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An improved estimate for multiplicative functions on arithmetic progressions is demon-
strated, at the expense of potentially a uniformly bounded number of sums involving such
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offered in the Conclusion.
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CHAPTER 1

NOTATION AND DEFINITIONS

The symbols n and N will always denote positive integers, p a positive prime inte-
ger, x and y real numbers. An arithmetic function, generally denoted by f or g, will be a
complex-valued function defined on the positive integers. An arithmetic function is real if
it is real-valued. A multiplicative function, generally denoted by ¢, will be an arithmetic
function which satisfies g(ab) = g(a)g(b) whenever a and b are coprime, that is, whenever
(a,b) = 1. A completely multiplicative function satisfies g(ab) = g(a)g(b) for all pairs of

positive integers a and b.

QR,C,Z N the rational, real and complex number fields, the ring of

(rational) integers, the set of positive (rational) integers

m|n denotes that the integer m divides the integer n
s =0 +it (or iT) a complex variable, with 0 = Re (s) the real part of s
(a,b) the greatest common divisor of the integers a and b
[x] the largest integer not exceeding x

(M, ..., my) the least common multiple of the integers my, ..., m,



X5 Xj

exceptional

Ifl <1

f*g

the number of distinct prime divisors of the integer n, w(1) =0

Mébius’ (arithmetic) function,

(

1 ifn=1
u(n) =9 (=1)™ if n > 1 is squarefree
0 otherwise

\

Von Mangoldt’s (arithmetic) function,

logp if nis a power of a prime

A(n) =

0 otherwise

Euler’s (arithmetic) function, the order of the group of reduced

residue classes modulo n

Dirichlet characters to a modulus D > 1
see p. 25

an abbreviation for |f(n)| <1 for all n € N

the Dirichlet convolution of the arithmetic functions f and g,

(fxg)n) = f(dg(n/d) =" flu)g(v).

din uv=n
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2

X3

2.

Xj except.

2.

Xj not
except.

j=1

E07 EO

Fl; F27 F3

the inverse of f with respect to Dirichlet convolution, which exists

and is unique as long as f(1) # 0 (see Theorem 2.8 of [1]).

a(x) = O(b(x)) and a(z) < b(z) both denote that |a(z)| < Cb(x),
for some constant C', holds uniformly on some specified set of -

values. O(b(x)) denotes a function a that satisfies a(x) < b(z)

both mean essentially the same thing as O(:) and <, except that

the implied constant C' depends upon &

a sum over all p(D) Dirichlet characters modulo D

a sum over only exceptional Dirichlet characters

a sum over all nonexceptional Dirichlet characters

a sum over some (or J) Dirichlet characters, which ones being (tem-

porally) insignificant

G ; . 36
o Gl (- 36)
o=1+(logt)~ 1

2<t<N

see pp. 13 and 29, respectively

see p. 27
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Z g(n)n™°,  the Dirichlet series corresponding to g

n=1

o

Z g(n)x(n)n™*,  the Dirichlet series corresponding to gx

Z g(n)logn

n<x

> g(n)logn
n<x

(n,Q)=1

will generally denote a positive integer

[Ir 29

p<Dc

see p. 33



S; see p. 41

1, 2o see p. 51 and p. 52, resp.

Y(f,a,) S ) Xf Zf (p. 41)

n<x X except n<x
n=a (mod D)

Note that, for ¢ > 1, the Dirichlet series G(s) and G(s, x) define analytic functions of
s and have Euler product representations in this half-plane (see Lemma 2.13 of [5, p. 95]).

Moreover,
Z g(n)x(n)(logn)n"*,

which is related to N (z, gx,). If 1 < u < 2, then N (u) (and N (u)) are zero since for such
u’s there is only one term in the sum corresponding to n = 1, and this term is zero due to
the logarithm.

I assign empty sums the value 0, whereas empty products are assigned the value 1.

Throughout this paper, the labeling ‘Theorem X.Y’ refers to the Y** Theorem in
Chapter X, for instance, whereas ‘(X.Y)” refers to the Y equation in Chapter X. On
occasion I felt that a more detailed explanation was needed, but in order to not interrupt
the continuity of the exposition I put the details in the Appendix. In that case X is A.

I will use Linnik’s convention with constants (as opposed to Landau’s thorough renum-
bering), in the sense that a letter representing an arbitrary constant need not have the same

value at each occurrence. There will be at most finitely many changes for each constant.



CHAPTER 2

INTRODUCTION

We begin at least as far back as Euclid’s Elements (ca. 300 BCE), wherein it is proved
that there are infinitely many prime numbers. Following in the footsteps of Euler’s sub-
sequent analytic proof of the infinitude of primes, Dirichlet’s 1837 Theorem on primes in
arithmetic progressions, specifically that there are infinitely primes p congruent to a modulo
D whenever a and D are coprime integers, is another influential milestone that we will return
to in the Conclusion.

Erdos and Selberg’s 1949 elementary proof of the Prime Number Theorem concerning
the distribution of the primes — originally proved by Hadamard and de la Vallée Poussin
in 1896 — forms an important part of the foundation of the current paper. Their work
illustrated that not only was analytic continuation not essential to the proof of the Prime
Number Theorem, but also that complex analytic methods (including the involvement of the
Riemann zeta function) in their entirety were not necessary.

There is another result that deserves special mention: in 1911 Landau [24] showed that

z! Zu(n) — 0, T — 00,

n<x

is equivalent to the Prime Number Theorem, and that one can be derived from the other
using elementary arguments (see Chapter 19 in [6] and the exercises in Chapter 15 of [14] for
a thorough treatment of these topics). This showed conclusively that the (limiting) mean
value of at least one multiplicative function is deeply significant in number theory. One

might wonder if multiplicative functions on arithmetic progressions are similarly useful.



7

There is an enormous literature on primes in arithmetic progressions (see [25], for
instance), but any of the classical methods will not apply to a general multiplicative function
g on an arithmetic progression. It took until the middle of the twentieth century to begin a
systematic study of the (limiting) mean values of general multiplicative functions in earnest.
An early result is due to Delange [3], which categorizes those multiplicative functions g with
lg| < 1 for which the mean value exists and is nonzero. Notice this result is not equivalent
to the Prime Number Theorem in light of the above mean value of the Mobius function.
Delange’s results are powerful enough, however, to provide an alternative proof of a theorem
of Erdés and Wintner concerning the limiting behavior of certain frequencies of additive
arithmetic functions (although such matters will not concern us here). The case when the
mean value of an arbitrary multiplicative function exists and is zero proved more difficult.

In the 1960’s Eduard Wirsing proved results, regarding the mean values of multiplica-
tive functions, that are as deep as the Prime Number Theorem (see [27, 28]) in the sense that
the latter can be deduced from the former by elementary means. His papers have ideas in
common with Selberg’s aforementioned proof. The limitation of his method, however, was
that his functions were essentially real-valued. This limitation was addressed in Haldsz’s
1968 paper [20], which provides a taxonomy of complex-valued multiplicative functions g,
satisfying |g| < 1, in terms of their mean values and corresponding Dirichlet series. T will
use methods adopted from Wirsing and Haldsz, for example, that of introducing a logarithm
and that of factoring G’ as G- G’ /G, respectively. Using a logarithm to study primes appears
in the work of Chebyshev, of course, but it seems as though Wirsing was the first to take
advantage of this in a general way. See Chapter 6 in [5] for a thorough treatment of the
relevant work of Delange, Wirsing and Halasz. Unfortunately multiplicative functions on
arithmetic progressions still needed attention.

The foregoing methods, amongst many original ones, were used by Elliott (see [8, 9,
10, 11, 12, 13, 16]) to study general multiplicative functions with values in the complex unit

disc on arithmetic progressions. In particular, the denouement of this series of papers is



Theorem 1 in [16]:

Theorem 2.1 (ELLIOTT). Let D be an integer, 2 < D < x, & > 0. Let g be a multiplicative
function with values in the complex unit disc.
There is a character x1 (mod D), real if g is real, such that when 0 <y < 1,

1 Xl—m) Y log D 1/4-e
> 0= X e~ ¢(D)Zg<n>xl<n><<m( )

n<y n<y n<y log Yy
n=a (mod D) (n,D)=1

uniformly for (a,D) =1, D <y, 27 <y < x, the implied constant depending at most upon

£, 7.

An earlier version of this Theorem was used to obtain deep results on primes in arith-
metic progressions (see [13, p. 202]), whereas a related, weaker version of Theorem 2.1 was
used (see [15]) as the foundation of a new proof of Linnik’s celebrated Theorem: that for
some constant C, every reduced residue class (mod D) contains a prime representative not
exceeding DY. The proof does not involve the use of estimates for the density of zeros of
Dirichlet L-series (and hence of the Deuring-Heilbronn phenomenon), analytic continuation,
or nontrivial zero-free regions of the associated L-series. In the above language, Elliott’s
results are at least as deep as Linnik’s Theorem since the latter may be deduced from the
former.

The main Theorem that I intend to prove is a modification of Theorem 2.1, namely:

Theorem 2.2. Let D be an integer, (logx)® < D < x for some g9 > 0, and let o be a real
number, 0 < o < 1. Let g be a multiplicative function with values in the complex unit disc.
Then there are Dirichlet characters x;, which we call exceptional, such that when 0 < vy <1,

> TS o) s (252)
gn a,'yD

lo
n<y X eaccept n<y gY
n=a (mod D)

uniformly for (a,D) =1, D <y, and 27 <y < z.



The Dirichlet characters considered ezceptional in the following account will be those
that are close to g in an appropriate metric.

A typical metric, on equivalence classes of multiplicative functions, is given by

1/2
p(g,h) = (Zp"lg(p) - h(p)IQ)

for a suitably chosen value of o > 1.

For example, in Corollary 3.11 of my account a family of such metrics, parameterized
by o =1+ (logt)™!, 2 <t < N, is implicit (see p. 24). See also Chapter 12 in [14].

For simplicity of exposition I have assumed that D > (logx)® for some 9 > 0. Any
modulus D less than this small power of a logarithm can be handled using results from
[8, 11]. The main difficulty in the present circumstances is when D is “large” compared to
x, that is, up to some power (less than one) of x.

The improvement from i to 1 in the exponent is at the expense of having to remove
potentially more characters. This is made precise in Corollary 3.11. The improvement in
the denominator, from ¢(D) to D, is shown in Chapter 6.

Since the various uniformities employed are important, I have taken great care with
the details. Although the general line of attack follows that of [13, 16|, serious modifications
are made at appropriate points to unify, simplify and extend the method(s).

Until further notice, g will denote a completely multiplicative function with values in
the complex unit disc that is not identically zero. I will sometimes further restrict g to require
that it vanish on “small” primes (those not exceeding D¢, where ¢ is a real constant to be
specified later), but that will be clear from the context. Moreover, since g is completely
multiplicative now (and so determined by its values on the primes), g(n) = 0 for any n
divisible by a prime p < D¢. In this regard we may sum over n’s for which p | n = p > D°.
Yet another way to think of this constraint is g(n) = 0 if (n,Q.) > 1, where

Qc: Hp

p<De



10

This will help simplify some notation later. Note that this constraint does not alter (com-
plete) multiplicativity, in the sense that any (completely) multiplicative g will still be (com-
pletely) multiplicative subject to this tighter restriction. It is also technically convenient to
assume that g(p) = 0 for all p > z (this is not the same as g(n) = 0 for n > z, of course). In
a sense this is a vacuous requirement since we never sum values of ¢ for inputs that are more
than z, but this will simplify certain arguments (the proof of Corollary 3.11, for instance).
I will first prove a version of Theorem 2.2 with g a completely multiplicative function
that vanishes on the primes not exceeding D° (see (5.14)). In Chapter 6, I remove these
restrictions from ¢ and show that the upper bound obtained in the modified version of
Theorem 2.2 continues to hold. This will prove the Theorem in its full generality, as stated

above.



CHAPTER 3

PRELIMINARY RESULTS

I will use the following standard results, collected into a single Lemma and including
some vintage Chebyshev (1851/1852) as well as a Theorem of Mertens (1874), without
explicitly mentioning them. Proofs can be found in [23], Theorems 414 and 415 (p. 453),
Theorems 424 and 425 (p. 462), Theorems 427 and 429 (p. 466), Theorem 62 (p. 64) and
Theorem 296 (p. 333) in that order; see also “Notes” on p. 497 for historical remarks and

references.

Lemma 3.1. The following estimates hold for' Y > 2:

Z logp < Z Ald) K,

p<Y d<y

ZM:Z@“)(U =logY + O(1),

d<y <y P

Zl =loglogY + O(1),

p<Y

11 -«
P logY

p<Y

Moreover, the representations

pn)=n]] (1 - %) and  logn =Y A(d)

pln dln

hold for all n > 1.
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Another useful result we shall need is the following:

Lemma 3.2 (DUALITY PRINCIPLE). Let ¢;;, i = 1,...,m, j = 1,...,n, be mn complex

numbers. Let A be a real number. Then the inequality

m

D

=1

n

2 n
> cijai| <A ag
j=1

J=1

1s valid for all complex numbers aq, ..., a, if and only if the inequality

m 2 m
D_cubil <A Ibl
=1 i=1

1s valid for all complex numbers by, ..., by,.

n

D

j=1

Proof of Lemma 8.2. This is Lemma 4.3 of [5, p. 150]; c¢.f. Lemma 3.3 of [14, p. 30]
and [4]. The proof is an exercise in the use of the Cauchy-Schwarz inequality.
For nonnegative real numbers u and any sequence of complex numbers a,, n > 1,

define the function

A(w) = ap.

n<u

If F(s) formally (i.e., not worrying about convergence for the moment) denotes the Dirichlet

series > >~ a,n~° corresponding to the a,’s, then integrating by parts we obtain

F(s) = S/loo y T A(y) dy

for 0 > 1 and hence

s1F(s) = / A(e")e ™7 - e duw
0

after the change of variable y = e*. Tt follows that s™'F(s) as a function of 7 and A(e®)e™?
as a function of w are Fourier transforms. By Plancherel’s Theorem we obtain the following

result.

Lemma 3.3.

2
[e’s) A 2
dT:27T/ Aw)] d
1

/_Z ' FS) yrott

provided one of the integrals exists in the appropriate L? sense.
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Proof of Lemma 3.3. See [5, p. 228] and Lemma 10 of [13, p. 188].

Note that s7'G(s) and s7'G’(s, x) (see Chapter 1 for notation) are O(|7|™!), as || —
oo, and so belong to the Lebesgue class L*(R) when ¢ > 1. For an example in the application
of Lemma 3.3, see the proof of Lemma 4.1.

Integration over 7 is understood as integration along the line Re (s) = o.

Lemma 3.4. Let g(n) be a multiplicative function, |g(n)| <1 for alln € N. For each prime
p define
hip) =Y g )p™. (3.1)
k=1

Then there is a representation

G(s) = (1 +h(2)) exp (Z g(p)p‘s> Gi(s),
p=>3
valid in the half-plane o > 1. Moreover, G1(s) is analytic in the half-plane o > 1/2, and is
bounded by

e P <|Gi(s)| < €° and |Gi(s)| < et
in the half-plane o > 1.

Proof of Lemma 3.4. This is Lemma 6.6 of [5, p. 230]; cf. Lemma 6.2 of [26, p. 339]

as well.

Lemma 3.5. Let r >0, y = w — w(logw)~". Then

N(w)«w/wmdu—l— Z dA(d)lg(d)| w/d]/\/l(u)|du+E0,

u?logu
d<(logw)?"

where

Z g(n)logn

u<n<v

Ey = Ep(g9) = max

y<u<v<w

holds uniformly for w > 2, for all completely multiplicative functions g.
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Proof of Lemma 3.5. This is Lemma 1 of [11, p. 205]. See also Lemma 19.3 in [6, p.
213], where Elliott remarks that “[t]he essential ingredient of this result ... is that it relates
N(w) to a weighted average of itself, which may be more easy to deal with.”
We now proceed with the proof. Uniformly for y < u < w,

> g(n)logn =Y g(n)logn|=| > g(n)logn

n<w n<u u<n<w

<E (32

N (w) = N(u)| =

since summing over u < n < w is among the possibilities covered in the maximum defining

Ey. Therefore

/w{f\/(w) —N(u)} du = (w—y)N(w) —/wN(u)du
which implies that

\(w ~ N - | " N () du

/ "IN (@) — N (w)} du

< [ V@) - M) du
= (w —y)Eo,

by (3.2); here we use uniformity. This inequality is certainly true if w = y (for then everything

is zero), so assuming that w # y (which forces w > y since w > y from the start) we obtain

L ’(w - N - " N () du

w—=y

< Ey

or

‘N(w) [ N du

w—1vy y

< Ep

since w — y > 0, so it may be pulled through the modulus without issue. This last identity

is the same as

N(w) = L wN(u) du + O(Ey), (3.3)

w—Yy y

with an implied constant actually equal to 1, this will be ultimately of no consequence.

Recall that ¢ is completely multiplicative. Using the representation logn = > din A(d), we



see that

=> g(n)

n<u

=> g(n)

n<u

=> Ad)

d<u

= A(d)g(d)

15

logn

> Ad)

dn

> g(md)
> g(m)

d<u m<u/d
= Ad)g(d)M(u/d).
d<u

Substituting this into (3.3), we see that

/ M(u/d) du+ O(Ep). (3.4)

d<u

The contribution to the integral in (3.4) from those terms with d < (logw)?"

>, A<d>rg<d>|w—/ MO dAdgd|/w/d

d<(log w)?" d<(logw)?r

does not exceed

W) du (3.5)

in absolute value. Here we have used the fact that the d’s no longer depend on u, justifying
the interchange of the sum and the second integral in (3.5), and the change of variable u — td

in the integral. This gives the second term in the bound of the Lemma.

—2r

Next, over the range 1 < u < v = w(logw)™*", we note that

S s T Y 1 (Diog) ()

y/u<p<w/u y/u<p<w/u
Cw(w—y) | log(w/u .
u? log((w —y)/u)’

where we used an old sieve estimate regarding the number of primes in an interval (see
“Remarks” [14, p. 226] or Theorem 3.7 [21, p. 107]; an estimate of this kind may also be

found in [22]; an adequate version may be found in Lemma 3.12 at the end of this Chapter).
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For this range of u,
w > u(logw)” = wu ' < {utw(logw) "} = {uH(w —y)}? (3.7)

—2r

since, from the definition of y, w —y = w(logw)~". Note that the (logw)~*" is a typo in the

last line of [11, p.205]. It should be as in (3.7). It follows that

log(wu™") < 2log (u™' (w —y)),

and substituting this into (3.6) gives

3 plogpgw(w—y) 2log (u™'(w —y))

2 J—
y/u<p<w/u u log ((w y)/u)
< u tw(w —y). (3.8)

Moreover,

> prlogp < (w/u)?? < uw(w —y) (3.9)

pF<w/u

k>2

since

Zp 10gp<y210gp—y Z logp + Z logp + Z logp + --

k<y k<y 4<y
k>2 k>2 (k: 2) (k 3) (k=4)

=y Z logp + Z logp + Z logp + -+

p<f p<f p<f

logy
<y Z logp+@ Z logp

<y p< Yy

log y
< y <y1/2 + @ A yl/S)

< y3/2’
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where we have used the fact that in the sum

Z logp + Z logp + --

p< ¥y p< Yy

1
there are no more than lzig

terms, none of which is larger than the first. We have also used

Lemma 3.1 and the fact that logy < y'/% to ensure that % -y'/3 <« y'/2. Note also that

the condition u < w(logw)™?" implies that
1/2 2

3/2 w
= WIS oguy

2

ul? < w — (w/u)3/2 < ufw(w —y).

~ (logw)

The contribution to the integral in (3.4) which arises from terms with d > (logw)?" then

satisfies

p— y/ > AdgdM(u/d)dul < > A(d)@(dﬂ%/j\/w(%)\du

(log w)?r<d<w (logw)?r<d<w

< ¥ A(d)wL/yw’/w(%)‘du: S dA(d)%_yy IM(1)] dt

(logw)?r<d<w

/|./\/l Z dA(d dt<</ |M(2) —t 2w(w —y) dt

y/t<d<w/t

) M/;(t) (3.10)

where we used [g| < 1, the substitution ¢ = %, the fact that M(t) is zero for ¢ < 1 and

YoodMd) = > pflogp< > plogp+ > prlogp

y/t<d<w/t y/t<pF<w/t y/t<p<w/t pF<w/t
E>1 k>2

combined with the estimates (3.8) and (3.9). Integration by parts shows that for ¢ > 2,

M(t):/: Ld/\/(z):w+/:zjvidz

_logz log t (log z)?
since N'(z) = 0 for z < 2, and therefore
MBIV /t V()]
—=dz. A1
2 - t2 logt e z(log z)? dz (3:11)
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Note also that
2 2
(M) 2

since there are at most two terms in the sum defining M(¢) when 1 <t < 2, neither of which

is larger than 1 in modulus. From (3.11) and (3.12), we obtain

[ MO [0 ML,

t2

CIIN®L 1 T IN()
<</2 {tQIOgt+t_2/2 2(log 2)? dZ} dat

ot ] weg
= 5 dzdt. 1
/2 t? log t t2z2( log z (3:.13)

2<2<t
2<t<w

The double integral can be written

[ o (L) = | et

since

However,

Y NG “ N @)
/2 (zlog 2)? dz S/2 t2 logtdt’

so going back to (3.13) we see that

M) CIN@ L, [N
/1 12 dt<</2 tzlogtdt_/l t?logtdt

since N (t) = 0 for 1 < ¢ < 2. Substituting this into (3.10), combining the resulting inequality

with (3.5) and appealing to (3.4) completes the proof of Lemma 3.5.
The next inequality, of Maximal Gap Large Sieve type, will be used to control the error

term FEj in the previous Lemma amongst other things. For convenience we provide a useful

Corollary.
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Lemma 3.6. Let 0 < e < 1. The inequality

2

1 e i = 2

) max, Z anxj(n)| <. | H H (1 — 1—9) + JH*D2log D Z ||

P uSn< e n=1
(n,@)=1 p<H

where the x; are distinct Dirichlet characters (mod D), D > 2, () a positive integer, H > 0,

holds for all square-summable complex numbers a,.

Proof of Lemma 3.6 (c.f. Lemma 7, 9 or 11 of [13] and the proof of Lemma 3 in [11, p.

207]). This is Lemma 3 of [18]. With 0 < v; —u; < H, define

x;i(n) ifu; <n<w;,
tin)=4{"" ! Y=,

0 otherwise,

For any real A4, d | @, constrained by A\; = 1, the dual form

J
S= D Datin)
n<lz 7j=1
(n,Q)=1
does not exceed
20 2 J
Z Z )\d Z Cjtj (n) = Z /\d1 /\d2 Z CjEk Z tj (n)tk(n), (314)
n<z \d|(n,Q) Jj=1 di|Q J.k=1 n=0 (mod [d1,d2])

where [dy, dy] denotes the least common multiple of d; and dy. For those terms with j # k,

the innermost sum has the form

XX ([d1, da]) Z X; X (m)

with the integers m over the intersection of two intervals and is, by a classical result of

Pélya and Vinogradov (see for example [2, Chapter 23]), O (D'/*log D) since x;Xx is not



20

the principal character when j # k. The corresponding contribution to (3.14) satisfies

J
Z Ady Ady Z CjCk Z tj(n)te(n)

d; ‘Q j,.kzl n=0 (mod [d1 ,dz})
J#k

< Aal Y learl oXa(ldr, da]) > X% (m)

di|Q J,k=1 m
i#k
J
< DY?1og DY [ AaAa| D lesl. (3.15)
Now,
J J 1
Dol <) 5(|Cg|2 + lexl?)
j.k=1 4. k=1
J#k J#k
J J 1 J J
S TR M o)
7=1 k=1 k=1 j=1
k#j 7#k

by symmetry. Substituting this into (3.15), we see that the contribution to (3.14) arising

from those terms with j # k is

2

J

< JDY?logD | > Al | D el (3.16)
dlQ Jj=1

For those terms with j = k we reform the square in the A\; to gain a contribution
2

Z|Cj|2z > A 1) (3.17)

n<z \d|(n,Q)

Since [t;(n)| < 1, the innersum over n does not exceed

> Aade D> I=HY) MAgldid] T O[N] : (3.18)

d;|Q uj<n<v;j+H d;|Q dQ
n=0 (mod [d1,d2])
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We may follow a standard appeal to the method of Selberg (see Lemma 3.12) with Ay = 0 if

d > H¢/? which, in particular, gives |Ag| < 1 for all remaining \s. As a consequence,

2

> | < B

dlQ
since there are no more than H/? terms in the sum. Thus (3.16) is
J
< JH*D'?log D> " |e]*. (3.19)
j=1
The O term in (3.18) is also < H®, and we absorb this into preceding estimate. Moreover,

as may be seen in Lemma 3.12, the function Ay may be chosen so that the quadratic form

in (3.18) satisfies

S dadald o) < [ (1 - ]19) |

d;|Q plQ
di<z p<z

Utilizing this in (3.18) with z = H*/2, combining it with (3.19) and (3.17) and substituting

everything back into (3.14) gives

J
1
S<|H]] (1 - —) + JH D' ?log D | Y ;.
PlQ j=1
p<H

Dualizing (see Lemma 3.2) yields the inequality of Lemma 3.6. See Remark A.5 for more

detail about the sieve method used.

Corollary 3.7. Let 0 < e < 1. The inequality

Z apXj (p)

p<z

2

<. (i +2°D2 logD) > ayl?

log x

J

2

Jj=1

p<z
where the x; are distinct Dirichlet characters (mod D), D > 2, holds for all square-summable
complex numbers a,,.

Proof of Corollary 3.7. Apply Lemma 3.6 with H = z and ) = H P.

p<z*®
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I shall employ the main Theorem from [17]. A related particular result was privately
circulated at the American Mathematical Society’s Mathematics Research Communities The
Pretentious View of Analytic Number Theory meeting in Snowbird, Utah, which I attended

in the summer of 2011. The following more general Theorem 3.8 has a different proof.

Theorem 3.8. For each positive real B there is a real C' such that

2

<UL+ (T -10) Y a7,

D<p<lz

J

max max
1 y<z o>1,]t|<DB

> axi(pp

D<p<y

j=
with s =0 +1it, L = ZD<p<I p~t, uniformly for a, in C and distinct Dirichlet characters x;

(mod D), 1 < D < .

For convenience I reproduce a proof here. A detailed discussion of inequalities of this
type can be found in the aforementioned paper and the relevant references. Theorem 3.8
(as well as Theorems 7.1 and 7.2 in the Conclusion) rely on the vital Lemma 3.9 of Elliott,
which I now state, omitting the assertion concerning the principal character to which we

shall not appeal, and to which we did not appeal in [17, 18].

Lemma 3.9. Given B > 0,

Re > x(pp~*

w<p<y

is bounded above in terms of B alone, uniformly for s =o+it, o > 1, [t| < D,y >w > D

and all non-principal characters x (mod D), D > 1.

Proof of Lemma 3.9. For two proofs using complex-analytic properties of Dirichlet
L-series (differing only in the degree to which analytic continuation is used), see Lemma 1
in [16] and then Lemmas 1, 14 in [13]; an elementary proof via Selberg’s sieve (and which
yields a better dependence upon B) is given in [15]; the case o = 1 by continuity.

o

Proof Theorem 3.8. Since the sum »_,_ . |a,|p~ approaches zero as o — oo, the
innermost maximum may be taken over a bounded rectangle. In view of the uniformity in

y, Abel summation allows us to restrict to the case o = 1.
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For reals ¢}, y;, |t;| < DB, D < y; < z, define

_ L1 . .
x;j(p)p~27"% it D <p<uy;,
5j,p =

0 otherwise,

7 =1,...,J, and consider the inequality

2 Zb%

D<p<z | j=1

<A2|b 2,

where the b; are for the moment real and nonnegative. The expanded sum is

Zb2L+2 > bibeRe Y xX(p)p

1<5<t<J D<p<lz

An appeal to Lemma 3.9 followed by an application of the Cauchy-Schwarz inequality shows
that we may take A = L + (J — 1)C} for a certain C depending at most upon B.

If now b; is complex, we represent it as a sum
max(Re b;,0) + min(Re b;,0) + i max(Im b;,0) + ¢ min(Im b;, 0)

and correspondingly partition the innersum over j. Since the coefficients in each subsum all

have the same argument, a second application of the Cauchy-Schwarz inequality allows us

to conclude that with A =4 (L + (J — 1)C}) the above inequality holds for all complex b;.
Dualizing (see Lemma 3.2),

Z apdjp

D<p<lz

2

<AL+ (T-10) Y g

D<p<z

J

2

Jj=1

1

for all complex a,. Replacing a, by a,p~2 completes the proof of Theorem 3.8.

At this point it is helpful to note the following application of Theorem 3.8, which is
an upper bound on |G(s, x)|, the Dirichlet series attached to the multiplicative function g
braided with the Dirichlet character y. This will aid in understanding the quantity By (see

p. 36), constructed as we remove the exceptional characters during the proof of Lemma 4.1.
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Lemma 3.10. Given ¢, 0 < € < 1, the estimate

1
—S
e > app | <e 5
:I:_ 17—_
o=1+(logt)~! De<psz De<p<N
2<t<N

holds uniformly for all a, € C with |a,| < 1 and all Dirichlet characters x; (modD), D > 1,

with the possible exception of finitely many characters depending on €.

Proof of Lemma 3.10. Suppose that, for some fixed ¢, 0 < ¢ < 1, and some x; (mod D),

1
> Y - =cl, (3.20)

—S
_mnax > ayx;(p)p ,
m_ b T —
U:l—l—(logiﬁ)’1 De<psz De<psN
2<I<N

where L is now defined in terms of N instead of x. Squaring both sides of the previous
inequality and summing over the distinct Dirichlet characters x; (mod D), j =1,...,J, for

which it holds, we obtain

J 2 J
max ApX s s > el)? = J2L2.
Z @<N,|7|<DP Dcz; Pl Z;( )
=% e=14(logt)~? <p=T J=
2<t<N

Appealing to Theorem 3.8, however, this would imply that
919 9 4 CJ
Je*L* < (4L + (J - 1)C)L <4L*+ CJL or J <=
with a constant C' that depends at most upon B. Suppose that

[

(which is valid if and only if > 1, or, 0 <& < 1). Then

5 4 cJ 6C
= — 4+ == L < =
€2<J<52+82L: <CJ—52

This last inequality can certainly be falsified in light of Lemma 3.1, however, since

log N
L =log <1§§DC> +0(1) (3.21)

and we are free to restrict the size of D in comparison to N. Hence there are at most [6%}

characters for which (3.20) holds, completing the proof.
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Corollary 3.11. Given any €, 0 < € < 1, the estimate

log N\ °
G
o nax |G(s, x)| < <logD>
o=1+4(logt)~!

2<t<N

holds uniformly for all Dirichlet characters x (mod D) and completely multiplicative functions

g with |g| < 1, with the exception of at most a finite number of characters depending on €.

Proof of Corollary 3.11. Let x be any Dirichlet character modulo D. Since g and y
are completely multiplicative and |gx| < 1, using an Euler product representation and a

standard estimate for the principal value of the logarithm,

|log(1+2) — 2| < \2]2,

valid for z € C with |z| < %, using z = ——g(p;’f(p) we have
-1
G(s,x) = exp {log H <1 - M) } — exp{ Z log <1 _ g(p )X(p))}
Dé<p<a p Dé<p<a

G(s, x) < exp <Re Z M) (3.22)

De<p<z p

Thus

since |e*| = ef¢(®) for all z € C. Given an ¢, 0 < ¢ < 1, since Re (2) < |z| for any z € C, by
Lemma 3.10, it follows that
Z 9
De<p<z

for all but possibly O.(1) characters x (mod D). In light of (3.21) and (3.22),

> <o

De<p<lz

loe N\ °©
G(s,x) < exp(el) <. (f;i D) ,

for all but possibly O.(1) characters, having used ¢ > 1. This completes the proof. We note
for the record that there is a corresponding lower bound.
A Dirichlet character modulo D will be called exceptional (with respect to e, x, N) if

the estimate in Corollary 3.11 fails. For practical purposes the significant parameter is €.
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For reference I close this Chapter with a sieve result that is more than adequate for

our purposes.

Lemma 3.12. Let f(n) be a real-valued, nonnegative arithmetic function. Let a,, n =
1,..., N be a sequence of rational integers. Let r be a positive real number, and let p; <
pa < +--ps < 1 be rational primes. Set Q =py---ps. If d| Q then let

S fn) = n(d)X + R(n.d),

=0 (mod d)
where X, R are real numbers, X > 0, and n(dids) = n(dy)n(dy) whenever dy and dy are
coprime divisors of Q).
Assume that for each prime p, 0 < n(p) < 1.
Let I(N, Q) denote the sum

Then the estimate

I(N,Q) = (1+ 20, H)X [ (1 +n(p)) + 262 > 3V |R(N, d)|
p|Q dlQ

d<z3

holds uniformly for r > 2, max(logr, S) < g log z, where |61] <1, |65] < 1, and

B log log = log = 28
H—exp( log T {log( 5 > loglog( S) og 2

_ n(p) o
S‘%%l—mmlgp

When these conditions are satisfied there is a positive absolute constant ¢ so that 2H < ¢ < 1.

Proof of Lemma 3.12. This is Lemma 2.1 of [5, p. 79].



CHAPTER 4

MAIN RESULTS

The main result of this Chapter is the following Lemma.

Lemma 4.1. Let 0 < v < 1,0 < d <1 and 2 <logN < D¢ < N. If g is a completely
multiplicative function that vanishes on the primes not exceeding D¢, then upon removing

Os(1) exceptional characters modulo D, the remaining characters satisfy

2 2 26
max < t log x
Z 2<y<t logt log D

X; mot
uniformly for D¢ <t < x and uniformly for NY < x < N.

> 9(m)x;(n)

n<y

except.

Note that for z in the range N7 < z < N, ll;’gg]”\”, is between two constants. This

simplifies the formulation of Theorem 2.2.
The following result, in the notation of Chapter 1, prepares us for the application of

harmonic analysis.

Lemma 4.2. If x > 2, then

Jmax N (w, 9x;)]? < L+ F + Fy (4.1)
— 2<ws

where
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2
Ald w/d
PeYme | S SEY A { _yé LMWgMHM}

J N d<(logw)3" d<( logw /d
(d,@)=1 (d,Q)=

Fs = Z max Z g(n)x;(n)logn
J v—u<z(logz)~" (u<éz)§v1

and the summations may be taken (identically) over any collection of the characters x; (mod D).

Moreover, if

H q, c>1, (4.2)

q prime
q<Dc

and g(n) = 0 unless (n,Q.) =1, then with 0 < e < 1,

o TN ) (N (e (L2 )Y
zrilafxl (w, 9x5)] <<EIZ be ulogu - log D % \log D '

(4.3)

J

Proof of Lemma 4.2. We proceed along the lines of Lemma 8 in [13, p. 186] with
modifications important to the present circumstances. For some constant C', say, and for

any j with 1 < j < ¢(D), by Lemma 3.5 we have

w ) w/d
1

2
u?logu i< (log )"

+ Eo(ng)}-
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Modifying this result to take the condition (n,()) = 1 into account yields

_ . av | wid __
|N(w79Xj)|§O{w [ Sy y DG [ Fi g

u? log u
d<(logw)3"
(d,Q)=1

where we set

Eo(g)= max | Y g(n)logn|.
yguévgw u<n<v
(n,Q)=1

Then [N (w, gx;)|* does not exceed

. 2
w ) dA w/d __

SCQ{w/ Mdu—i— E |/ |M(u, gx; |du+E0(gX])}
1

u?logu
d<(log w)?"
(d,Q)=1
2
~ 2
w N ’ ) dA w/d
§3CQ{<w/ %du) + > ’/ | M(u, gx;)| du
! & d<(log w)2"

(d,Q)=1
(4.4)

+ (Eo(ng))Q}

after an application of the Cauchy-Schwarz inequality. Taking the maximum over 2 < w < x
on both sides of (4.4) and summing over the j characters, the first term on the righthand

side yields F} since

- 2 ~ 2
max w/ ‘N(U,, gX])’ du _ JZ/ ‘N(U, gX])’ du ’
2<w<i 1 u?logu ,  u?logu

where ./\N/(u,ng) =0forl <u<2.
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The middle term in (4.4) satisfies

| wid
5 dA(d)Lg(_d)yXa(dN //d |M(u, gx;)| du

d<(log w)?"
(d,Q)=1

2

= > (Md))m. (dgA(d))l/Q il ’/w/dlﬂu 9x;)| du

d
d<(log w)3"
(d,Q)=1
A2 <d3A<d>>1/2 Dy (d)| [ = :
< Z <T) Z ’ / (M (u, gx;)| du
d<(log w)?" d<(log w)?"
(d,Q)=1 (d,Q)=1
< 3 = 3 d3 { / IM(u,ng)ldU}
d<(log w)?" d<( logw Yy
(d,Q)=1 (d,Q)=

the first inequality from (another application of) the Cauchy-Schwarz inequality, and the
second from the fact that |gy;| < 1 for any j. Taking the maximum over 2 < w < z and
summing over j gives Fb.

As for Fj, note that the final term in (4.4) satisfies

Jmax (Eo(gx;))” = ) max | max > g(n)x;(n)logn
J J y<u<v<w | u<n<v
(n.Q)=1

< max max n)yi(n)logn
<Y o max max | Y g(n)x;(n)log
i 7 y<Zuvsw | u<nv

(n7Q):1

< Z max Z g(n)x,(n)logn

J v—u<z(logz) " | u<nlv
(n7Q):1
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Together these estimates establish (4.1).
To prove the second part of the Lemma, fix r = 2 and () = Q).. Then the first factor

in F, satisfies

A(d) log w
) 49)

by (4.2) and Lemma A.1.
For the second factor in F5, note that

1 w/d

1 —
— M(u, gx;)| du < 5 - M(u, gx;)],
r— (M gxg)ldu < 5 max | IM(u, 9;)]

and

2
1 w/d 1 . 2
. < - A
P {w Y /y/d | M(u, gx;)| du} < max {d X |/\/l(u,ng)|}

1
Sﬁﬁggic/d > gn)x;(n)| - (4.6)
a<n<p
(anC):l

It follows by applying (4.5) and (4.6) that

o< A(d) d3 w/d]q ] 2
s ) gmax | ) = | max | ) ay ) Ml du

7 - d<(log w)* d<logw) /d
(d,Qc)=1 (d,Qc)=
2
log w 30 1 wid
< paxtos(ip) X a3 m{w——y// Ml
d<(bgm J
(d,Qc)=

< log (1og:v) ST A dQZ Jmax > gn)x;(n)| (4.7)

d<]og$f a<n<f
(d,Qc)= (n,Qc)=1
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By Lemma 3.6, after canceling the d’s the second factor above is

< X aa@ G T (1-5) 40 (5) Preen 3 o

d<(log z)* p|Qc n<z/d
(d,Qc)=1 p<z/d (n,Qc)=1

1 x? 1 1 x\1te
dA(d st — - - 8/2
< Z (4) logD d? H (1 p) * log D (d) D log D

d<(logz)* plQc
z? A(d) 1
— _— 1 - — 1+ D3/2 A d d_g
e 2 a1l ( p)%w > A@)
d<(logz)* plQc d<(logz)*
(d,Qc)=1 p<z/d (d,Qc)=1

(see Remark A.2). Combining this with (4.7) we obtain

2 2
x log x 1 log x

F o | —— 1 +ED3/21 41

2 <10gD) (Og(IOgD>) o (logz)" log log D

< (@)2 <10g (1?52))2' (4.8)

As for F3, we use Lemma 3.6 again. With r = 2,

1 e
Fy <. | z(logz)™? H (1 — 5) + J (z(log ) %) DY?1og D g lg(n)x;(n)logn|?
Qc n<x
pﬁmﬁ‘og”)_Q (n,Qc)=1

~(logz)?

1 €
< | z(logz)™? H (1 — —) + (z(log z)?) D3?1og D log D

p|Qc p

2
_ z e (] 2(1—2) )32
(i) +o**tosa)

(see Remark A.3), which is certainly smaller than the bound for F; in (4.8). This establishes

(4.3) and completes the proof of Lemma 4.2.
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We proceed to the proof of the main result of this Chapter, which will be crucial in the
next. In application of Lemma 4.2, bounding what corresponded to Fj is the hardest part,
to which we turn now.

Proof of Lemma 4.1 (c.f. Lemma 12 in [13, p. 189] and the ‘Main Lemma’ of [11, p.

209]). The sum that we wish to bound is

D> max |M(y, gx;)I
Xj not

except.
with @ = Q. (which we will assume for the duration of this proof unless otherwise specified).
In order to achieve this bound, we introduce a logarithm and apply Lemma 4.2 to the related

sum

Jnax N (. 93,1,

X3

removing the exceptional characters at an important step and stripping out the logarithm
at the end. Define

S = 3 max Win.g)P,  2<1<N
X3

By Lemma 4.2, an upper bound on S(t) boils down to an estimation of

2
N (u, 9x)))|
tQZ(/c u210gu] du

Let 6 be a real number, 0 < 6 < 1 (we will fix it at an absolute value shortly), and let
SLCR7OIPAY
,9X))
t) =t = d
Si(?) ;(/ w?logu "
and S(t) the similar expression with the range of integration changed to t < u < t. Then
S(t) = Si(t) + Sa(t) (recall that g(n) = 0 unless (n,Q.) = 1, and any n < D¢ is certainly
divisible by a prime not exceeding D°. Of course, g may be zero for n’s larger than D¢). We

handle Sy(t) first.
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By the Cauchy-Schwarz inequality,

. 2 . _ 2
N (u, 9x;) _ 1 [N(u,9x))]

< o u?logu du) = /te u'/2logu u3/2 du
S
- logu

t
Sg(t) S t2 </ > / |N u gXJ
logu

Let 0 = 1+ (logt)™!. Over the range 1 < u <t (Which includes t/ < u < t), u® < eu and

for any 7, thus

thus u™ < e?u™2"1 (see Remark A.6). Hence

INY, N2
Gy <. Z/ W g

Ologt u2otl
Xj

e N o)

~ flogt u20+1 (nonnegativity)
X

= (e /W‘Mgm (49)

2mflogt - S

by Lemma 3.3, since in this setup N (u,gx;) is precisely the summatory function A(u)
corresponding to G'(s, x;) with a,, = g(n)x;(n)(logn).

Let T' > 2, to be specified shortly (see p. 39). Setting

t? /
I, —
! glOgt %: |r|<T

and Lo a similar expression except that the range of integration is changed to || > T', by

G,(3> Xj) ?
S

dr

(4.9) we have that S5(t) < Ly + Lo. We bound L, first.
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Since 2 <t < N, we have 1 < ¢ < 3 which in turn implies |s|* < 10. Hence

! ) 2
Z/ ’G’<S’xj>|2d731oz/ G'(sx5)
;=1 ~ <1

S
X

oo / N2
xj YT

dr

N
/ Z’ 520?5] du, (4.10)

the third step by Lemma 3.3. Note the appeal to the vanishing of g on small primes. By

Lemma 3.6 the last integrand is (with 0 <e <1, J < D and Q = Q,)

1 1
< [eIL(1-3) +upoen | X ot osn)l

PlQec n<u
p<u pln = p>D*°
1 U 1
<<uH<l——>-(logu)2' S
c o+1
seDe D log D¢ u

(see Remark A.7). Returning to (4.10), it follows that

1 > (logu)?
1 ) Qd 6—/ d
3 e T A=l

X3

(log1)” (4.11)

< log D)?

after an integration by parts.

Let A be a real number, and let G (s, x;) temporarily denote the series

Zg fz/\ n=%.

Since g(n)n~* is still a completely multiplicative function with modulus no larger than 1

that vanishes on the primes p < D¢ (4.11) holds with the integrand |G} (s, x;)|* as well.
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Moreover, from

/ G (s, x))|P dr = / 1Gr(s, x,)P do,
jr-Al<1 jol<1

and |7 —m| <1 = 5|2 < 4]m|_2 for |m| > 0, it follows that

G’
Z/ (S G5 %) d < Z |m|~ 22/ |G (s X])] dr
j |7|>T |m|>T |[T—m|<1
(log t)”
* T(log D)?’
from which
t? (logt)? 1 [tlogt)?
2 < Ologt T(logD)? 60T \log D (4.12)
Now, define

By = G .
0 ISNT\I;I’?JSXT,XJ',| (S7XJ)|

o=1+(logt)~?!
2<t<N

The maximum exists since the relevant functions are continuous on a compact set and there

are only finitely many j’s to consider. Then

t? / G'(s,x;) 2
_ G(s, ;) - —=2 X3 | gr
Qlogtxzj ir|<T (5: %) sG(s, x;)
2
< B2t? / G'(s,x5) Jr
Ologt <~ Jirj<r sG(s, x;
B2t? < | G'(s,x5) 2
dr. 4.1
< Qlogt;/oo sG(s, x;) T (4.13)

To estimate L therefore amounts to bounding By and the last integral. For the latter, since

g is completely multiplicative and vanishes unless (n,Q.) = 1, we have the representation

Gle) _ 5 gl

nS

By the Plancherel Lemma 3.3 again,

>/ |

G/

Z / C 20+1 (4.14)
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where

Aly)= > gn)x;(n)An).
(n.G=1

Interchanging the sum and the integral, we obtain an integrand which by Corollary 3.7 (with

0<e<l1)is
< (L +y D108 D) | Y 19(0)x;(p)log ) | - ——
log y = J 2o+
p>DZ’Z
1
< yQO‘*l
having used that |gx;| <1 for any j and
> (logp)* <> (logp)® = O(ylogy)
pF<y <y
p>D¢
by Lemma 3.1. The integral in (4.14) is then
< / 20t dy < log t.
DC
Substituting this into (4.13) yields
132t2
L < = (4.15)
Combining (4.12) and (4.15), we obtain
B2 1 [tlogt)’
Sy(t S+ — : 4.16
2() < = +8T<logD) (4.16)

We shall see that the first term involving By is the important piece, upon choosing 1" appro-
priately (see p. 39).
We treat S(t) indirectly. For D¢ <u < x and 0 < ¢ < 1 fixed, define

1
AW = %, g 7 2 s W9
J

<= ﬁSU) -
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Note that H(u) would be zero if u < D¢ and we allowed the maximum to go down to 2 (due
to the stipulation on g). Moreover, H is nondecreasing by definition. By the Cauchy-Schwarz
inequality,

Sy(t) :t22<

X

"] ~ 2
! 1 . |N(U, gX])’ du
e uM2(log w) 172371 y372(log u) /2 /4

3 / N g
” pe u3(logu)i+d/2
0
du N (u, 9x;)| 1
(oo )1—0/2 d
/c u(logu)'= 5/2> / Z u?(log u)? u(logu)1—5/2 “

Y H()
</ u(log u)1—9/2 du)

<5 t2(0logt)° H(t")

Combining this with (4.16) and the error from Lemma 4.2,

B2 1 [tlogt 2 t 2 logt 2
t) <5 t2(0log t) P H(#?) + 20 4 — 1

for 2 <t < N. Call the righthand side of the previous inequality ¢ (¢) temporarily. Then

1

H
(& ) =< DC<t<z t2(logt

)w()

B2 (logt)?—° 1 logt \\?
— 5H 0 0 1
DeSiza {6 () + (logt)? T 0T (log D)? * (logt)®(log D)? (og (logD))

B2 (log z)?° 1 logz \ \>
= ¢°H(a’ . 1 .
() + ®f(log D)° * 0T (log D)? i (log D)?+9 (og <logD

As mentioned H(z’) < H(x) (since 0 < § < 1), therefore if we fix 6 at a small enough

value to ensure #°H (2?) < $H(xz), transferring this term to the lefthand side of the previous
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inequality yields

B? (log z)2~? 1 logz \ )’
H 0 1 :
(%) <50 (og DY T T(log D2 T (log D)0 ( o8 (logD

Now we choose T'. Under the current Lemma’s assumptions, x < N and log N < D¢. Hence

D¢ > log x which implies that D% < W for any B > 0. If we choose T' = DB for B > 2,

say, then assuming that enough exceptional x; have been removed to ensure

log x o/2
By <5 (logD) (4.17)

(that this is possible is proved in Corollary 3.11), and using

o log x < log x o/
& log D *\log D ’

we obtain

log x 1 1 1 log x ’
H ) .
< (1e5) o by * Goaroe P * wab (oeb)

< log x 1
logD ) (log D)%

From the definition of H(x), it follows at once that

~ log o 1
N2 2 5

Xj not
except.

5 [ logx 2
<t (4.18)

uniformly for D¢ <t < z and for any fixed , 0 < 6 < 1. This uniformity will be critical
when we apply Lemma 4.1 in the following Chapters (see pp. 45 and 52).
The extra logn factor in the sum /\Nf(y, gx;) may be removed by appealing to Lemma

3.6. Since the Lemma holds for any collection of characters, with H = t, () = 1 and for
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0<e<l,

2

X €3/2 2
>~ max |3 g(n)x;(n)log(t/n)| <. (- 1+ D¥?log D) Y |g(n) log(t/n)|
X;j not n<y n<t
except. n>D¢

<ty (log(t/n))* < t* (4.19)
n<t
by Lemma A.8, possibly ignoring some cancellation. Since logt = log(t/n) + logn, by the
Cauchy-Schwarz inequality

> g(n)x;(n

n<y

Zg n)logt

n<y

(logt)?

2

Zg n)log t/n

n<y

Zg n)x;(n)logn

n<ly

Taking the maximum over 2 <y <{¢ and summing over the nonexceptional x;, we obtain
Z <<t2+t2 log x 26<<t2 log x 2
9(n)x;(n log D log D
n<ly
by (4.18) and (4.19). Dividing through by (logt)? yields
’ t\? log 2
Z %Eai(t Zg ()] <s (logt> (logD)

X; not n<ly
Since 0 < § < 1 was fixed but arbitrary and the number of exceptional characters removed

(logt)? Z mmax

Xj not
except.

except.

depended on it, this completes the proof of Lemma 4.1.



CHAPTER 5

FROM L? TO L*®

For an arithmetic function f, define

Yiraa = X fo- ¥ ST fe),

n<lz X; except. SD( n<z
n=a (mod D)

Theorem 2.2 will follow from an adequate upper bound for Y (g,a,x), where (a, D) = 1,

2 < D < z and g is an unrestricted multiplicative function with values in the complex

unit disc. We will accomplish this by an appropriate application of Lemma 4.1, where the

connection to the previous Chapter is provided by the orthogonality property of Dirichlet

characters. Recalling that

1 if n =a(modD)
Xi 0 otherwise,

for any a that is coprime to D, our first step is the following Lemma:

Lemma 5.1. Let x;, j € J, be a collection of Dirichlet characters (modD). Let

La)= Y .- ’;ﬂ(%‘; 551

n=a (mod D)

where b, € C, b, =0 for all n > ngy (say), and

Sj = Z anj(n)'

n>1

(5.1)
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Then
D
e(D) Y L@ =) S
a=1 €T
(a,D)=1

Proof of Lemma 5.1 (c.f. [13, p. 180, line -6]). From (5.1) it follows easily that

X;(a)
(CL) = j )
D)
and hence
D D 1 2
a=1 a=1 JjET
(a,D)=1 (a,D)=1
D
- Y T Ou0sS,
a=1 J1,J2€T

J1,J2€J

222811‘9]2 Z XJ1 X]z
(@ D)1

(.

-~

SO(D) if j1 = Jjo

0 if j1 # J

Z| Sil?,

jEJ
completing the proof after an appeal to the above alternate version of the orthogonality of
characters.
We continue to assume that the conditions in Lemma 4.1 are in force: that ¢ is a
completely multiplicative function that vanishes on the primes p < D¢ (and p > z), ¢
satisfies |g| < 1 and 9, 0 < § < 1, is a parameter that the number of exceptional characters

depends upon. In the notation of Lemma 5.1, L(a) = Y (g, a, x), where g(n) = b,, ng = [z],
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and J is the set of nonexceptional characters. Therefore

p(D) Y Y(gax)P=> | > g . (5.2)

a=1 Xj not n<x
(a,D)=1 except. |p|n => p>D°

the righthand side of which can be bounded by Lemma 4.1. The resulting estimate can
be viewed as an L? estimate for Y(g, a,z) over all the reduced residue classes modulo D.
Ultimately we require an L™ estimate (of the desired form) for

> g,

n<x
n=a (mod D)

which is a sum over a particular reduced residue class. We now leverage the former into the
latter.

As before we will accomplish this by introducing a logarithm and removing it at the
end.

Using the representation logn = >, A(d),

Y(glog,a,)= > g(d)A(d) > gm)

d<z m<z/d
pld = p>D° md=a (mod D)
plm = m>D¢

-y VDS g

X; except. m<zx/d
plm = p>D°

= Y GA@Y (g.ad, 3) (5.3)

d<z
pld = p>D*°

where dd = 1 (mod D). Note that if ¢ > 1, then the condition p | n = p > D° implies
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that (md, D) = 1. By (5.3), since |g|] < 1, for a ¢; to be specified shortly, we have

Y (glog,a,z)| < Z ‘Y(g,ad )‘ Z A(d ‘Y(g,ad )‘

<z
pld = p>D°

_ A(d)‘Y(g,aZZ,%)‘—i— > A(d)‘Y(g,cﬂ%)‘; (5.4)

De<d<z/Dc1 z/D1<d<zx

where in the second inequality we have potentially let more d’s into the sum. We will
handle the second sum directly, but first we use the Cauchy-Schwarz inequality and the
L? estimate from the previous Chapter to bound the first sum. To this end we divide the
interval (D¢, x/D] into a union of adjoining subintervals of the form (U, 2U], where U runs
through the powers of 2 constrained by D¢/2 < 2F < 2x/D®. Furthermore, for some 3 with
0 < 8 < 1, we split each interval (U,2U] into a union of adjoining subintervals of the form
(V,V + UP), where V begins at U and the last such subinterval contains 2U (for each U).

Then

Z ’Y(g,ad )‘ ZZ Z A(d ‘Y(g,ad >‘ (5.5)

De<d<z/D¢1 V. V<d<V+4UB
Replacing %, in the innermost sum, by { introduces an error that is

( )

SP DD UL EED DI LD D ) > glmx;(m)

~”

U V Vd<V4UB z/d<m<z/V X;j except. z/d<m<x/V
m=ad (mod D) plm = p>D*
\ p|m = p>D° )

<YY ¥ aofi+ (-9

U V V<d<V+UB

<y ey

Dec/2<d<2z/D¢1 De</2<d<2z/D°¢1

NI >0

(see Remark A.9). The second term in (5.6) may be omitted provided ¢; > 1+ (1 — f)c,

which we may assume.
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Compared to (5.5), we are reduced to estimating the sum

YO A<d>\y(g,aa,§)\.

U V Vd<V+UB

(5.7)

A typical innermost sum over d is

> % sy (n )

V<d<V4UP
(b, D) 1 d=b (mod D)

D
- T
_ Y(,aa—)‘ A(d
bz ‘ ! v V<d<ZV+U5 ()
(b,D)=1 d=b (mod D)
U” D - x
< ‘Y <g7ab7 _) 3
e(D) 2 4

b=1
(b,D)=1

once again by an application of a sieve, provided U? > D'*¢ for some ¢ > 0 (that may be
chosen arbitrarily at the outset). We may assume this is satisfied, provided we choose ¢ and

[ to satisfy ¢f > 1.
Applying the Cauchy-Schwarz inequality, the above bound for the sum over d is

5 \ 1/2
Us 2
] ¥ (0.0 57)
¢(D) Z;
\ (b,D)=1 y,
p 2\ 1/2
Us
= ﬁ Z Z g(n)x;(n)
14 Xj not | n<z/V
 except. |pln = p>D° ),

by (5.2), where we relied on the fact that ab traverses a complete set of reduced residues as

b does. By Lemma 4.1, the previous quantity is

U?

log x

<5

¢(D)

p(D)

;

{G&gﬁ

5
log x pp. L
log D V log

1

(z/V)

25 1/2
Q%D>}
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The whole triple sum over U, V', d in (5.7) must therefore be

log oe. 1
<<5 (log D) ; Vlog(z/V)
x log b 1
< — - -
~ @(D) (10g D) ZU: log(z/2U)
< x log 510 log (5.8)
o(D) \logD ) " \logD '

after an integration by parts (see Remark A.10). Returning to (5.5), by (5.6) and (5.8) we
obtain

A(d)‘Y g,aa,z ‘: A(d)‘Y g,ac_ll,£ ‘—i—(error)
o MO (pal)= 3 (9:4.)

De<d<z/De1

x log b log x
1 . 5.9
< o7 (osp) ¢ (i) * sonor=s 69
Recalling (5.4), we still need to bound

> A ‘Y (9, ad, g) ) : (5.10)
x/D1 <d<z

. Using the definition of Y, we argue crudely. The previous

but thankfully this is easier

quantity is then

< X oADg X mi- Y @L 3

D) lg(m)x;(m)]|
z/D1 <d<z m<z/d X; except. m<z/d
m=ad (mod D) plm = p>D*
\ p|m = p>D*°

<a Y lgm) Y- Z lg(m)| D Ad) (5.11)

d<z/m
d=am (mod D)

(5.12)
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where we used a sieve and then Lemma 3.1 to bound the sums over d in (5.11), from left
to right, respectively, and an Euler product representation in the step thereafter. That the
product over primes between two powers of D in the penultimate step is O(1) is considered
in Remark A.5, and the sieve estimate is certainly valid if z > DT 1 > 0, since m < D%

then implies z/m > D' Combining (5.12) with (5.9) and (5.4), we obtain

x log 2
Y(gl — 5.13
(iosa.0) <5~ (155 ) (5.13

log log b
1 — .
o (logD) < (10gD)

In the present circumstances, 0 comes from the definition of H (see p. 37). We could choose

where we have used

0 < 4 < % instead (or just replace § by $). Without loss of generality, (5.13) then holds with
0 instead of 2§ in the exponent.
To remove the logarithm, we appeal to the estimates

Zlog (%) Lz and Z log (%) < ﬁ

n<lz n<lx
n=a (mod D)

from Lemma A.11. Since logz — logn = log (%),

(log2)Y(g,a,z) — Y(glog,a,x) =

> amles(3)- X TE S mgnos ()

n=a (mod D) pln = p>D°
pln = p>D*©

Lq Z log (%) + %D) Z log (%)

n<x n<x
n=a (mod D) pln = p>D°
pln = p>D*°
< i
p(D)

where we have eliminated the condition p | n = p > D¢ (so that the sums can only

increase), used |g| < 1, |xj(a)] < 1 and the fact that there are only Os(1) exceptional
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characters. Since this difference is less than the bound in (5.13), dividing through by log z

provides the estimate

x log x b
Y . 5.14
o) <5 i (15 (5.14)

The proof of Theorem 2.2 will be complete after we remove the vanishing and multi-

plicative conditions from g. This is the subject of the next Chapter.



CHAPTER 6

STRIPPING THE RESTRICTIONS AND IMPROVING THE ERROR

First we remove the support condition that g vanishes on the primes p < D¢ (c.f. [16,
p. 26] or [13, p. 194]). In order to do so, however, we need one more Lemma providing a
bound for the number of integers, not exceeding x, that lie in a residue class modulo D and
have prime factors not exceeding D¢. Such a bound is well known in probabilistic number
theory and may be proven by appealing to Lemmas 3.3 and 3.5 in [5, p. 127 and 132, resp.];
cf. Lemma 13 in [13, p. 192]. As an alternative, we utilize Lemma 4 in [18, p. 7], which
does not require the construction of a probability space and will help improve the error. I

reproduce a proof here for convenience.

Lemma 6.1. Let ¢ > 0. For any positive integer ¢, the number of integers n in the interval

2'/?2 < n < 2 made up of primes not exceeding D° and which satisfy n = a (mod D) is

<<£ log D ¢
D \ logz

uniformly in D < x and a.

Proof of Lemma 6.1. Let (a,D) = 1, D < z'/2. Suppose that the integers n are
squarefree. Then their number does not exceed

logn ¢
2
Z :u (n) (1ng1/2)

n<x
n=a (mod D)
pln = p<D*®
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1 —t
= (ﬁlog:v> Z log py - - - log pe Z 1.

pj<De m<z[p1,....pe] 7
m[p1,...,p¢]=a (mod D)

Here [py,...,pJ < D and if D < x'/4, say, then the innersum is < D~ z[py,...,p] "

The terms with the p; distinct contribute

logp log D"
T ogp z (log
< D(log )’ (Z p > <D (logx) '

p<Dc¢

Those terms with two p; equal contribute

-2
x log p (log p)?
< Dllog )’ (Z p ) 2 p

p<De¢ p<De

which has a similar bound; and so on.

If D > z'/? or D% > 2'/* then the desired bound is evident, since we may then ignore
the condition that the prime factors of n do not exceed D.

More generally, any positive integer has a representation rm? with r squarefree and
we may estimate the number of such integers not exceeding x which have only prime factors
not exceeding D¢, and which satisfy rm? = a (mod D). For D < z'/8 those integers with
m < z'/* are, by our above argument,

x log D ¢ x (logD ¢
< Z DmQ(logx> <<D<logx)

m§x1/4

in number. Omitting side conditions, those with m > 2'/* are
< Z m”2r < 23t < D7T/8
m>zl/4
in number. Once again, the condition D < z'/® may be removed in favor of D < z.
If now (a, D) = t, then the integers n in the Lemma have the form tw where w < x/t,

w has only prime factors not exceeding D¢ and w = t~'a (modt~'D). For D < x'/? their

t~lz (logt~'D\* 2 [logD\"
< — _ <= ,
t=1D \ logt—1z D \ logx

number is
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and once again the condition D < /2 may be relaxed to D < z. This completes the proof
of Lemma 6.1.

Suppose now that ¢ is an arbitrary completely multiplicative function with |g] < 1.
Define further completely multiplicative functions h and k by

g(p) ifp<D° g(p) ifp> D°
h(p) = k(p) =

0 otherwise 0 otherwise.

Then g = h * k since the Dirichlet convolution of completely multiplicative functions is (at

least) multiplicative while g and the convolution agree on prime-powers. Indeed, for any

r>1,
o _ 1-k(p") + Z 0-k(@™")=g(p") iftp>De
(b k)(p") =D hpk(@ ™) =3 =t
S h(p)- 04 h) - 1= () ifp< D"

We wish to estimate Y'(g, a, ), and this time we use the representation g(n) = >, h(d)k(n/d).
With dd = 1 (mod D),

Yigan) = Y Y hdk(5)- > 2 “ZZ k(%) v

n<x dln X;j except. n<a: din
n=a (mod D)

=X hdy ZXJ > km)

d<z m<az/d Xj except. m<:v/d
m=ad (mod D)

Splitting the outermost sum into two sums, one over d < z° and the other over 2% < d < «,

0 < B < 1 fixed, we write Y (g, a,z) = X1 + X9 where

Si=Y hd Y ZX] > k(m)

d<zh m<z/d X; except. m<x/d
m=ad (mod D)
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and

)SRCUMED S COEND DR ) DO )

B <d<z m<z/d X;j except.
m=ad (mod D)

S okmd S wd - Y _M—((%m)) > hdx(d)
m<gt—h 2P <d<z/m X;j except. ¥y rh<d<z/m

d=am (mod D)

upon changing the order of summation. By (5.14), since k is completely multiplicative and
vanishes on the primes p < D¢ by construction, the sum ¥; satisfies

= > W)Y (k: ad, ) <5 ) h(d) lo/gd(x/d)) (bi(gml/?d))

d<zB d<zP

x logz \° |h(d)]
— 6.1
<8 o(D)logx (logD) d;ﬁ d ’ (6.1)

where we have used
< 1
log(z/d) 7 logz

At this point a relatively simple observation will help us improve the error term. Since

d<i’ =

(a, D) =1 from the beginning and n = a (mod D), n (and all of its divisors) is coprime to
D. Hence every d in the outermost sum in (6.1) is coprime to D. From the Euler product
representation of h, therefore, since |h| < 1 where it doesn’t vanish (a property it inherits

from g), the aforementioned sum is

by Lemma 3.1. Combining this with (6.1) and rearranging shows that

log D
¥ . 6.2
) D <loga;) ( )

Similarly, using
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and Lemma 6.1 with ¢ = 2, it follows that
Sy <5 € log D 2_ log = _z log D 7
D \ logx logD D \ logzx

which is smaller than the bound for ;. Therefore

log D
Y .
) <5 (B2) (63)

for completely multiplicative functions g with |g| < 1 but without vanishing restrictions.
To remove the need for g to be completely multiplicative, I follow [13, p. 201]. For a
general multiplicative function g with |g| < 1, define a completely multiplicative function g;

by ¢1(p") = g(p)" for all integers r > 1. Then

1 ifr=0
g @) = g () = —g(p) ifr=1
0 ifr>1

\

(see Remark A.12), from which it follows easily that if we define g, by g» = g * g;*, then

g2(p)=0 and @) =g90") —gpg( ") forr>2.

In particular, g = g1 * ga, g2(p") < 2 for all r > 2 and g, is multiplicative. Using an Euler

product again,

2 2
1/2 ...
Z |ga(m)[m ™" < H < 1/2 D -+ Ik + >

m<x p<lz

o)

< exp (Z %)

p<z

< (log x)?, (6.4)
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upon using a geometric progression, the inequality 1 4+ z < e (valid for all z > 0, say) and
Lemma 3.1. Note that, for any M > 1,

(log M)?

Z |g2(m)|m_1 < M_1/2 Z |g2(m)|m_1/2 < M1/2

M<m<2M M<m<2M
by (6.4). Using diadic intervals,

Slgpm)m™t =14+>" > ga(m)m™

=0 2¢ <m§2£+1

(log 2)? 02
Z T <y ST
/= £=0

which certainly converges. In other words, Z g2(m)m™"! converges absolutely. Since g =

m=1
g1 * ga, using the representation

= > ai(u)ga(v)

uv=n

a calculation similar to that leading up to (5.3) allows us to write

Y(gaaax): Z gg(’U)Y(gl,CLE,[L'/U),
(v?)l%)zzl

where v = 1 (mod D). For any 0 < 8 < 1, we split the preceding sum over v into one sum
over v < z” and another over ¥ < v < x. Since g, is completely multiplicative we may

apply (6.3) to Y (g1, av,x/v) for v < 2”:

2, e0lgnavafn) <5 ) |g2<v>|~v%(log—D>) _

= = log(z/v
(v,D)=1 (v,D)=1
x (logD 1=
= 6.5
<D <1ogx) ’ (6.5)

where we have (again) used the fact that v < 2/ =— <z 1— as well as the

o (a7

aforementioned absolute convergence of the series involving gs.



5}

For 2 < v < z, since

Y g <@ (loga)?

B <v<z

from (6.4), estimating Y (g, av, z/v) crudely by a sieve as before (see p. 46) yields

Z 92(v)Y (g1, a0, 2 /v) <5 Z |g2(v)| (@ - 1)

zP<v<z P <v<z
(v,D)=1 (v,D)=1
21782 (log x)?

)

(6.6)

Combining (6.5) and (6.6) establishes the estimate

x (log D 1=
Y —
(gaaax) <5 D (10g$)

for any multiplicative function g with |g| < 1 and the uniformities inherited from Lemma

4.1. Renaming ¢ as a completes the proof of Theorem 2.2.



CHAPTER 7

CONCLUSION

The foregoing account is meant to simplify and extend the results from [13, 16] (among
others). In particular, the exponent in the error term from Theorem 2.1 was improved from }1
to 1 (provided potentially more Dirichlet characters are excluded from the relevant sums, of
course), and the error term was further improved by replacing ¢(D) by D. Theorem 2.2 will
supply a major step in the proof of Linnik’s Theorem and offers corresponding improvements
to estimates for primes in arithmetic progressions mentioned in the Introduction. Careful
reading of Theorem 2.1 reveals an important detail, however: that the single exceptional
character involved is real if g is real. In the present circumstances there may be more than

one exceptional character. A direction for further investigation is provided by the following

two Theorems from [18], which classify the exceptional characters in terms of their support.

Theorem 7.1. To each positive real B there is a further real ¢ with the following property:
If x is a Dirichlet character (mod D), D > 2, 8D 738 < § < 1, t, real, satisfies |t| < DP
and S is a set of primes p in the interval (D, x| for which
ST = x| < oL
pes
where L =37,_ . p~", then

either Zp_l < 46Y3L + ¢, or the order of x is less than 26~ /3.
peS
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Theorem 7.2. Under the hypotheses of Theorem 7.1, if r35 < 1 and x has order at least r,

then
1 L
d =< (14 (00)?) = e,
peS p r
for a suitable constant c.
The general result is of the following form: letting w, = }lmin (7%3, %), for a multi-

plicative function g with unconstrained support S whose restriction to the interval (D, x]

satisfies 3 > 1/r +¢, 8= L1 ZpGS p~1, there is a representation

1 1 Yix(a
> = Xt 3 Y st

n<lz n<lz x has order n<lz
n=a (mod D) (n,D)=1 2,...,7—1
1 1\ [logD\*" log x
O —— 1+ - 1
i w(D)logxg( +p> <logm) % (logD> ’
peS

with various attached uniformities that we do not pursue here.

Certain refinements are possible.

As a final remark, I elaborate on the perspective that informed this work, begun in
the Introduction. From a modern viewpoint, Dirichlet’s Theorem on primes in arithmetic
progressions involves homomorphisms defined on the group (Z/DZ)* (the multiplicative
group of reduced residue classes modulo D) into the complex unit circle (i.e. group characters
in the dual group) and finite Fourier analysis. If we let Q* denote the multiplicative group of
positive rational numbers (this group may be denoted Q, see [19]), then any nonvanishing
completely multiplicative function g may be viewed as a homomorphism of Q* into the

multiplicative group of nonzero complex numbers by defining

for any 3 € Q*. Since any 7 in Q" can be expressed uniquely as a ratio of integers ™, where

(m,n) = 1, we can similarly extend the definition of any nonvanishing (not necessarily
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completely) multiplicative function to all of Q*. That this is possible reflects the fact that
Q* is a free group with the primes as generators. In this way one may view multiplicative
functions that are never zero, with the aforementioned slight relaxing of the term, as group
characters on Q*.

The dual group of Q* is isomorphic to the direct product of denumerably many copies
of R/Z, one for each prime. If we define Dirichlet characters to be one (instead of zero,
contrary to classical practice) on the prime divisors of their modulus, then they are dense in
this dual group. For more background on this perspective, and number-theoretic information
that can be obtained from studying this dual group, see [7], in particular Chapters 15 and

16, as well as Chapter 12 in [14].
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APPENDIX A

DETAILS

Lemma A.1. The estimate

A(d) logw
> A <ws(iep) e=Ile

d<(log w)* q pm‘nge
(d,Qe)=1 9D

holds for allw > 2, D > 2, ¢ > 1.

Proof of Lemma A.1. Similar to a standard estimate in Lemma 3.1,

A(d) log p
> Ay g,
d<(log w)* p<(logw)*
(vac):l (p:Qc):l
For (logw)* < D¢ the sum over primes is empty since Q. is the product of all primes not

exceeding D°. This leaves D¢ < (logw)?*. Since logz < +/z for all x > 1,
1OgD1/2 < D1/4 < Dc/4

and hence
1 4

for any ¢ > 1. If we enlarge the range of allowable primes, the preceding sum over p can
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only increase. Thus

1 1
Z 6P, O(1) = Z %8P 4 O(1) (p, Q.) = 1 is superfluous now
p<(log w)* De<p<(log w)* p
(p,Qc)=1
lo
< 3 oo

( % log D)4 <p<(log w)*

4
= log(log w)* — log <% log D) +0(1)

completing the proof.

Remark A.2. In the second step we used the facts that the n’s in the sum defining M
in (4.6) are actually < u < z/d, J < ¢(D) < D, as well as |g| < 1 and Lemma A.4 with

M = D¢. In the last step we have used Lemma A.1,

[ ()<= I0-D<D(-

z/d<p<z p<z/d p<z
p|Qc P|Qc plQc
and
(=3) -0 -) - I (-5) =i
IHir—=)=1I(1—-=)=JI (1--) < .
p@r p PlQc p p<De p log D
PlQc

The first estimate is true since d < (logz)* so that x/d > x" for some 0 < 7 < 1; the second
equality is true since p | Q. <= p < D° and D° < z so the p < x is superfluous. We also

used

dOAMddTES D MDY A(d) = (logz)* + O(1)

< logz)4 d<(logz)* d<(logw)4
(d,Qc)= (d,Qc)=1

by Lemma 3.1.
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Remark A.3. In the first step we recall that the n’s in the original sum defining F3 were
< z(logz)~2, but we let all n < x in anyway (which may seem wasteful but it won’t matter).
We have also used J < D, Lemma A.4 for the extra log D¢ in the trivial estimate of the sum,
and

(D)=

z(log ) "2<p<wx
p|Qec

as in Remark A.2.

Lemma A.4. The number of integers not exceeding x which have no prime factor up to

M(< z) is < z(log M)~ .
Proof of Lemma A.4. See [13, p. 187, line 1].

Remark A.5. For a proof that |\;] < 1 in the circumstances mentioned, see [21, p. 100]
or [14, p. 225]. For the estimate regarding the quadratic form, see Lemma 25.7 in [14, p.

224] or Lemma 3.1 in [21, p. 102]. A further comment is appropriate, since in Lemma 3.6

1(-3)

Part of the problem is that we're not assuming that () is made up of primes not exceeding

2z = H®/?, yet the result involves

z, but this is of no consequence. The upshot is that

1(-3)- 1(-2), 10,0, 0

p<HE/2 p<HE/? He/2<p<H He/2<p<H
p|Q pl@Q plQ plQ
p<H p He?<p<H p
plQ plQ
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since

LD S () 5 (o)

a<p<a™ a<p<a™ a<p<a™
plQ pl@Q rlQ
1 1
= > -—+0m< > -+0()
a<p<a™ p a<p<la™ p
plQ

1 1
= Z 5-2}—94—0(1) = logloga™ — logloga + O(1)

p<a™ p<a

1
—log [ 28%) 4 0(1) = logm + O(1)
loga

= On(1),
a fairly standard calculation. Using a = H*/?, m = 2/¢ and exponentiating establishes (A.1).

Remark A.6. Note that

—1 —1 -1
u’ = ul—i—(logt) = - u(logt) = - e(logu)(logt) <u-e

since u <t <= logu <logt. Hence

20+1 20—1

W <eu <= u¥ <t = u < et = uP <ePu

Moreover,

/t du 1
o u(logu)?  logu

since 0 < 1.

t

1 11 L1
o logt logt?) flogt logt — Ologt

Remark A.7. We used Lemma A.4 (with M = D°) in the estimate of the sum over the n’s
after factoring out the logu. Moreover, since u > D¢ (from the integral), the product over
p| Qe p < u, is the product over all primes p < D°. But

1T T [P
P log D¢ log D

p<D¢c

for ¢ > 1 by Lemma 3.1.
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Lemma A.8. The estimate

S (og(a/n))* < x

n<x

holds for all x > 2.

Proof of Lemma A.8. For x > 2, using a Stieltjes integral,

T

S (log(a/n))? = / (log(z/9))? dly]

n<x B

LL‘+ gj+

= tox(e/u)l]| = [ bl 5 [Gosto/n)] dy

= 0+2/; %log(x/y) dy

rt

<<t/m log(z/y) dy

T

= ylog(x) —ylog(y) +y

<L,

completing the proof (after incorporating any stray log z terms).

Remark A.9. Since there are Og(1) exceptional characters,

1 1 r  x
> 2(D) > glm)x;(m) <5 D) > 1§-__.C___>,

Vo d
Xj except. z/d<m<z/V z/d<m<z/V SO( )
plm = p>D*

The other sum in the brackets also does not exceed this bound upon removing the condition
p|m = p> D¢ The extra 1 controls for there being only a single term in either sum.

For any d with d < V + U?, =%~ < Z. We enlarge the range on the sum over m, thus
V+U# d

increasing it. For a fixed U and V/,

T
d-V

<|=
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since d >V > U. Now we use the fact that a convergent series of positive terms truncated

at the front (say) is majorized by the term of highest index that was deleted:

logn log(D*/2 D</2 1
y M) MO o g gDy (D)

2—8 c 2—8 — c 2—8 c\1-6
D¢ /2<d<2z/D¢1 De/2<d De/2<n n (D /2) (D /2) (D )

since 2'7% < 2. Note also that, for € > 1 arbitrary,

/OO 105} dly] = 105;6?; : [y]r - /100 y (1 —elogy)lyl dy

and both terms converge to a finite limit (depending on ¢ only).

Remark A.10. Since U <V < 2U for any fixed U and any corresponding V',

1 < 1 and L < L
VU log(x/V) ~ log(xz/2U)

Moreover,
S
1%

since for any fixed U there are U/U? subintervals (V,V + U?) (of length U?) necessary to
cover the subinterval (U, 2U]. The U’s then cancel. In addition, note that

ys

2. T / e dly)
Deja<oiens) Do log(z/2k+1) . log(x/20+1)
where

The substitution w = logz — (y + 1) log 2 (say) is useful in evaluating the integral.

Lemma A.11. For D > 1, the estimate

Z log( )<< gp(i))

n<x
n=a (mod D)

holds uniformly for (a,D) =1, z > 1.
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Proof of Lemma A.11. Noting that
i =G
og =
dy y y
using a Stieltjes integral we have

3 log<§>:/1x+log<§>d D!

n<lz n<ly
n=a (mod D) n=a (mod D)

) s [ Ak
Yy n<y n<y dy Yy
n=a (mod D) n=a (mod D)
“1
:/ = > ldy (A.2)
1 Yy n<y
n=a (mod D)
/ > 1dy—|—/ Y ldy
n<y n<y
n=a (mod D) n=a (mod D)
D T
1 1 Y
[ Ly,
1Y py ¢D)

x x
=logD+ ———-D < ——,
©(D) ©(D)
almost completing the proof. It should be mentioned that it is possible to pick up an extra
log z in step (A.2), but this is < 57 as long as D is less than 27, 0 <7 <1, which is true

in our circumstances.
Remark A.12. For if ¢g; is completely multiplicative, then

1 ifn=1

(pg1 * g1)(n ZM )g1(d)g1(n/d) = ZM )g1(n ZM

dln dln din 0 otherwise

since ¢;(1) = 1, and this is exactly the arithmetic function that is the identity with respect

to Dirichlet convolution. See Theorem 2.17 of [1, p. 36].



