating tangential
boundary derivatives to the displacement field which was shown to be equivalent to a tangential
boundary integration. After deriving Nitsche’s formulation for the three problems, we demonstrated
consistency, symmetry, continuity, and coercivity of the bilinear form and subsequently provided
an a priori error estimate guaranteeing optimal convergence rates of the approximation error by
a bound on the interpolation error. With the exposition of these physical problems in place, we
were then able to discuss the first major application considered in this dissertation, design space
exploration.

The framework for rapid and efficient design space exploration based on a combination of
IGA and smart sampling. Although the methodology was presented in the context of structural
mechanics, the modeling paradigm is agnostic in terms of its range of applicability. Moreover, this
framework provides a means for obtaining an approximation to the full-system response whereas
state-of-the-art approaches only provide exploration capability for quantities of interest present in

the solution field. Various sampling techniques were considered where tensor-product grids provided
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a high-fidelity representation of the solution space for low-dimensional problems and Smolyak-style
sparse grids were effective in alleviating the curse of dimensionality in solution fields comprised of
a few dominant displacement mode shapes for high-dimensional problems. Both nodal and modal
representations of the solution manifold were considered through the use of interpolating polynomial
basis functions and pseudospectral expansions. The methodology was demonstrated to be effective
in exploring the design spaces of the Scordelis-Lo roof, a Flat L-Bracket, and an NREL 5MW wind
turbine blade.

In short, the following conclusions were drawn through the numerical experiments conducted

in this dissertation:

1. In general, both nodal and modal solution manifold representations provide the same fidelity
of the surrogate model per degree of freedom and at the same computational cost for
the case of tensor-product polynomial design space discretizations. However, the nodal
representation performed slightly better than modal in terms of solution accuracy. This is
due to numerical integration errors incurred while computing the pseudospectral coefficients

through numerical integration.

2. In the case where the solution is inherently sparse with little cross-derivative information,
isotropic polynomial design space discretizations out-performed tensor-product polynomial
design space discretizations in terms of accuracy versus cost. In the case where cross-
derivative fidelity is necessary, as in the example of the Scordelis-Lo roof, the tensor-product

discretization performed better.

3. Both tensor-product and sparse quadrature rules were considered for sampling the design
space and numerical integration. Tensor-product quadrature rules were more effective at
computing the pseudospectral coefficients as expected, however computing the resulting
approximation error through both approaches generally maintained the same order of mag-
nitude. As the sparse rules are considerably cheaper, it is recommended that they be used

in practice.
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4. For high-dimensional problems, as in the example of the Flat L-Bracket, isotropic design
space discretizations perform well in conjunction with sparse quadrature rules while tensor-

product design space discretizations are not feasible due to the curse of dimensionality.

5. In all cases, Kronrod-Patterson achieved a higher accuracy per computational cost in com-

parison to Clenshaw-Curtis.

Overall, we found that the design space exploration methodology was an excellent and eco-
nomical solution for problems with solution manifolds that have inherently “smooth” character-
istics. In other words, solution manifolds which have a response dominated by global feature
manipulation were the most effective in this framework. This was exemplified in the cases of the
Scordelis-Lo roof, the Flat L-Bracket, and an NREL 5MW wind turbine blade, where the solution
manifold is comprised of a sparse set of displacement modes. The appropriate combination and
scaling of these modes, afforded through the methodologies presented throughout this dissertation,
resulted in an accurate approximation to the exact displacement profile.

It should be remarked, however, that our the methodology is not quite as effective in repre-
senting “rough” solution fields which have a response dominated by localized features. In particular,
it does not work well for problems with solution manifolds that are discontinuous or have discontin-
uous derivatives which are associated with, for instance, bifurcations. This is due to the fact that
we have essentially considered a p-adaptive design space exploration paradigm in this dissertation.
In future work, the issue of solution manifold “roughness” will be addressed through dimension-
adaptive refinement procedures. In particular, extending our framework to an hp-adaptive frame-
work may remedy the issue of roughness by effectively splitting the design space along discontinuous
and non-differentiable loci. Note that hp methods based on isotropic design space mesh refinement
suffer from the curse of dimensionality in a tensor-product setting [36]. However, employing this
refinement protocol with anisotropic refinement will alleviate these concerns [54] 23]

The methodology presented in this dissertation also lays the foundation for a plethora of

research topics from shape optimization to geometric uncertainty quantification, analogous to those
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presented in [63, 105, 04, 00, B35, 124 126]. Future work will leverage the surrogate modeling
methodology presented herein for stochastic problems, where classic uncertainty quantification tools
and techniques are readily available. In this setting, the design parameters can be interpreted as
random variables which capture inherent modeling and manufacturing uncertainties. This lends to
the notion of a stochastic geometric family which can be used to quantify the impact of tolerances on
engineering designs, namely how geometric uncertainties in design propagate through the solution
manifold. Similar ideas have been considered in the field of shape uncertainty quantification, on
the analysis of random domains, such as those presented in [62], 33, 46]. Additionally, tools such as
compressed sensing shows promise in obtaining coefficients to high-order modes, and consequently
an increase in surrogate model fidelity, without incurring additional sampling expense in solution
fields which are inherently sparse [41, [60].

This dissertation highlights several outstanding limitations which the authors plan to tackle
in a future dissertation. First, the separated representation methodology used for surrogate model
construction provides an excellent tool for efficient and accurate surrogate modeling with respect
to smooth system responses to smooth changes in design variables. However in many practical
scenarios, the responses are not expected to be smooth, e.g. in the scenario where the location of
maximum stress changes in a discontinuous fashion with respect to a continuous change in design
parameter. Utilizing a continuity-adaptive basis, rather than globally-smooth Legendre polyno-
mials, for SR construction may remedy this issue and provide a means for attaining a tolerance
allocation methodology which is capable of ensuring a conformity to geometrically-global, point-
wise, worst-case performance criteria. Second, extending this framework to incorporate multiple
constraint functionals would be a beneficial contribution in a variety of scenarios. For example, a
physical system requiring conformity to a maximum stress and a maximum displacement can be
ensured through a performance-based tolerance allocation routine of this form. Lastly, although
worst-case tolerance allocation provides a measure of design conformity with respect to every de-
sign within the prescribed tolerance, this is arguably too restrictive since, probabilistically speaking,

the absolute worst-case scenario is extremely unlikely to occur in practice. To this end, we propose
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changing the constraint functional from a pointwise metric to one that is statistical. In particular,
a metric which ensures that, given a probability density function, the designs contained within the
prescribed tolerance hyperrectangle conform to the performance constraint in a statistically-average
sense with respect to the provided probability density function.

In this dissertation, we have also presented a novel tolerance allocation methodology which
is suitable for geometric design configurations parametrized with moderate dimensionality. This
approach naturally emanates from design space exploration techniques and parametric modeling
paradigms. Although the methodology was presented in this dissertation in the setting of linear
elasticity, it is overall agnostic with respect to the underlying physical model and performance
constraints considered. Provided with a parametric PDE, a user is capable of allocating design tol-
erances based on prescribed performance constraints by solving a nested sequence of optimization
problems posed over an immersed manifold of codimension 1. We have presented both gradi-
ent ascent and conjugate gradient algorithms for performing optimization along this manifold to
ultimately arrive at a tolerance for which all designs within the solution satisfy the prescribed per-
formance constraint. Numerical results presented, which included the plate with hole parametrized
with two design parameters, the plate with hole parametrized with six design parameters, and the
L-Bracket parametrized with 17 design parameters, demonstrate that this methodology is robust up
to moderate dimensionality. However there is an incurred increase in computational expense due to
the offline, separated representation construction, which requires a larger set of sample realizations
to obtain a desired surrogate model fidelity.

The final key to the effectiveness of our design space exploration and tolerance allocation
capabilities is rapid sampling strategies. Since the primary means of mitigating the computational
expense associated with these design space exploration and tolerance allocation tools relies on
surrogate modeling, it is expected and understood that providing a larger set of sample realizations
will result in a high-quality and accurate surrogate model. To this end, it is crucial to design
techniques for obtaining these samples in a rapid manner. The Nitsche formulations considered

result in a symmetric, positive-definite system which is ideal for fast and robust linear solvers.
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