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ABSTRACT
A result is provided which allows one to prove that certain

laguages are not EOL languages.



INTRODUCTION

One of the obviously useful and still very much needed directions
of research in L systems theory (see, e.g., [4] and [7]) is a search
for results which would allow one to prove that certain Tanguages
are not in certain families of languages.

This note presents a work in this direction. It continues our
work from [1] and [2]. In [1] we have considered EOL languages for
which the length sets (after maybe erasing all letters from a certain
subalphabet) were numerically dispersed (for each k from some moment
on the difference between any two consecutive elements in the length
set is larger than k). We have shown that in such languages letters
must be distributed in the words in the special way. This result
allows one to prove that certain Tanguages are not EOL languages.
However this result does not yield applications for, for example, EOL
languages over a one letter alphabet. In this note we try to cover
also these languages. To this aim we use results from [2]. We
notice that if a language is numerically dispersed than it is deter-
mined in the sense of [2]. Then using the decomposition result from
[2] we show that if K is an EOL language which is numerically dis-
persed than the "density" of its length set is either rather small
(Togarithmically bounded) or rather large (of an exponential type).
In this way we get for example a short and rather elegant proof that

k={a2"3"

:n]sz} is not an EOL language. (The problem whether K is an
EOL Tanguage was posed by Salomaa in.[9] and solved by

J. Karhumaki in [5].)



PRELIMINARIES

We assume the reader to be acquainted with the basics of L
systems theory (see, e.g., [4] and [7]) in particular with EOL
and DOL systems.

There are two specific notions concerning Tanguages that are
central to this note, and so we will recall them now. ' (In.what

follows Length K denotes the Tength set of the language K.)

Definition 1. Let K be a Tanguage. It is called numerically

dispersed if for every positive integer k there exists a positive
integer n such that if u, v are elements of Length K with uven,

then (u-v)>k.

Definition 2. Let K be a language over an alphabet ¢ and let o

be nonempty subset of ©. We say that K is o-determined if
(v k) 030 ) (v %y
[if x| |y [onyx=xiuxs,y=xivxs and Jul, |v]<k then h,(u)=hy(v)],

where he in a homomorphism erasing all elements from /0 and acting as
identity on elements of o.

If K is £ determined then we call it determined.

Numerically dispersed EOL languages were investigated in [1] and
o-determined EOL languages were investigated in [2].
The following result which was proved in [2] will be very useful

for us in the sequel.

Theorem 1. If K is a determined EOL Tanguage then there exists

a finite set of PDOL languages Kl,...,Kf and a A-free homomorphism y

such that k= \"J y(k.).



We will use also the following notation. For a language K and

a positive integer q, KeAéq K={n:nelength K and n<q}.



RESULTS
In this section we will prove our main result and provide its
application.

‘We start with the following simple observation.

Lemma 1. Let K be a Tanguage over a one letter alphabet. If K

is numerically dispersed then it is determined.

Proof.
Let K={an:neZ}. Since K is numerically dispersed, for every

positive integer q there exists a n_ such that for any two elements

q
upsup from Z if u,>ui>n_ then (u,-ui)>g. But then

t

q

. r 5 .

if x,yeK,x=a' lara"2,y=a"1ava"2 with t<v<g and rittiroen,
q

then (rj+v+ry)-(ri+t+r,)=v-t<q,

implying that v=t. Consequently K is determined.

Lemma 2. If K is a PDOL language, ¢ is a f-free homomorphism and
K=¢(K), then

either (3 a)R (v'q)4+£€AéQ(K)<a 10959,
pos N

or (3 a)R (3 b)R (vaq) +£QAAQ(K)?aﬁb.
pos pos N :

Proof.
Let G=<%,8,0> be a PDOL system such that L(G)=K. Let E(G)=6g,wyse.--
We will consider three (exclusive) possible cases.
(i) K is finite.
Then the first of the above two conditions trivially holds.
(ii) K is infinite but not polynomially bounded. Then by a result
of Salomaa (see [8]), we know that there exists a letter x in I

reachable from w and that 6" (x)=ajXaxas for some mzl and aj,ap,ag in £*.



Consequently there exists a positive real number d such that
n
(vn)y | oo )z]u [>d".
Now let g be a positive integer and let m be such that |¢(wm)l<q.

Then dm<q, hence n+log,d < log q and so n<76éﬁa~1og2q. Consequently
2

} 1
#{m: |¢(wm)|<q}<m -10g,q,

and so the first condition from the statement of the lemma holds.
(iii) K is infinite and polynomially bounded.

First of all by a result of Nielsen [6] we know that we can decompose

G with a "step" c such that

(Vn)NM(wcn) !>!¢(wc(n_]))|‘

Now let ¢ and d be such positive integers that the polynomial cnd
Timits (from the above) the growth function of G.
Then, for a given q, if m is a positive integer such that q>cmd, then

Less (K)>D .
q( )>c : 1 -
Thus Keééq(K)>%u Enixen((%oa), and so EeAAq(K)> ! | qal and

2.c.b?

consequently the second condition from the statement of the Temma

holds.

From (i), (ii) and (iii) the lemma follows.

Here comes the main result of this section. Roughly speaking it
says that for a numerically dispersed EOL Tanguage K the length set is
of such a nature that either it is rather "thin" (bounded by a
Togarithm) or rather "dense" (of an exponential nature) but nothing

"in-between".
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Theorem 2. Let K be a numerically dispersed EOL language. Then
either (aa)R (vq)N+£eAéq(K)<a Tog q,

pos

or (3a)p  (3b)p  (va)yLess (K)>a o,

pos pos

Proof.

Let Kez* and let ¢ be a coding that maps every element of ¥ into
one fixed Tetter, say a. That ¢(K) is a numerically dispersed language
over a one letter alphbet. Hence by Lemma 1, ¢(K) is determined. But
the class of EOL languages is closed W.r.t. codings (see, e.qg., [4])
and so ¢(K) is a determined EOL Tanguage. Thus by Theorem 1 there
exists a A-free homomorphism ¢ and a finite set of PDOL languages

Kl,,...,K]C such that K=\\f// Ki'
i-1 -

Now the Theorem follows from Lemma 2.

Next we will show an application of Theorem 2, consisting of a
rather elegant proof of a result (due to J. Karhumaki, see [5]) that

{azn'3m:n,m20} is not an EOL Tanguage.

Corollary. K={a2n°3m:n,m30} is not an EOL Tanguage.

Proof.

(1) It was proved by Gelfond (see [3] p. 24) that for any fixed
integer p there are only finitely many pairs <n,m> of nonnegative
integers such that 2n—3m=p. Hence K is numerically dispersed.

(ii) If q is a fixed positive integer and 2”-3m<q\then both n and

m are smaller than log q. Hence KQAéq K<(10g,q)2.



(ii1) Note that the number of n's such that 2"</q is not
smaller than Entier(log/ q ) hence not smaller that %wlogzq -1.
In the same way the number of m's such that 3"</q is not smaller than

%41093@ -1. Consequently (as g=/" q+vV q ), EeééqKZ(%‘1092q,-1) (%‘1092q-1).

(iv) From (ii) and (iii) it follows that
(‘]Z "logzq-l)(lg 1ogsq—1)5~/&e/s/.»q k<(10g59)2
and so from (i) and Theorem 2 it follows that K is not an EOL

language.
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