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Chapter 1

Background and Definitions

1.1 Hochschild and Cyclic Homology and Cohomology

The following are basic definitions and results [2] of Cyclic theory.

For an algebra A over a commutative ring k, we define the Hochschild homology, HH,,(A)

to be the homology of the complex

b b b b b
Cf[och . >A®(n+1)—>A®n—> . —A—0

where A®™ is the n'times tensor product of A with itself over k. The boundary operator b is defined
by
n
b= (—1)id; : AP(HD _ gon
i=0

where d;, called the face maps, are

do(ag, a1, . ..,ay) = (agai,az,...,an)
di(ag,ai,...,an) = (ap,a1,...,0iGi41,...,0y) for 1 <i<mn—1

dn(aoa at, ... 7an) = (ana07 at, ... ,(ln_]_)



Also, define the maps s; : A2t 5 A®M+2) called the degeneracy maps, by

si(ag,ai, ... an) = (ag,a1,...,a;,1,ai41,...,a,) for 0 <i<m—1
Sn(a()valv"‘ 7an) = (a()aalv“’ 7an71)
Sp+1(ag, a1, ... an) = (1,a0,a1,...,a,)

Finally, we can define t,, : A2(*1) — A®(M+1) the cyclic operator, by
tn(ag,a1,...,an) = (=1)"(an,ao,...,an-1).

The subscript is usually omitted, when it is obvious from context.
Denoting C2(A) = A2+ /(1 — t), the elements of A2+ up to application of t, we have

the complex

clve . Lo A) - (AL LadA)

n

with homology HC),(A), called the cyclic homology of A.

These two homology groups are related by the long exact sequence
. — HH,(A)-SHOM(A) - HO2(A) S HH Y (A) — ... .

The map S is called Connes’ Periodicity Operator.

Let A be an associative and unital k-algebra. The dual A* = Hom(A4, k) of A is also denoted
CO(A). More generally we put C"(A) == Hom(A®"+1) k)
Let C}(A) denote the cyclic n-cochains of A, that is, f € C"(A) with

flag,...,an) = (=1)"f(an,a0,...,an-1).

We then have the complex (C7, b*) which has homology H}(A), called the cyclic cohomology

of A. This then gives a similar long exact sequence

o — HH™(A)-ZHC" Y (A) -5 HO (A -S HE P (A) — ... .



1.2 Poisson Algebras and Pseudodifferential Operators

A Poisson algebra is a commutative algebra A over k with a bracket that is a bilinear map
(a,b) — {a,b}
such that
(1) Ais a Lie algebra with respect to the Poisson bracket,

(2) {f,9h} = g{f,h} + h{f, g} for all f,g,h € A.

One example of a Poisson algebra is the space of smooth functions on a symplectic manifold

(M.w), with bracket defined by
{f.9} = w™'(df, dg).
A pseudodifferential operator is a generalization of the Fourier transform
(Fu)(©) = () = [ e *utw)is

where u € C*°(R") with

sup xa(aﬁu)(aj)‘ < 00,

reR”™

called the Schwartz space of functions on R”. A function a € C*°(X x R") is called a symbol of

order m if for any compact K C X, and multi-indices «, 3 there exists a constant C, g i such that

0507a(w,0)| < Capic (0)"

where x € K,60 € R", and () = (1+|0|2)%. The collection of these functions is denoted S™ (X xR™).

Each symbol defines a pseudodifferential operator A : C§°(X) — C°°(X), defined by

Aua) = [[ = Pate,y. uly) dy e

An operator A : C°(M) — C°°(M) is called a pseudodifferential operator on a manifold, M, if for

every chart (U, ¢y) of M, the operator, Ay defined by the diagram

CeU) —2= ™)
£ I
Ce((U) —2s C=(g(U))



is a pseudodifferential operator. The algebra of symbols on the manifold M of degree m are denoted

U™(M). This is a filtered algebra, with
T = () O™(M)
m
the algebra of smoothing operators. This leads to a new algebra, P = U™ /¥~ with product

axb=ab+{a,b}/2i+ > ¢;(a,b)
j=2
where ¢; : WkE/U= x Wl /y=o0 5 Yhtl=i /J== ig 3 bilinear map. This algebra is also endowed

with a trace, [1]

Ra(x.y)) = / (2, 9) (R,

S*M



Chapter 2

Conceptual Foundation

The following is a summary of results from a unpublished paper[4] of I. Zakharevich.

2.1 Alexander Spanier Cohomology

Consider the sheaf of vector spaces @ over a manifold M. Let O™ be the exterior tensor

product of O with itself. The sheaf over M™ is given by
(U x...xUp, O"") =T(U1,0) ® ... @ T(Uy, O).

Let AltO®™" be the subsheaf of skewsymmetric sections. These sheaves form a complex, with differ-
ential given by exterior product by any fixed sheaf, denoted Al. The sheaves AFO := A*(AltO®")
form a complex, whose sections over U C M are skewsymmetric sections over the diagonal in MF.
This gives us a representation of the Alexander-Spanier complex, denoted CQS(O) = AP0, We
also have another complex, C§; ,5(0) = (D'(M, A*(O¥*+1)) A*d), called the Hochschild Alexander-

Spanier complex for O, with differential

k+1

d(fo®--Bfi) =Y ()" "o R 1 BIR R R f
=0

Furthermore, if O is soft, then the cohomology of these complexes are quasi-isomorphic to the
cohomology of the manifold.
The sheaf of pseudodifferential symbols lives on the product of a punctured disk and the

spherization of the cotangent bundle. So, that base space only has cohomology in degree 0 and 1,



both of dimension 1. Particularly, a generator in degree 1 in the Alexander-Spanier cohomology

is w = f(z1,22) = log 2 _qa log z. Since logz ¢ Clg, then w is the symplectic 2-form making
21

U /¥~ into a Poisson algebra.

2.2 A Pairing on Cycles

Given a trace on an associative algebra A, we have a map i : CC,(A) — CC*(A)

k

ifo0..@f, (905 gk) = O (=D Trfogi ... fo—igrfr—is190 - - frgi
i=0

and the following diagram commutes:

CCL(A) —Ls CCLii(A)

J# s
CCk(A) —2 cokHL(A)

k+1

where AL(fo®...® fr) = Z(—l)k+1_ifo®. LR fi,1R1Q f;®...Q fi. For O a sheaf of associative
=0
algebras over M, the pairing gives a map

cas(0) — CC(I(0))
Similarly, the pairings

LA A S gt Ao Ag) = TEAIE frigr+ fr 0,
k
TESE

(fo®. ... @ fr,g0®...®gr) = Trfo0go - - . frgk

give the maps

Chs(0) — 1 (N(0))

Cras(0) — HCH(T'(0),T(0)")



Moreover, these maps induce maps on the cohomologies.

Now, let % be an associative product on A ®x K|[[h]] with A[[h]] a K[[h]]-algebra. Let -}, an
associative product on A for small h, and - = ¢ be commutative. Then, with product *, we have
fg—gf = O(h), and so, a product

Jhg—9nlf
= lim ————~—=.
{f,g} = im -

which is a Poisson bracket. Furthermore, for A a Poisson algebra, we have a sheaf of Lie algebras

O on SpecA from the Poisson bracket. We then, from the pairing, have a map
Hys(X) — Hipje(Lie(A, {,})).
The goal now is to prove the following result:

Theorem 2.2.1. Let A be a Poisson algebra with products -, and common trace, Tr. For any
an = foA... A fn € A"TLA, we have a cochain o = S"(a,) € CC™T2T (A, -1,). Restricting to

acting on antisymmetric chains, we then have a cochain a " e AMF2rHL AR which can be written as
OA‘Z T &n,rthrr + O (hn+r+1)

with
n!r! r+n—»M
AV = 9T 2—2M AM,T
T 2 Z < n—2M, M) % (n—211)

and

d?j\;) (goA'-'gn-I—QT):Tr Alt on‘gTo'{folagﬁ}""'{fUM7gTM}
U€S7L+1
TeSn+2'r+1

: {fUM+17fUM+2} et {fanflvfffn} : {gTM+17gTM+2} et {ng+2r717ng+2r}



Chapter 3

Preliminary Computations

3.1 Repeated Action of the Periodicity Operator

First, some technical results I will use later.

Lemma 3.1.1.

d
1 C
(@) 31" = (-1 + (=1%)
b d 1 1

() DD = S —a+ 1)+ ()7 (1) + (-1))

k=a l=k
) > (D)*=m+1

0<k<I<2m

Proof.

(a) Note that

1 if d is even

d 1
S (-1 = =3 (1 + (—1)d)

1=0 0 if d is odd
So,
d d c—1
YD =D (=0 =Y (=)

~

=0

(14 (-1



(b)
b d b d
DID WIS SEEID e
k=a =k k=a I=k
b
1
=2 (0 )
— : 1 1 1 d+k
=35 (1 )
— 300+ 0+ 517 (5 (00 + ()
= Sl—as )+ (e )
(©
2m 2m
( l)k—i-l _ ( 1)k+l
0<k<I<2m k=0 =k
= 5 @m0+ 1)+ (-1 (1) + (1))
=m+ % %(2)
=m+1

Proposition 3.1.2. For Connes’ periodicity operator, S, which can be expressed [2] as

-1
S=——F ) (-1)"T%2d,,d,,

(n + 1)(n + 2) 0<ai;<az2<n+2

we have that

, n!r! , 2 ai
e o D DI )= RS Ay

n —+ 2r
( + ) 0<a;<--<az2r<n+2r

n!
(n+2)!

Proof. First, note that S = (—1)! Z (—1)*1t92q, d,, is already of the claimed

0<a1<az2<n+2



10

form. Now, suppose S" ! is of the above form. Then

-1
qr — SSrfl _ Z (_1)a1+a2da2da1
(n +2r - 1)(n - 27’) 0<a;<az2<n+2r
L (r—1)! =
n!(r—1)! 1 2. bi
(n+2r—2)!(_1) Z (=1) = dbz(r—l)"'dbl
0<b1 <+ <bg(po1y Sn+2(r—1)
2r—2
n!(r—1)! , artag+ 3 b
ERCETTIR > (0T daydaydy,

0<ai<a2<n+2r
Oébl <<b2(7._1>§n+2(7‘—1)

Note that S™ has
n+2r+1\ /n+2r—1 (n+2r+1)! (n+2r—1)!
( 2 >< 2 — 2 >:2!(n+2r—1)!(2r—2)!(n+1)!
(n+2r+1) (2r)!
S @2n)!(n+ 12 (2r —2)!

n+2r+1 2r
2r 2

For ease of notation, let bg,_1 = n + 2r — 1. Using the identity d;d; = d;11d; for i < j, each

terms.

term of the product can be written as
dazd(n de('rfl) e dbl = db2(7—71)+2 e dbl+1+2da2dbl+1 o dbk+1+1da1dbk e dbl

for by +1 < ag < bjyp1 +2, b, < a1 < bpy1 +1, a1 < ag, with 0 < k <1 < 2r — 2. More concisely,
each term is of the form

Aeg, =+ deyy, 0<cp <o < cgp <+ 27

Fix0<e¢i < - <epp <n+2rand 0< k<[ <2r—2. If

ap = Cg+1
bi=9q cp1—1 if k+1<i<l and
a2 = Ci42
Ciqa—2 i 14+1<i<2(r—1)

we have that

db2(7‘71)+2 e 'dbl+1+2d02dbz+1 T dbk+1+1daldbk e dyy = dey, - dey
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n+2r+1
2r

k and [. So, there are the same number of terms in

2r
Furthermore, note that there are ( > ways to choose the ¢;'s and <2> ways to choose

> aydaydyy, - dy,

0<a1<as<n+2r
OSbl <'“<b2(7‘71) §n+2(r—1)

as in

Z ey - do,

0<c1 < <car<n+2r
0<k<i<2r—2

and every term in the second sum comes from a term in the first sum. Thus, we have

2r—2

Pr—1)! ai+az+ 3 b

. nl(r—1) , 2

¥ = (n+2r)! (=1) Z (=1) = dayday g,y e dy

0<a;<a2<n+2r
0§b1<-~~<b2(T,1)§n+2(T—1)
k 1 2r—2
n! (1" — 1)' Cht1tcirat ) cit %: (cit1—1)+ > (cit2—2)

i i=kt1

= (1" Z (=1) = = ey, =+ de,

(n +2r)!
0<c1< - <car<n+2r
0<k<i<2r-2
2r
—(I—k)—2(2r—2-0)+>" ¢

_nl(r—1) , P>
~ (n+2r)! (=1) >, > (D e+ ey

0<c1 << ear<n+2r 0<k<I<2(r—1)

= M(_l)r Z (_1)121 ) Z (=) d,, - dey

!
(n+2r)! 0<c1<--<ecor<n+2r 0<k<I<2(r—1)
2r
n!(r—1)! 2 i
S K VD DI G VN R KU
’ 0<c1 << cor<n+2r
2r
nlr! >
=o)X DT e,

0<ci1<-<cor<n+2r

3.2 Dual Action of Periodicity

Let A be an associative k-algebra with a trace, Tr : A — k. Then for cyclic n-chains

fo®...® fn, g0 ® ... gy € CC,(A), we have the pairing

n

((for s fn)s (9055 90)) = D (=1 Trfogi - fignfa—it190 - fgi1-

1=0
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This defines a mapping, a — (a, —) from CC,(A) to CC*(A). We then have the degeneracy maps
5; 1 CCp(A) — CCpryi1(A) as the duals to the maps d; : CO"(A) — CC™t1(A), with respect to

the pairing.

We will now compute the dual action on the periodicity operator with respect to the pairing.
Denote Ly/(co,c1,-..,cx) = (ag,ai,...,an) € CCN(A) where
fj if 4= Cj
a; =
1 otherwise

Lemma 3.2.1.

(a) Let 0 <1< N+4+1land1<c¢; <---<c¢, <N. Then

(
LN+1(O7CI+177C7L+1) Zf 0<i<c—1
LN+1(0761,...,Cj,Cj+1—i—l,...,cn—l—l) if Cj§i§0j+1—1
CliLN(O,Cl,...,Cn):
LN+1<07617"'7C7L) Zf C’rLSZSN
LN+1<N—|-1761,...,CH) if i=N+1

(b)) Let 0 <i< N+landl<c <---<cp <M <N. Then

,

LN+1(M+1,01+1,...,Cn+1) if 0<i<c—1

LN+1(M+1,01,...,C]‘,C]‘+1+1,...,Cn+1) if c; <1< cjy1—1
diLN(M,Cl,...,Cn) =

Lyii(M+1,¢1,...,¢p) if cp<i<M-—1
\ LN+1(M7C]_,...,Cn) if M<i<N+1
Proof. The result follows immediately from the definition of d; and Ly(...). O

Lemma 3.2.2. For0<a1 < ---<ap<n+k—1,letl1<c < - <ecp, <n+k such that
{e1,. yent=1{1,2,....m+k}\{a1 +1,... a1 + 1}.

Then

day -+ day Ln(0,1,...,n) = Lyt (0,c1,. .., cp).
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Proof. Let k=1, and 0 <14 < n. Setting
{c1, . yent={L,2,....n+ 1P\ {i+ 1} ={1,...,4,i+2,....,.n+ 1}, 1 <1< - <c, <n+1
we have that
J if j<i
Cj:
j+1 if §>1
Thus,

diL,(0,1,...,n) = Lp41(0,1, ... 00,0+ 2,...,n+ 1) = Ly11(0,c1,...,¢p)-
Now, let 0 <ay < -+ <apr1 <n+k. Set
{e1,..,en}t={1,2,....n+k}\{ar +1,...,ar+1}, 1 <e1 <---<e, <n+k
{e1,..yent={1,2,...;n+k+1}\{a1+1,...,ap1 + 1}, 1< < <cp<n+k+1
Suppose dg,, - - da, Ln(0,1,...,n) = Ly4(0,€1,...,6p).
Note that
{c1,...,ent={1,2,....n+k+1}\{a1 +1,...,ap+1 + 1}
={L2,...,n+k}\{a1+1,...;ap1 +1HU({n+k+1}\{a1 +1,...,ak41 + 1})
= ({er, - e} \{apr +1H) U ({n+k+ 13\ {ak41 +1})
={e1,....en,n+k+1}\ {ags1 + 1}
Since 0 < ag11 < n+k and ag41 # a; for 1 <4 < k, then either ay11 =n+k, or
agr1+1e{l,...,n+k}\{a1+1,...,a + 1} ={e1,...,en}.
If agy1 =n+k, then ¢; = e; for 1 <14 < n, and so,

d s daan(O, 1, N ,n) = dn+kLn+k(07 €1,... ,en) = Ln+k+1<07 Cly.w., Cn).

Qi1
Assume ap41 + 1 = e; for some 1 < j < n. Then

€; if 1<y
G =19 el if j<i<n

n+k+1 if i=n



Also,

0<ar < - <ap<app1 <apy1 +1=¢;<---<e, <n+k.

We then have a, < j+k—1,andso, 1 <a1+1<---<ap+1<j+k. So,
{e1,..,ent={1,2,....n+k}\{a1 +1,...;a, + 1} D{j+k,...,n+ k}.

This shows that e; =i+ k for j <+¢ < n. Thus,

e; if i<
C; =
i+k+1 if j<i<n

and

d wday L (0,1,...,n) = dgy,, Lnyi(0,€1, ... en)

ap41
= j+k71Ln+k(07€1a' . '7€j—17.j +k, ... 7n+k)
= Lypyk11(0,e1,...,e5-1,+k+1,....,n+k+1)

= Ln+k+1(0’ C1y. .- 7cn)'
Then, by induction, the result follows.

Lemma 3.2.3.

0 <a1<--<ap<n+k—1
35 et ()

- Y =

1<c1 < <en<n+k

Ln—‘rk(ov Cly. -y Cn)'

14

k k
Proof. Notice that both sides of the equation have (n+ ) = <n+ ) terms. Also, for each

k n

fixed 0 < a1 < - < ap <n-+k—1, there are unique 1 < ¢; < --- < ¢, < n + k such that



15

{a1+1,...,a, +1}U{c1,...,cn} ={1,...,n+ k}. Furthermore, from Lemma 3.2.2, we have that

A ntk ntk  k k
3 a; —(— DIREDIEEDIICIESIEDY 1)
_1)i= (_1) i=1  i=1  i=l i=1 Ln+k(07 cl,. .. ,Cn)

Since both sides of the equation have the same number of terms, and every term on the left is equal

to a term on the right, we have that

0 <a1<--<arp<nt+k—1

- Z (_1)i:1 n+k(07 C1, 5cn)
1<ci < <en<n+k
]
Proposition 3.2.4.
(a)
, r! r & k
§"Lo(0) = Gy Ler(0) = gy 2 (1) Lar (k)
’ T k=1
(b) Forn>1,
! > e+ ("5)
7” P = _1i:1 L?’L T 9 PR B 03
S ( ) 7 ?n) (n+2r)' » Z ( ) +2 (O C1 (& )
<c1<-<en<n+2r

n+2r

_icﬁ-( )—H
n+2r|z > (=)= T Lgar(lier, ..oy en).

I=n+11<c1 < <en<l—1

Proof.
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(a)
r T'! r 221:‘ a;
S” Lo(0) = @l (—1) > (=1)= dy,, ... day Lo(0)
0<a1 < <agr <27
2r
T! 2r+1Y\ _
= (2r)! Z(_l)H_( 2) o ... di41dg—1 ... doLo(0)
" k=0
2r
7! —k
= )l (=1)""day ... dgr1Li(0)
" k=0
2r—1
r! r! k
_ w 2r(0) + (27“)' Z (—1) doy ... dk+2Lk+1(k + 1)
' " k=0
r! rl & &
it O~ G > (—1)F Lo (k)
’ k=1

(b) From the preceding Lemmas and Proposition 3.1.2, we have that

2r
n—+2r)! 3 a
(mw)(_”TSTL"(O’l"”’") = > (1)1 day, - day Ln(0,1, ..., n)
o 0<a;<-<azr<n+2r
2r
> ai
= > (=1)=1 day, - day Ln(0,1,...,n)
0<a1<--<az,<n+2r—1
2 3 it 3 (nt)
a; n+1
+)° > (=)= = dygor .. dyygda, - day Ln(0,1,...,0)
=2 0<a1 < <aj_1<n+l—2
%T:(n-i-z)

+ (—1)i:1 dn+2r...dn+1Ln(0,1,...,n)

n
Z cit n+2r+1 —9op
= > (-1)= " =) Lnir(0,¢1,. .., ¢n)
1< < <en<n+2r

2r ul ntl 2n .
> et (") —(1=D+ 3 (n+i)
+ Z Z (—1)111 ? i=l dntor ... dn+an+l—1(O7 Cly...

=2 1<c1 < <ep<n+i—1

+ (=)D G o dpy1 L (0,1, ..., n)

T

Z cit (n42r+1)(n+2r)

= > (=1)= ’ Lnir(0,¢1,. .. ¢n)
1<c1 < <en<n+-2r

n n—42r
nt2r et (D) —(-n—1+ 3 i

+ Z Z (—1)i:1 =l dpyop. .. dlLl71<07 Cly.- -, Cn)

I=n+2 1<c1 << <l—1



ST‘

Thus,

Ln(0,1,...

7n)

+ (_1)Tdn+2r

- ¥

. dn+1L (0, ,...,TL)

T
> et (”;rl)+(n+1)r+rn+2r2

(1=

1<c1 < <en<n+-2r

n+2r

>

I=n+21<c1 <

>

> pE

<cn<l—1

n+2

Ln+k(07 Cly.-- 7077,)

i ci+("+2r+1) (I-n—1)
dn-i—??" e dH_lLl(l, Cl,y...

(—1)2( 2 >+rdn+2r coodpyolni (n +1,¢q,... ,Cn)

1< < <en<n

- ¥

ci+ ntl +r
(_1)1‘;1 ( 2 )

1<c1 < <en<n+-2r

n+2r

p>

I=n+21<c1 <

>

Z (_1)(n'2~'1)+r+n+1—lL

<cnp<l—1

(-t

1< < <en<n

- ¥

3 ci+ ntl +r
RIRSEHCY

1< < <en<n+-2r

S L e en)

n+2r

>

l=n+21<c1 <

>

1<c1 < <ensn

Ln+k(07 Cly... ,Cn)

n+37"(l) Cly--- 7CTL)

Fm+1c1,...,¢n)

Ln+k(07 Cly--- 7cn)

<Cn§l_1
5 cit("E) +nt14r
(-p= Lojor(n+1ic1,... cn)
z"jcﬂr("“)w
CET O )

1< < <en<n+2r

n—+42r
n+2
+ Z Z (—1)( ), nt2r(lsc1y. 05 cn)

I=n+11<c1 << <l—1

nlr! > cit+("3)

= m Z (—1)’:1 Ln+27~(0761,...,cn)
1< < <en<n+2r
ntrl 3 et (") H
n+2r Z Z (—1)’:1 Ln+2r(l,01,...,cn).

=

n+1l1<c1 < <ep<l—1

17



Chapter 4

Periodicity in a Poisson Algebra

Define the notation

Z”: CiJr(nJer) n—1
KN(CO,Cl,...,Cn) = (_1)120 g‘ro ‘h+--"h ch()*l ‘h H'h (f(T2 ‘h chi ‘h--+'h chiJrl*l)
=0

‘b fon b Grep, h- - h Gy
B1
B2

a1

a2
aq
a2

:| = [falagag] ‘h """ °'h [f051+’7*1aga2+’771] ‘h [f051+’77 f011+7+1] ‘h---"h [fﬂl—b fﬁl]
5

‘h [Gaa+vys Gontry+1] *h -+ - b (98215 95,
ﬁl a1+1

f, =t L
5 ,y— a1 "h Yas °h il 527

Rnﬂ« = <Sr(f0 VANRRAN fn),go Ao A gn+2T>‘h

n!lr!
My p = —————
T (n 4 2r)!
Tn,r = Mnr § Kn+2r(60) Cly.-. 7cn)
0<co<--<cn<n+2r
T = m Kyior(0
nr n,r n+2r(Y, C1, . -+, Cn)
1<c1 < <en<n+2r
4.1 Computations in -

Here I shall prove some general results in computing in the product. The end goal is to
express every long product, as a product of commutators. This will mainly come from thwo main

facts:
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(1) f-ng=g-f+If 9]

U‘élsgfao ‘h fUl = 2_1A1t(f0'0 ‘h f0'1 + fo’o ‘h f0'1)

= 271A1t(f00 ‘h fo‘l - fo‘l ‘h fo’o)

= 27 Alt oy, for]

Also of note, which will e shown later, is that every product of the form fo-n g0 n-.-nfNngn, will
have a term with N commutators that does not cancel, none of which are nested. Furthermore,
any term with nested commutators can be expressed as combinations of terms with more than N
commutators. Because of this, it is okay to assume that commutators will commute with anything,

with respect to the product .

Lemma 4.1.1 (Properties of K,(co,...,cn))-
0

2r ) o

0,0 0

|

2r) o 0

0

(1) K (0) = 2—7"{

0

(2) Kon(1) = _2—7"{

0

0
27“:|1
(3) Kn(co,...,cn) =

n+ln
2_1KN_2(CO—2,...,cn—2)[ ‘ } if co>2
N—-1IN 0

n+1

n
27 Kn_o(co, .., CirCig1 — 2,...,cn — 2) [Nl NL if ¢ < cip1—2

n+1

N-1

0:|
2r1

2*1KN_2(C(),...,C7L) |: 7]:[:| if ¢ < N-—2
0

(4) Kar(co) + Kor(co+1) =277 {O

0

(5)

Kn+2T(CO,. ey Ciy e ,Cn> +Kn+2r(00,---,ci + 1,...,Cn)

n

n+2r

n
= n+2r—1(607~-,ci—1yci+1 _17"‘7671—1)
n+2r | |



(6) K1(0,1) =277 Eﬂ(ﬁ {2‘1}1
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(7) Forn > 2,
Tr At Kpior(co,...,cici+1,...,¢,)
oESh+1
Tesn+2r+1
_9 n—1|n
=Tr Alt 2 KnJrQT,Q(Co, ey Ci—15Ci42 — 2, ey Cp — 2)
0ESH+1 n+2r—1ln+2r |
TESnt2r+1
nin
+Tr Alt Kn+27n_1(00,...,0i,6i+2 —1,...,¢cn — 1)
0€Sn+1 n+2r |l n+2r 1
TESn+2r+1

) 0.9 =2 [[] ]

(9) Formn > 2,

KN(O,Q,CQ,...,CN) = —272KN_2(62—2,...,C7L—2) [

Proof.

Tr cé}s‘tl KQT(O) =Tr égﬁl fao ‘h 919 "h 911 "h -+ "h Gror

TES2r 41 TES2r 41

=Tr Alt foo hGroh 2 " [Grr>Gra) b -
€S

TES2r 41
0,0
=Tr Alt 2_T{ }
€S 0l2r )
TES2r 11
(2)
Tr Ujélécl Ko (1) = Tr C;/élécl — 9ro *h Joo 'h 9r1 *h - - - "h Gray

TES2r41 TES2r41

=Tr Alt - (fcro ‘h Gy T [groafoo]) ‘h 27! [97'1397'2] ‘ho---

oeS,
TES2r 41

010 0
+27"
2r 0 0

=Tr Alt —-277 {
€S 0

TES2r 11

0:|
27“1

n—1

N-1

n]
Nig

‘h 2_1 [9727"—1 ’ gTQT}

‘h 27! [gTzr—1 ) g7'2r:|
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(3) Suppose ¢y > 2. Applying the permutation (N N —1 ... 0) twice to 7, we have have

> eit("37)
Tr Alt Kn(co,...,cn) =Tr Alt (—1)i=0 Gro h 97y h - - -
0E€Sn+1 0ESn+1
TGSN+1 TESNJrl
2(n+1)+ > (¢;—2)+ ("1
=Tr Alt (_1)2(N+1)(_1) =0 ( ’ )gTNfl ‘h 9N ho- -
oESh+1
TESN+1

=Tr Alt 27! [gTN—l’gTN] w Kn—2(co—2,...,¢p —2)

oESH+1
’TESN+1
. :|
Nlo

1 n+1
=Tr Alt 27 KN_Q(C() —2,...,Cp — 2) {
0ESh+1 N-1
TESN+1

The other two cases are nearly identical, except the applied permutations would be (N N —

1...¢)and (N N—1 ... ¢,) for ¢; < ¢i41 —2 and ¢, < N — 2, respectively.
(4)

Tr Alt Ko (co) + Kor(co + 1)
oc€ST
TES2r 41
=Tr Ué‘gi G0 "h -+ - Greg—1 "R ((_1)60]000 "h Greq + (_1)004-1ch0 “h fO'O) “h Greg+1 - - Grar
T€S2r+1
= ’I‘I‘ Alt (_1)609‘1‘0 ‘h - - 'gTC 1 'h [fdo?ch :| ‘h ch 41t 'g‘l‘g,«
0 0 0

ogEST
TES2r+1

= Tr Alt [fa—o,g'ro] ‘h ng ‘h++-"h g’TQr
ocEST
TES2r 41

=Tr oégcl [fO'())gT()] ‘h 271 [97'1797'2] ‘h+-+"h 271 [.97'27«71797'27]

TES2r 41
0,0
=Tr Alt 277
ogEST 0l2r |4
TES2r 41

(5) Applying the permutations (n n—1 ... i) too and (n+2r n+2r—1 ... ¢;) to 7, we have

Tr  Alt  Kpyor(coyeovyCiyevoycn) + Kop(coy o oyci+ 1,00, ¢p)
cESh+1
Tesn+2r+l
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> e+ ("3)
=Tr Alt (—1)j:0 ’ - 'h fao ‘h9req "h- - h (fﬂz‘ “h 9re; = Yre; h f‘Ti)
0ESh+1
TESntart1

'hu-'hfan ‘h 9rc,, "h - - -

Z”: Cj+("+1)
=Tr Alt (—1)j:0 ’ <o th fao ‘h91eq "h- - h [fUiachi]
0ESn+1

TESn4+2r4+1

'h~~'hfan ‘h 9re,, "h - - -

> e+("3) , .
T %lt (—1)/50 2 (_1)(n—z)+(n+2'r’ ¢i) b foo h Grey b+ h fois n Ire,_,
0ESn+1
TESn+;+1

‘h-++"h faz- ‘h ch,L-_‘_l—l ‘h---"h fo'n—l ‘h 9rey—1 "h -+ "h [fUn’ng—?T]

i—1 n
> it 3 (e=1)+(3)
=Ty Alt (—1)]:0 J=itl -+ "h fao ‘h cho ‘h -« "h fUi—l h chi_l
0ESn41
TESnt2r+1

‘he--"h fgi ‘h gTCi+1—1 ‘hoee-'h fa’n_l ‘h 9re—1 "h -+ "h [fon7g7'n+2r]

nin
n+2r 1

=Tr Alt Kn+27__1(co....,ci_1,ci+1 —1,...,Cn—1) |:
O'ESn+1
TESn+2r+1

n—+2r

Tr Alt K1(0,1) = Tr Alt (=1)2foy b Gro b for h 9m
oES2 €Sy
TES? TESY

=Tr Alt fao *h 919 h (gn ‘h fal + [f0'17g7'1])
J€§2
TES2

=Tt Aegﬁ fao ‘h 2_1 [g‘roag‘rl] ‘h fal + fao ‘h 99 "h [fﬂlvg‘rl]
g 2

TESS
. 01
:Tl‘gélst;Q on ‘b o1 °h [g7—07g7—1]+{0‘1}1
TESS
) 01
=TrAlt 2~ [fgo, fo’l] ‘h [ngng] + { ‘ }
o€Ss 011 1
TES2

201 01
:ﬁmm—“}+{‘
gESo 010 011

TESS
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(7)

Tr  Alt  Kpyor(co, ... e+ 1,..00,¢p)

ocESH+1
Tesn+27‘+l
i—1 n
Z Cj+26i+1+. Z Cj+(n;1)
=Tr Alt (=1)7=° J=i+2 Gro *h -+ h Joo *h Grey R
0ESn41
TESn42r+1

‘h foi b Gre; b Joiin h Grejir b th Jon g Grey e h Grngar

1+ZCJ+ Z Cj (né—l)

=Tr Alt (-1) =0 =2 Gro b - b Joo *h Grey °h
0ESH+1

TESn+2'r+1
‘h foi ‘h gTCi ‘h <g7'c.+1 ‘h f0i+1 + [fai_;,_lychiJrl}) ‘h---"h fon ‘g 91¢, h -+ "h 9rgor

1+Z ¢+ Z ci+(2n—-1)+("3")

=Tr Alt 27%(-1) 7 j=it2 Gro b - Joo *h Grey °h
0ESH4+1
TESn4+2r4+1
|:f0'17 f0'1+1 |:ch1,ch2+1:| . -+ "h fo’n ‘g chn ‘h---"h ng+2T
1+ZZ .S ci+n+(y)
+Tr  Alt (=1) =0 i=iF2 Gro b -+ h Joo *h Grey "R
O'eSn+1
TESnt2r+1

‘h fai ‘h gTCi ‘h |:f0i+1’g7'ci+1} ‘hoe--'h fan ‘g 9rep, "ho - "h OTngor

i—1 n
X o —i—1 n—1
o oan 2_2<_1)J§0m+j§+ (2= ("7 (12220
0ESH+1
Tesn+2r+1

Gro he - h Joo b Greg b Joiy h G hee stk Jou h Gy g ho

‘h f0n72 ‘g 91¢p—2 h -+ "h 9rqor 'R [fonfpfan] ‘h [ng+2T717ng+2rj|

n+l— cl+2 cj+ Z (c -—1)+(n—i—1)+(") , B
+Tr At (—1) SN (1) =i +(n2r—ein1)
0€Snt1
Tes’n+2'r+1

Gro b b Joo *h Greg *h - b Joy *h Gre, "R

‘h fUi+1 ‘h chH_Q—l ‘h---"h fO’n_1 g gTCn_l ‘he - h9mmior—1 'h [fUnung+2T}

n—1
—2

=Tr Alt 27K, _olcgy ...y Ci1,Ciao —2,...,¢p — 2

€S n+2r 2( 05 s C1—1, Ci4- ) s En ) n+2r—1lnt2r|

TESn+2r+1

nn

+Tr Al Kn+2r71(007 vy CiyCiya — 1oL e — 1)

0c€Sn+1 n+2rin42r |

TESn+t2r+1
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Tr Alt K3(07 2) = Tr Alt <_1)3f0'() *h 90 *h 9m1 "h fUl *h 9o *h 973
oc€Ss 0ES
TESY TESy

=Tr Alt — foq n 27! [97’0797—1] ‘b for h 27! [972,973]
ogE€Ss
TESY

=TrAlt — 2_2f00 ‘h f01 ‘h [gT(]?ng] ‘h [gTz’ng]
ogES2
TESY

= Trc;’élgé - 2_3 [fa'oaf01] ‘h [gToang] ‘h [gTQ’ng]

TESY

ogES2 3

01
— TrAlt — 273 { ‘ }
01319
TESY

9)

Tr  Alt  Kpyor(co, ...y ¢iCi+2,...,¢p)

0ESn+1
TESn+2r+1
i—1 n
20ei+)+ Y ¢+ > o+("F)
=Tr Alt (—1) J=0 j=it2 9o "h -+ "h fcro ‘hGreq h- - fO’i ‘h Gre,
0ESn+1
TESn+42r+1

'h Gre;41 b Jours th Grepvo b th Joivo b Grery h- o b Jou h Grey e h Grngar

i+2
i—1 n
) 2n—i-1)+ 3 i+ > (e;=2)+2n-1)+("7")
=Tr Alt 27%(-1) =0 gme
0ESH+1
TESnt2rt1

99 *h -+ "h on ‘h chO

‘hoe e |:fcri7 fcfH_J ‘h |:ch1.7ch1.+1} ‘h gTCiJrQ ‘h-++"h fa’i+2 ‘h chZ_+2 hoee .

h fan ‘h 91cp, "h -+ "h YTnior

i—1 n
St S (g-2)+("7") ‘
=Tr Alt —972(_1)i=0 * j=it2 _1)2(n—0)+2(n+2r—c;) e
UESnJ,-l ( ) < ) g 0 h
TESn+2r+1

h Joo *h Grag b h oy h Grey cheeh Joi h Greyy—a hoe

‘h fUnfg ‘h 9re—2 "h -+ - "h Y1pyor—2 "h [fan,p fo’n] ‘h |:ng+27~717ng+27~}

n—1
-2
=Tr Alt -2 Kn+27~,2(00,...,ci,1,6i+2 *2,...,Cn *2) |:
0E€Sn+1
TESnt2rt1

n
n+2r—11n+2r 0
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Lemma 4.1.2.

a1 | f1 B1+1,01 ay |61
(1) Tr  Alt =Tr Alt
0ESh —aq+1 |21 B2 N B2+1102 | 0ESp) —ay+1 2162 MDY
TESoy —ag+1 TESoy—ag+1
a1 b1 B1+1)61 ay |01
(2) Tr  Alt =Tr Al
0€Sp; —ay+1 a2l B2 N B2+1102 | 0€S0) —a+1 (2102 YA
TESoy —ag+1 TESpy—ag+1

Proof.

(1) Notice that both sides of the equation are products of commutators. Each side have

Pr—ar+1—y)+ 1 —f1—AN)=b—a1+1—7y—A

commutators of the form [f;, fit1],

(Be—az+1=7)+(a—P2—A) =0 —as+1—7—A

commutators of the form [g;, g;11], and v+ A commutators of the form [f;, g;]. So, the two
sides only differ by the order of the commutators. But, since commutators commute up to

a higher-order term in h, the two sides must be equal.

[e%1 01 a1+1

Tr Alt { :| =Tr Alt foq *h Gas *h |:
A as+1

B B1+1
0€Sp;—ar+1 (a2lB2 ) [Ba+1162 0ESp —aq+1
TES0y —ag+1 TESoy—ag+1

=Tr Alt foq ‘h Gos h |:

0650170414»1
01}
b2) v

B1 B1+1
B2 y B2+1
01

92:| YA

01
62 A

a1+1

as+1
TESoy —ag+1

=Tr Alt {al

€Sy —aj+1 L2
Tes@27a2+1




4.2 Recurrence Relation Computations for Sums over -,

Lemma 4.2.1 (Properties of T}, , and T}f)).

(1) Formn > 2,

n—1|n n

i
n—1 ndl

n n

Tho =2 Th 20 [ ] +Th-10 [
0

(2)

e S 1L IS > T b A T}

n+1-2M M=0
0 00
+r
2r 0 012r 1

vyt (2
+
2r+1], 2 0

n

n

0

(3) To, = mo,2~" <{

0

0 1 0

(4) T1p =m1,27" (2_2(r +1) [ MJ ) +(r+1) {0

1
2r+1 1

0

(5) Form >2 andr > 1,

n|n n—1|n
Tn,r - MTnfl,r |: :| + 92 My Tn—2,r |: :|
Mp—1,r n+2rint2r |4 Mp—2r n+2r—1in+2r |
n+1lin
72_1 Tn.r Tn,rfl |: :|
Mn,r—1 n—+2r—1In+42r 0
(6)
[25] Y e M [orn
T =gt 32 (PN (e T ]
7 7 =0 M n+1—=2M) [oln+2r], 1 oy
2 T%Q 2M( r+mn-—M >{0” }
+ My 2 -
n,r rart r,n — QM,M 0ln+2r ) . _onf
(7)
L*5]
T(O): : 2—2M< n—M ) [0 n :|
n,0 = O’n—l—l—QM,M—l 0ln+2r n+1—2M
15

- M 0
9—2M n
+ <O,n—2M,M> {0

n
nt2r) o, _onp
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01 r+1\ (01
S T(O) — 2—7" 2—2 r ‘ )
( ) I’T ml,T‘ Ta 07 0 0 1+2T O + T, 17 0 0 1+2r 1
+ 1\ [02 r+1Y\ (02 r+2\ [02
9) TS = my, 27 (272 | 22 | |
(9) 2,0 = M2r r,1,0) |olotar 1"’ r,0,1/) olo+or 0+ r, 2,0/ (ol2+2r |,

(10) Forn >3 andr > 1,

TO) — 92 T ) [ n-l

e Mp—2,r " [nt2r—1

n Mnr T(O) n
+ n—1,r
n—+2r 0 Mp—1,r n+42r

n
n—+2r 0

n
n+2r 1

am n+1
fr Mg
My r—1 ’ n+2r—1

(11)

( ) \_TLTHJ r —|— n — M 0|m

70) — 27" 2—2M
nr = Mn,r A;l (r, n+1-2M M- 1> [O ”*27} n+1-2M
277” I_%J 272M r + n — M On
+ Mp,r MZ_O (r,n—QM, M) {0 n+2T}n2M
Proof.
(1)

Tn,O = mmoKn(O, 1, cee ,n)

n—1|n n
:1.(2—2Kn_2(0,1,...,n—2)[ ” +Kn_1(0,1,...,n—1){
0

n—1ln n

i
nd1

1)

—1n n

} +Tn—1,0[
1in 0 n

(2) Proceeding by induction, we have

n
=2"%T), 90 [
n

0(0
Too = Ko(0) = fo 'th:{ ‘ }
0

01 01
naesion =22 1]+ {1}
olt]y  Loli),y



Now, suppose for some N > 2,

28] Bl

T — 2—2M
0 A;l <n+1—2M 0

[5]
(e
n n—2M

n+1—-2M M=0

for all n < N. Then

. N—1|N N|N
Tno=2""TN-2 ‘ +TNn-1 ‘
N-1IN], NIN|,
—2 —2M -4
ey » 1
M1 <N_ L— 2M> [0 NJ N—1-2M [Nl N}o
LT_QJ N—-2—-M 0| N-2 N—-1|N
192 Z 0—2M —a— ‘ ‘
v N—-2-2M 0IN=2) n_g_ops IN-1IN],
L7 ) N—1—M)\ [0N-1 NN
T ] G ) ‘
M1 < N —2M ) [O N_1:|N2M [N N1y
55 ]

N o-2M N-1-M O‘N—l N’N
= N—-1-2M) (0IN-1) ny_{_op ININ|,
25 |

_ 22 9—2(M+1) N-2-M 0’N

vt N—-1-2M) [0IN] ny_1_om

13 -
() L

M1 N —-2M OIN] N_oM+1

vz

[E—

| 5]-1
+ 2—2(M+1)<N_2_M>{0‘N}
N-—-2-2M 0,/N ) N_o_onm

0
o2 (N—l— n[){o‘N}
N-—-1-2M 0IN ) n_ons

<
Il

,_
2z
M
[un
[E—

+

0

S
I

+

,_
z

I
MN‘
£
| I—

2—2M<N_1_ M> |:O‘N:|

9 N+1-2M) [olN N+1-2M
+ 2—2M<N_1_M> [O)N}

M=1 N-—2M OINI Nt1—2Mm

g
I

,_
N
—
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5] 1
+MZ:12_2M<NN—12MM> {O‘JZ}N 2M
%5
+ ]\;0 2_2M<Jy—_11—_2]\1\/[4) {O‘N}N 2M

(L, o),

e (V) Ol DI

o[z

L]

N+1-2M

) > () () O

(]

T

5
+ ) N —2M

M=1

1 N—I—M 0N

2 (1 4 (—1)N+1) 9—(N+1) 2 ’
+2(+( ) ) 0 0lN |,

1 N — _ N ON

1Ny 9N 2 ‘
+2(+( ) ) < 0 ){ON}O

=2 (u D) bl (UL,
15 &
+Mz::222M<NJJ\:1_]\éM) [O‘N]NH oM Mz:: (N 2]\]\4/f>{ ‘]]:;}N2M
+%(1+( 1)N“)2N“(N ONH) WN} %( +(-1) )2N<N612V) {Z‘g}o
%) N-—-M 0N L) N-M
= 22M<N+12M> [ ‘N]N+12M+MZ::022M<N2M> {O‘N}NQM

M=1
Then, by induction, the result follows

(3)
2r
TO,T = mo,r Z Ko, (Z)

1=0
r—1
= mo, (KQT(QT‘) + ) (Kap(20) + Ko (2i + 1))>

=0
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)

1

]0+22 (Ko )+K2(r—i)(1))[(

g 2(r—i)+1

0

e 70
—m07r<2 { }0 Z%
({121

0
2r:|0
010 00 1
BN N Y ]
012(r—1) 012(r—i) ) o 012(r—i) |4 2(r—i)+1

2r

L

(4)
Ty, =m, Z Ki19-(4,7)
0<i<j<1+42r
r—1 142r 142r
=mip | Kiyor@r 1420+ [ Y Kiyor(2i,0)+ > Kiper(2i+1,5)
i=0 \j=2i+1 j=2i+2
= m17TK172T(27’, 1+ 27’)
r—1 2r+1 11
K 21,21 K -1
+ my, Z 1+2r(20,2i + 1 Z o (J ) [%H 27'+1:|
=0 Jj=2142

= my, Z Ki,9,(2i,2i +1)
i=0

r—1—-1r—

11
+ma ; jgﬂ (Kor(2(1+7) + 1) + Kor(2(2 + j) + 2)) [2r+1 2T+J )
g 27K 0,1 I
- m”; 12(-0) (0, 1) [2(7«—1‘)+2 2r+1]0
r—1r—i—1 11
+m1,riz; ]z(j) (K2r(2(i + ) + 1) + K20 (2(i + j) +2)) Lm QTHL

1

1 r—1r—i—1 0
r -r
_m”ZQ KIOD[ 2r+1]0+m1’rz Z ? [0 2r+1]2

<o (e (=[] L) Eh ], -2 B
e (reen [l ]+ (] })

0




Tn,r = Mnr Z Kn+27~(60, R Cn)

0<cp< - <cn<n+2r

= Mnr 5 Kn+27“(07 Cly--- 7Cn) + My, r 5 Kn+27“(17 C1y---
1<ci<-<en<n+2r 2<c1 < <en<n+2r
+ mn,r E KTL+27‘(CO7 RN Cn)

2<co< - <cn<n+2r

= Mpr E Kni2:(0,1,¢2...,¢,)
2<co < <en<n+2r
+ My E (Kn+2r(0,cl,...,cn) +Kn+27«(1,61,...,cn))
2<c1 < <en <n+2r
1 n+1lin
+ My 2 g Kn+2r72(60 2,00 — 2)
n+2r—11n+2r 0
2<co < <en<n+2r
9 n—1|n
= mn,r2 E Kn+2r72(62 2,00 — 2)
n+2r—11n+2r 0
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Then, by induction, the result follows.



41

Now that we have computed how the sums of the -, products behave, we can now compute

the action of the periodicity operator in the pairing.

Proposition 4.2.2.
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will have n + 1 commutators, and so, will be of O(h"*1). So,
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from here, the theorem follows.

Any term containing [
0

Theorem 4.2.3. Let A be a Poisson algebra with products -j, and common trace, Tr. For any
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an = foN... N\ fn € A" A, we have a cochain ol = S"(a,,) € CC™THF2T (A, ). Restricting to

acting on antisymmetric chains, we then have a cochain dfw« e A2+ A% which can be written as
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