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Essential Self-Adjointness of the Symplectic Dirac Operators

Thesis directed by Prof. Alexander Gorokhovsky

The main problem we consider in this thesis is the essential self-adjointness of the symplectic
Dirac operators D and D constructed by Katharina Habermann in the mid 1990s. Her construc-
tions run parallel to those of the well-known Riemannian Dirac operators, and show that in the
symplectic setting many of the same properties hold. For example, the symplectic Dirac operators
are also unbounded and symmetric, as in the Riemannian case, with one important difference:
the bundle of symplectic spinors is now infinite-dimensional, and in fact a Hilbert bundle. This
infinite dimensionality makes the classical proofs of essential self-adjointness fail at a crucial step,
namely in local coordinates the coefficients are now seen to be unbounded operators on L?(R™). A
new approach is needed, and that is the content of these notes. We use the decomposition of the
spinor bundle into countably many finite-dimensional subbundles, the eigenbundles of the harmonic
oscillator, along with the simple behavior of D and D with respect to this decomposition, to con-
struct an inductive argument for their essential self-adjointness. This requires the use of ancillary
operators, constructed out of the symplectic Dirac operators, whose behavior with respect to the
decomposition is transparent. By an analysis of their kernels we manage to deduce the main result

one eigensection at a time.
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Chapter 1

Introduction

We shall give here a proof of the essential self-adjointness of the symplectic Dirac operators
D and D acting on sections the symplectic spinor bundle Q over a compact symplectic manifold
(M,w). This is a preliminary result in the larger quest for a symplectic analog of the well-known
Atiyah-Singer index theorem on a Riemannian manifold. To understand the importance of Dirac
operators and their self-adjointness in this quest, it is necessary to briefly review the historical

development of the classical index theorem, its generalizations, and various proofs.

The classical index theorem originated in the famous papers of Atiyah, Singer and Segal of
the 1960s and early 1970s, [5], [6], [7], [8], [9], and [10], and gave an equivalence between the analytic
index of an elliptic operator P acting on sections of a complex vector bundle E over a Riemannian

manifold (M, g) and that manifold’s topological index, via the equation
index(P) = {ch(P) - T(M)}[M]

The term on the left is the analytic index, defined as index(P) = dimker P — dim coker(P), while
the term on the right consists of topological invariants: the Chern character, a ring homomorphism
ch: K(M) — H*(M;Q), taking the symbol of P, realized as an element of the K-theory ring
K (M), into the rational cohomology ring H®(M;Q) of M, the Todd class 7(M) of M, and the
fundamental class [M] of M. The motivation for this theorem was Gel’fand’s 1960 observation
[36] that the analytical index index(P) of an elliptic operator is always homotopy invariant, and

so should describe a topological invariant. It had also been proven by Borel and Hirzebruch in



1958, [18], that the A—genus of a spin manifold was always an integer, even though this topological
quantity was defined in terms of an infinite series. Atiyah and Singer’s paper [5] explained this
unusual result as the index of the manifold’s Dirac operator.

The first announcement of the general theorem came in that same 1963 paper [5], though its
proof arrived somewhat later, in Palais’ 1965 book [86]. According to Atiyah and Singer themselves,
[6], this early proof used the computationally taxing and ill suited methods of cobordism and
rational cohomology groups, which failed to reveal the basic underlying mechanics of the theorem’s
simple statement, while also making difficult the theorem’s generalizations. The three papers of
1968, [6], [7], [8], replaced cobordism and homology with just K-theory, which was more in line
with Grothendieck’s outlook on such matters.

The years 1968-1973 saw several advances, the most important of which, for us, was the
introduction heat equation methods to the proof method of the index theorem. These brought with
them some revealing simplifications in certain cases, and reduced the dependency on topological
machinery with the introduction of more analytic tools. The first inroads were made by McKean
and Singer, [80], in 1967. They looked at the Dirac operator d + d* : Q(M) — Q°%(M) on a
Riemannian manifold (M, g) to prove the index theorem equating the index of d + d* to the Euler
characteristic of M. Observing that the integrand «, given by the heat equation methods, and
the normalized Gauss curvature K had the same total integral, they asked whether o = K locally,
by some remarkable cancellations of higher order terms in local coordinates. Patodi [87] in 1971
answered affirmatively. As recounted in Atiyah, Bott and Patodi [11], the drawbacks to Patodi’s
methods were the complicated algebraic process of cancellation. Gilkey’s 1973 approach [40] showed
that the higher derivatives could be eliminated on a priori grounds, so that the integrand a should
never involve higher derivatives. The drawback here, however, was with the lengh and difficulty
of the proofs. In Atiyah et al’s estimation, this was due to the reliance on general differential
operator theory, rather than the Riemannian geometry at hand. With a change in tactics, toward
the Riemannian geometric tools, Atiyah, Bott and Padodi succeeded in simplifying the analytical

proof of Gilkey enough to make it manageable.



The last step in this direction, using the heat equation methods and cancellation of higher
order terms in the local expansion, came with Getzler’s 1985 paper [38], which introduced his
eponymous symbol calculus involving only the top order terms in the asymptotic expansion of the
heat kernel of JDQ. This paper gave a clear and simple proof of the local index theorem, and now
serves as the model in the smooth category (see for example Melrose [81]). The Dirac operator
case is a specific case of the general index theorem [5], of course, and it seems that it was a bit of
mathematical folklore that the Dirac case could imply the general topological case. The present
author has just seen two new preprints by Paul Baum and Erik van Erp on just this topic, [13],
[14]. These papers give a proof of the implication of the general index theorem from the special
Dirac case, using K-homology and Bott periodicity. So it seems that the general elliptic case and
the special Dirac operator case are in fact equivalent.

The heat kernel approach to the classical Atiyah-Singer index theorem by means of Dirac
operators is indeed the model of our investigations. Of course, the symplectic category is vastly
different from the Riemannian category, first and foremost because symplectic manifolds do not
have local invariants, as a consequence of Darboux’s theorem. The topological side, therefore, is
quite different and employs ideas deriving more from algebraic geometry than from differential
geometry. Our goal here, however, is to understand only the analytical side of the hypothetical
'index theorem.” We aim merely to lay the analytical groundwork for heat kernel methods.

The first step in this direction is ensuring that our Dirac operators are self-adjoint, or at
least essentially self-adjoint. Generally speaking, self-adjointness of unbounded operators on a
Hilbert space are important because their spectrum is real, and thus the functional calculus may
be applied to them to get continuous or even Borel functions of these operators. For example, we
may exponentiate them, or take square roots, if the spectrum is nonnegative. Merely symmetric
operators may not have real spectrum, and there are examples of such cases, for instance i% on
L%(]0,1]) with domain {f € AC([0,1]) | f(0) = f(1) = 0}. Essentially self-adjoint operators are
symmetric operators whose closures are self-adjoint, and these enjoy the same benefits as self-

adjoint operators, only without our needing to specify their domains ahead of time. In the case



4

of our symmetric differential operators D and D, the application of the functional calculus we are
most interested is in exponention. Then we can apply the heat kernel methods to try to make some
connections with the underlying symplectic topology of our manifold.

The notion of spinors came to light in Brauer and Weyl’s 1935 paper [20], following earlier
investigations of Cartan and originating in Dirac’s work on the spin of the electron. Spinors may be
upgraded to spinor fields on a Riemannian manifold, and here begins the notion of a spin manifold,
whose topology was studied by Borel and Hirzebruch [18], and thence by Atiyah and Singer [5] by
means of Dirac operators. The symplectic analog of a spinor was introduced by Kostant [65] in
1974, and the symplectic Dirac operators were introduced in 1995 by Habermann [50]. Subsequent
investigations of the symplectic Dirac operators were conducted by Habermann in the papers [51],
[52] and [53]. The construction of these operators was completely analogous to the classical Dirac
operators on a spin manifold, as operators acting on sections of the spin bundle.

The difference in the symplectic case is that we replace the Clifford algebra bundle, inside
which sits the spin group and its Lie algebra, with the Weyl algebra bundle, whose sections are
the symplectic spinor fields. The Weyl algebra bundle uses the symplectic form w instead of
the Riemannian metric g to give the relations v +v — v+ u = —w(u,v)1 (this is the symplectic
analog to u - v + v -u = —g(u,v)l in the Riemannian setting). The skew-symmetry of w has
important consequences for the Weyl algebra bundle, the most eye-catching of which is that it
makes the Weyl algebra infinite-dimensional. Another difference is that the representations of the
metaplectic group, the double cover of the symplectic group, are not matrix representations. They
are unitary representations on the Hilbert space L?(R"), and are unique up to isomorphism. This
is in contrast to the representation of the spin group, the double cover of the special orthogonal
group, which is a matrix representation on C2" (and variants thereof on RF or HY, where k and ¢
depend on n = dim M, see Lawson and Michelsohn [71]). These facts point to the need for infinite-
dimensional Hilbert bundles of spinors over M rather than finite-dimensional. The implications
for the symplectic Dirac operators are that, unlike the Riemannian case, the Dirac operators have

unbounded coefficient operators in local coordinates, making the traditional proofs of their essential



self adjointness (Wolf [110], Chernoff [25]) difficult to emulate.!

Another difficulty arising in the symplectic case is that, though we show the symplectic Dirac
operators to be essentially self-adjoint, they are also known to not be elliptic, unlike the Riemannian
case. Their commutator P = Z[[), D] is, however, elliptic, and this fact will be useful for a variety
of purposes. These technical differences, particularly the jump to infinite dimensions, make the
symplectic Dirac operator case both more unusual and also more interesting given the intricate
topological constructions available in the symplectic category (see McDuff and Salamon [76], [77]).

Let us now briefly describe the structure of this thesis. Since the setting for our Dirac
operators is the smooth symplectic category, following some general observations on bilinear vector
spaces, we begin Chapter 2 with the linear symplectic category, consisting of symplectic vector
spaces and linear symplectic morphisms. This is necessary because the fibers of the tangent bundle
of a symplectic manifold are symplectic vector spaces. The model for the linear symplectic category
is the standard symplectic vector space (R?",wy), where wy = Z?Zl dp’ A dg is given in terms of
the dual basis vectors dp/ = e, ; and dgy = e; of the standard orthonormal basis vectors. The
notation here is meant to recall the physicists’ convention of viewing R?" as the phase space of a
free particle. The configuration space of such a particle is R", and coordinates ¢; = e; are position
coordinates of the particle. The momentum coordinates p; should technically lie in the cotangent
bundle T*R" = R" x (R")* of R", whose coordinates are (qi,...,qn,dp',...,dp"). However, by
use of the nondegenerate form wy we may identify R™ with its dual, and by this means we identify
T*R"™ with R?",

As we will see, all symplectic vector spaces (V,w) are linearly symplectomorphic to the
standard symplectic space (R?",wp), so the nature of the whole linear symplectic category boils

down to that of this space. Now, R?" is also a Euclidean vector space with standard metric gy the

! Habermann, in her original paper [50], cited Wolf’s proof as applicable to the symplectic Dirac operators, but
the present author couldn’t understand how that proof could be modified to work in the symplectic case.



dot product. By means of the standard complex structure, an endomorphism

Jo =
I, O

of R?" squaring to —Io,, we may also endow R?" with a complex vector space structure of complex

dimension n. Complex-scalar multiplication is given by
(a+ib)v :=av+bJ(v)

making R?I’g complex-isomorphic to C™. The general linear group GL(2n,R) acts transitively by
conjugation on the space J(R?") of all complex structures on R?", with stabilizer isomorphic to

GL(n,C), so we have the diffeomorphism
J(R*") ~ GL(2n,R)/ GL(n, C)

Each J € J(R?") similarly endows R?" with a complex structure, by exactly the same procedure
as above, giving an isomorphisms R%" = C"™. Another GL(2n,R)-action, this time on the space of

symplectic forms Q(R?"), shows the diffeomorphism
Q(R*) ~ GL(2n,R)/ Sp(n, R)

where Sp(n, R) may be identified with the stabilizer of wy under this action. We will also demon-
strate that the space of metrics M(R?") is diffeomorphic to the positive definite symmetric matrices
Sym2n (R)Jrv

M(R®") ~ Sym,, (R)*

So we see that there is no shortage of symplectic forms, complex structures, and metrics on R?",
The natural question, then, is, "What sort of interactions there between these structures?’

The most important interaction is w-compatibility. Given a symplectic form w on R?", a
complex structure J is said to be compatible with w if g(u,v) := w(u, J(v)) defines a metric. It will
be shown in this chapter that the space of such w-compatible complex structures is also large, and

even connected and contractible. Moreover, we also have a converse condition: given a complex



structure J on R?"?, there always exists a symplectic form w such that J is w-compatible, and the
space of such symplectic forms is convex and contractible. We may conclude, therefore, that the
linear symplectic category is well-equipped with compatibile Euclidean, symplectic and complex
structures, in particular w-compatibility is a property not only of J for given w, but of w given J.

Moving to the smooth symplectic category such compatibility conditions do not always occur.
One additional feature of symplectic manifolds is the closedness of the symplectic form w € Q2?(M).
Fiberwise, w may be identified with the standard linear symplectic form wg, but globally we require
more. From this condition alone we see why compatibility becomes more difficult in the smooth
setting. The class of manifolds with compatible Riemannian, symplectic and complex structures is
rather restrictive, being the Kéler class. It follows from the fiberwise case that manifolds equipped
with symplectic structures are always equipped with compatible almost complex structures, and
conversely. The term ’almost’ in the smooth setting refers to the potential lack of an integrability
condition on J, meaning simply that J may not come from a complex structure on the manifold
M. The obstructions to compatibility are by nature topological, and though it is not our focus in
these notes, we will pause and state some of the known results in this area which are relevant to
understanding the various subclasses of symplectic manifolds.

Following this, we describe the basic objects associated to symplectic manifolds: Hamiltonian
vector fields, the Poisson bracket, symplectomorphisms, and symplectic connections. We will also
sketch a proof of the fundamental Darboux theorem, which asserts that locally all symplectic
manifolds are symplectomorphic to an open subset of the standard symplectic space (R?", wp).
This is the key feature distinguishing the symplectic category from the Riemannian.

After the geometric setting has been adequately described, we return to analysis. We ded-
icate Chapter 3 to the construction of the relevant functions spaces needed to handle unbounded
differential operators: Sobolev spaces, locally convex spaces and distributions. We do this first in
the Euclidean setting, then describe the method of transferring these spaces to manifolds, even in
the noncompact case. Then we use these spaces to enlarge the class of differentiable functions to

weakly differentiable functions. The embedding theorems and the Fourier transform are recalled,



before describing the general theory of differential operators on a manifold. Invariant definitions
are given, and filtered algebras are constructed, before we give the definition of the symbol of a
differential operator. The symbol’s importance lies in the fact that elliptic operators are defined to
be those whose symbol is always invertible fiberwise off the zero vector. This naturally leads into
elliptic theory. We describe elliptic regularity, which is of fundamental importance for us. In its
simplest version, it states that if P is elliptic and a (not necessarily smooth) section s satisfies the
weak equality Ps = 0, then s is in fact smooth. Thus, the kernel of an elliptic operator P consists
of smooth sections. If P is also self-adjoint, then its spectrum is particularly simple, being real and
discrete, and we will describe these points in detail.

Before venturing into elliptic theory, however, we will spend some time on the general theory
of self-adjoint unbounded operators on a Hilbert space H. Section 3.2 of Chapter 3 is devoted to
complete proofs of von Neumann’s famous theorems characterizing self-adjoint unbounded opera-
tors. Importantly for us, we will see why an unbounded symmetric operator 7" on a Hilbert space
H is self-adjoint if and only if ker(7™ £ ¢I) = {0}. This characterization is the one we will employ
in our proof of the essential self-adjointness of the symplectic Dirac operators D and D.

This completed, we then embark in Chapter 4 on the technicalities of the construction of
the symplectic spinor bundle Q and, in Chapter 5, on the construction of the symplectic Dirac
operators acting on its sections. The Weyl algebra is defined and its properties studied, before
shifting gears and considering the metaplectic representation. The metaplectic group Mp(n,R) is
the double cover of the symplectic group Sp(n,R), the structure group of any symplectic vector
bundle (in particular the tangent bundle of a symplectic manifold), and the fact that it has no
matrix representation, but only one (up to isomorphism) unitary representation on L?(R"), leads
to the unusual properties of symplectic spinors. Firstly, the symplectic spinor bundle Q is the

associated L?(R™) Hilbert vector bundle

Q= PMp(n,R) Xm LQ(Rn)

to the metaplectic prinicpal bundle via the metaplectic representation m. This is an infinite-



dimensional Hilbert bundle, and symplectic spinors are sections of this bundle. The smooth sections
turn out to be precisely those sections with image in Pyip(,r) Xm S(R™), the Schwartz space-valued
symplectic spinors. The Lie algebras mp(n,R) and sp(n,R) of the metaplectic and symplectic
groups, respectively, may be embedded in the Weyl algebra, and the tangent map dp of the double
covering map p : Mp(n,R) — Sp(n,R) may be understood in terms of the Weyl algebra product.
Once the position and momentum coordinates of the base manifold (M, w) are quantized, g; — ix;
(a multiplication operator on L?(R")), p; — 8/0x;, the quantization map is shown to satisfy the
defining Weyl algebra relation, allowing us to extend it to the entire Weyl algebra. This allows
us to define symplectic Clifford multiplication, X - s, multiplying a symplectic spinor field s by
a vector field X. We can understand this as a linear combination of position and momentum
operators acting on s fiberwise. These are unbounded operators, and here is where the symplectic
case begins to seriously diverge from the Riemannian case.

Given a symplectic connection V on (M, w), we may lift it to the symplectic spinor bundle

Q. The symplectic Dirac operators are then defined to be the compositions

D(Q % D" M © Q) 5 I(TM © Q) % 1(Q)
g

where w? and ¢ are isomorphisms between T*M and TM deriving from the symplectic and Rie-
mannian structure of M, and p is the symplectic Clifford product described above. These are the
operators studied by Katharina Habermann in the papers [50], [51], [52] and [53]. Under appropri-
ate conditions on M, D and D are symmetric, and it is the subject matter of this thesis to show
that they are essentially self-adjoint.

Traditional functional analytic methods tend to fail because of the unboundedness of sym-
plectic Clifford multiplication. In local coordinates, this means that D and D have coefficients
which are unbounded operators on the fibers L?(R"). There is, however, some extra information
we can work with here. Our main tool is the harmonic oscillator. In R", the harmonic oscilla-
tor Hy is known to be essentially self-adjoint and to have the Hermite functions as eigenfunctions.

These form a complete orthonormal system for L2(R"), and therefore decompose L?(R™) into finite-
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dimensional eigenspaces of Hy. The metaplectic representation, restricted to the double cover of
the unitary group, the maximal compact subgroup of the symplectic group, commutes with Hy,
thus giving a decomposition of the symplectic spinor bundle Q into finite-dimensional subbundles
Q. Our symplectic Dirac operators D and D combine to construct ancillary Dirac-type operators
Z = D+iD and Z* = D —iD, which have very simple behavior with respect to the decomposition
of Q. Z moves sections of Q; down by one to sections of Qy_1, and Z* moves sections up by one.
This simple behavior is exploited, along with information about the kernels of the operators D, D,
Z, Z* and P = i[D, D], to obtain an inductive proof that any symplectic spinor in ker(D* 4 iI)
must be 0. Von Neumann’s theorem then applies to say that D and D are essentially self-adjoint.
Along the way we prove some related results, and look at the local behavior of our symplectic Dirac
operators. Elliptic regularity is employed in statements about the kernel of P, which is known to

be elliptic.



Chapter -

Symplectic Manifolds

2.1 Preliminaries on Bilinear Spaces

2.1.1 Matrix Representations of Bilinear Forms

Let V' be a vector space over a field F' and let B be a bilinear form on V (we will also
use the notation (-,+) for a bilinear form, and we denote the set of all bilinear forms on V by
Hom?% (V; F)). When V is finite-dimensional with ordered basis 8 = (vy,...,v,), any bilinear form

B on V possesses a matrix representation [B]g € M, (F') with respect to §, namely

B(vi,v1) B(vi,v2) ... B(vi,vy)
Bl = B(vy,v1) B(va,v2) ... B(va,vy) 2.1)
B(vp,v1) B(vp,v2) ... B(vp,vy)

Moreover, the action of B in matrix terms is given by the following proposition. It’s proof is

straightforward so we omit it.

Proposition 1 IfV is a finite-dimensional vectors space over a field F' and 5 is an ordered basis

for V', then for any bilinear form B € Hom%(V; F) an any vectors x,y € V we have
B(z,y) = [«]5[Blslyls u

Theorem 1 The function pg : Hom%(V; F) — M, (F), ¢5(B) := [B]s, is an isomorphism. There-

fore, Hom%(V; F) = M, (F) and dim(Hom%(V; F)) = n?. [ ]



We now ask what happens when we switch bases from 5 to v on V. The answer is [B]g
and [B], are congruent matrices, and conversely congruent matrices X and Y represent the same
bilinear form B with respect to different bases § and . This follows directly from the change of

basis theorem from linear algebra and the previous theorem.

Theorem 2 Let V be an n-dimensional vector space over a field F', and let 5 and v be two ordered
bases for V. If Mg is the change of coordinate matriz changing [3-coordinates to ~y-coordinates,
then a bilinear form B € Hom%(V; F) gives congruent matriz representations with respect to the
two bases:

[B],B = MEW[B]“/M@V (2.2)

Conversely, if two matrices X,Y € M, (F) are congruent, that is
X =ryp (2.3)

for some P € GL(n, F'), and if Y = [B]y represents a bilinear form B on V with respect to a basis
7, then X = [B|g represents B with respect to some other basis  for V., and P = Mg is the

change of coordnates matriz.

Proof: By Change of Coordinates Theorem in linear algebra, for all v € V' we have [v], = Mg, [v]3,

which means

B(z,y) = [x]z[B]v[y]v = (Mﬁ,'y[v]ﬁ)T[B]vMﬁﬁ[U]ﬁ = [U]g(MgN[B]’YMﬁﬁ)[v]ﬁ

Conversely, if X = PTY P and Y = [B,,, then we must have P = Mg ... |

2.1.2 Orthogonality and Isotropy

In what follows we assume (V, B) is a bilinear space. We establish here some terminology.
Two vectors u and v in V are called orthogonal if B(u,v) = 0, and this fact is denoted by
u L v. We remark here that B(u,v) = 0 does not necessarily imply B(v,u) = 0 (see the section on

reflexivity below). We also write v L S when we mean to say u L s for all s € S for any subset S



of V, and similarly we write S 1. v and S L T'. The direct sum U & S for subspaces U and S of V'

is written UDS when we also have U L S.

Define two associated maps By, € Homp(V,V*) and B € Homp(V,V*) by

The kernel of By, is also called the left radical of the space (V, B), and the kernel of By, is called

the right radical of (V, B), and the notation
rad (V) =t V:=kerB, and  radg(V)=V"' :=kerBp
is used. If W is a subspace of V', we write
Wie={veV|vLwforallwe W} =ker(Bg:V — W*)

and

Wh={veV|wLlLvforallwe W} =ker(Bg:V — W*)

and call these the left orthogonal complement and the right orthogonal complement of W,

respectively. We do not necessarily have “1W = W+ (see the reflexivity section below).
The norm of a vector v € V' is the field element B(v,v).

A vector v € V is called isotropic if v # 0 and B(v,v) =0, i.e. v L v, while if B(v,v) # 0 it
is called anisotropic. An isotropic subspace U of V' is one which contains an isotropic vector,
and an anisotropic subspace contains no isotropic vectors. A totally isotropic subspace U of
V' consists entirely of isotropic vectors. When applied to the entirety of V', this terminology about
subpaces being isotropic or anisotropic is sometimes carried over to the bilinear form B, which is
thus isotropic or anisotropic according as V' is one or the other. This is the case especially when B

is a symmetric form (see below).

Remark 1 When B is symplectic (that is nondegenerate and skew-symmetric, see below), then

the term ’isotropic’ has a different meaning. Let us explain why. Since B is alternating whenever



it is skew-symmetric, by Theorem 3 in the next section, assuming of course ch(F') # 2, we already
have that B(v,v) =0 for all v € V, so that V is trivially totally isotropic in the symplectic case in
the sense of isotropy introduced above. In the symplectic case, then, an isotropic subspace U of

V is one which is contained in its orthogonal complement, U C U=, that is u L v for all u,v € U. R

2.1.3 Symmetry and Skew-Symmetry

We recall that there are three important classes of bilinear forms: symmetric, skew-symmetric
and alternating.
(1) A symmetric bilinear form satisfies B(x,y) = B(y,x) for all z,y € V.

(2) A skew-symmetric bilinear form satisfies B(x,y) = —B(y,x) for all z,y € V.

(3) An alternating bilinear form satisfies B(z,z) =0 for all x € V.

A bilinear space (V,B) is called a symmetric space, a skew-symmetric space or an

alternating space according to it’s bilinear form (see Szymiczek [97], Greub [42], Roman [92]).

Theorem 3 If ch(F) # 2, then any bilinear form B € Hom%(V, F) is alternating iff it is skew-
symmetric, and the zero form is the only bilinear form that is both symmetric and skew-symmetric.
Proof: If B is alternating, then for all z,y € V' we have B(z + y,z + y) = 0. Expanding this and
noting that B(z,z) = B(y,y) = 0 gives the result, B(z,y) + B(y,x) = 0. For the converse B is
skew-symmetric, then for all x € V we have B(z,z) = —B(x,z), or 2B(z,z) = 0, and therefore,
since 2 # 0 in F, B(xz,z) = 0. For the last statement, suppose that for all x,y € V we have
B(z,y) = —B(y,x) = B(y,x), where the first equality is by skew-symmetry and the second by

symmetry, then 2B(z,y) = 0, so B(x,y) = 0. [

Next, we observe that in a sense symmetric and skew-symmetric bilinear forms are the two

types of forms out of which all bilinear forms are made.

Theorem 4 Let V be a vector space over a field F' with ch(F') # 2, and let

Hom3 ., (V5 F)



denote the subspace of Hom%(V; F) of all symmetric biliniear forms on V, and let
Hom%,skew(V;F) or Hom%,alt(V;F)
denote the subspace of all skew-symmetric (equiv. alternating) bilinear forms on V. Then,

Hom?%(V; F) = HomQF’Sym(V; o Hom%,SkeW(V; F) |

Corollary 1 If ch(F) # 2, then, letting Sym,,(F') and Skew, (F') denote, respectively, the spaces

of symmetric and skew-symmetric n X n matrices with entries in F', we have

M, (F) = Sym,,(F) @ Skew, (F) [ ]

2.1.4 Reflexivity and Degeneracy

Another reason for focusing on the symmetric and skew-symmetric forms is that these are
the only reflexive forms.

We assume as usual that ch(F') # 2. Two vectors z,y € V are said to be orthogonal if
B(x,y) = 0 and this fact is denoted & L y. Orthogonality defines a binary relation L on V. In the
case that L is reflexive, that is x L y = y L «, or in other words B(x,y) =0 = B(y,z) =0,
the bilinear form B is called reflexive. Reflexivity is needed in order to be able define the kernel,
or radical, of B and determine to what extent B is degenerate (that is, to what extent it collapses
subspaces of V to 0). A priori these are not well defined ideas, since B acts potentially differently
in each coordinate. In fact, not all bilinear forms are reflexive; an example is the bilinear form
B on the set of 2 x 2 real matrices given by B(X,Y) = Zij:l(X Y)i;. Obviously symmetric and
skew-symmetric forms are symmetric, and as we will show below, these are the only reflexivity

forms on V.

Theorem 5 Let V be a vector space over a field F. A bilinear form B € Hom%(V, F) is reflexive

iff it is either symmetric or skew-symmetric.



Proof: Suppose first that B is reflexive. Note that for all z,y, z € V we have

B(z,B(x,y)z — B(x, 2)y) = B(z,y)B(z,2) — B(x,z)B(x,y) =0 (2.4)
Reflexivity then implies

B(z,y)B(z,z) — B(x,2)B(y,x) = B(B(z,y)z — B(z,2)y,x) =0 (2.5)

Choosing z = x shows that

B(z,z)(B(z,y) — B(y,z)) = 0 (2.6)

for all z,y € V. From this it is apparent that either B(z,z) = 0 or B(x,y) — B(y,z) = 0 for all
z,y € V. If B(z,y) — B(y,z) =0 for all z,y € V, then B is symmetric. Otherwise, if we suppose
B(z,y)—B(y,x) # 0 for some z,y € V, we will show that B(z,z) = 0 for all z € V, and this implies
that B is skew-symmetric, because 0 = B(xz + y,z +y) = B(x,z) + B(z,y) + B(y,z) + B(y,y)
implies B(z,y) = —B(y, x).

Suppose, therefore, that for some z,y € V we have B(z,y) — B(y,x) # 0. In that case,
B(z,x) = 0. Take any z € V. We must show that B(z,z) = 0. If B(z,x) # B(z, 2z), then by (2.6)
we have B(z,z) = 0. So suppose B(z,x) = B(z, z), and likewise suppose B(z,y) = B(y, z). Then,

from (2.5) we get that
0 = (x,y)B(z,2) — B(z,2)B(y, )
= B(z,x2)B(z,y) — B(z,2)B(y, x)

= B(z,z)(B(z,y) — B(y,z))

Since we assumed B(x,y) — B(y, x) # 0, we must have B(z,z) = 0. Similarly we get that B(z,y) =

0. By the assumed reflexivity we also have B(z, z) = B(y, z) = 0, and consequently
B(z + z,y) = B(z,y) + B(z,y) = B(x,y) # B(y,z) = B(y,x) + B(y,2) = B(y,z +2)  (2.7)

Using (2.6) with 2’ = 2 + 2z and ¢/ = y we get
£0 by (2.7)
0= B(ZL‘/,JI/)(B(IE/,y/) - B(ylvl‘/)) = B(:I: + 2,7+ Z) (B(:I" + Zay) - B(y7$ + 2))




so that we must have B(z + z,x + z) = 0. Expanding this and noting that B(z,x) = B(z,z) =0

we get
=0

0=B(x+z,x+2)=B(x,z) + B(z,2) + B(z,2) +B(z, 2) = B(z,2)

The converse is immediate, for if B is symmetric or alternating, then B(x,y) = 0 implies

B(y,z) = £B(z,y) = 0. ]

If B is reflexive, then the right and left radicals are the same, and we may speak of the

kernel of B and the radical of (V, B). In this case,
ker B =rad(V) =V+

and all of these are equal to ker By, = ker Bg. We say that a reflexive form B, or sometimes the

space (V, B), is nondegenerate or nonsingular if
ker B =rad(V) = {0}

We may equally well speak of the rank(B) and rank(Bg), or in the case that B is reflexive, of

rank B, by the same reasoning.
Proposition 2 If (V, B) is a finite-dimensional reflexive bilinear space, then B is nondegenerate
iff it’s matriz [B]g with respect to any basis B for V is nonsingular.

Proof: B is nondegenerate iff ker(B) = ker(B,) = ker(Bg) = {0} iff ker([B]z) = {0}, where [B]g

can be viewed as acting by multiplication on the left, i.e. as a matrix representation of Bp. |

Remark 2 In the case that B is reflexive and nondegenerate, and V is finite-dimensional, we get
that By, and Bpg are isomorphisms between V and V*. When B is an inner product, By, is usually
denoted

B’ .= By, or Br(v) =

and it’s inverse B;l is denoted by

B .= B! or Bl (a) = of



These are called the flat and sharp operators, respectively. Similar notation is used when B is a

symplectic form. [

Remark 3 (Nondegenerate Subspaces and Riesz Representation) When V is a finite-
dimensional space, and B is a reflexive bilinear form on V, then, even if B fails to be nondegenerate
on all of V, it may nevertheless be so on a subspace W of V. In this case, we can restrict B to
W x W, and get the standard isomorphisms B” = By, and B? = B;l between W and W*. Moreover,
if we restrict only the second component of B to W, that is we allow By, to have domain all of V,

then we get a linear map
Brlvsw : V= W*  Bp(v) = B(v,-)lw
The kernel of this map is clearly W=,
ker Br |y xw = Wt

and moreover the finite-dimensional Riesz representation theorem applies to give the existence of
a unique v € W such that Br|yxw(w) = B(v,w) for all w € W. Even if W is nondegenerate we
can still find a representing v, this time in any of V', though it may not be unique. (See Theorem

11.6 in Roman [92]). [ |

Proposition 3 If B is a reflexive bilinear map on a finite-dimensional F-vector space V', then for

any subspace we have that

rad(W)=w nw
and thus Blwxw is nondegenerate iff rad(W) = {0}.

Proof: Since rad(W) = ker(Blwxw) = {w € W | B(w,v) = 0, Yo € W} = W N W+ and

Br|lw € GL(W) iff ker(Bp|w) = {0} iff Br|w and therefore Bl xw is nondegenerate. |



Theorem 6 If (V,B) is a finite-dimensional reflexive bilinear space, then for any subspace W of
V' we have
dim W + dim W+ = dim V + dim(W N V1)

Consequently, if W is nondegenerate, then, V.= WQOWL. Indeed, the following are equivalent:
(1) V=W+WwHt.

(2) W is nondegenerate.

(3) V=wQowt.
Moreover, we always have

V =rad(V)DS = VDS

for some nondegenerate subspace S of V. |

2.1.5 Symmetric Spaces

Let V be a vector space over a field F' and let B € Hom%(V; F) be a reflexive bilinear form
on V. If V is finite-dimensional with basis 8 = (v1,...,v,), then we say that 5 is an orthogonal
basis if all the basis vectors are mutually orthogonal, i.e. B(v;,v;) = 0 whenever i # j. We
call § orthonormal if B(v;,v;) = 0;;. We say that B is diagonalizable if there is a basis
for V such that [B|g = diag(B(v1,v1),...,B(vn,vy,)). Since such a matrix is symmetric, B is a
fortiori symmetric (if v is any other basis for V, then [B], = MEV[B} gMp~ is also symmetric).
Thus diagonalizability implies symmetry. The converse also holds. To show this we will need the

following proposition.

Proposition 4 Let (V,B) be a reflexive finite-dimensional bilinear space over a field F' and use
Theorem, 6 to obtain a nondegenerate subspace S of V such that V.= SQV L. Then B is diagonal-
izable iff B|lsxs is diagonalizable.

Proof: The forward direction is clear, while the other direction follows by extending any orthogonal
basis (b1,...,bx) for S to an orthogonal basis for V', e.g. by adjoining any basis (bxi1,...b,) for

V4L, since for 4,5 > k + 1 we have B(bi,b;) = 0. |
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Proposition 5 Let (V, B) be a finite-dimensional bilinear space over a field F. Then B is diago-

nalizable iff it is symmetric.

Proof: We have already remarked in the opening paragraph of this section that the diagonaliz-
ability of B implies its symmetry. Now suppose B is symmetric. By the previous proposition it
suffices to prove the result for the nondegenerate subspace S complementing V+, V = SOV .
Toward this end let B’ := B|gxg, and use induction on dim S. If £k = dim S = 1, then there exists
a by € S\{0} such that B'(b1,b1) # 0, and for the basis 5 = (b1) we have that [B’]|z = [b1], whcih
is symmetric. Suppose, then, that the result holds for ¥ — 1 = dim .S where £k — 1 > 1 and consider
the case k. Since B’ is nondegenerate, there exists a by € S\{0} such that B’(b1,b1) # 0. Then
span(b;) is a nondegenerate subspace of S, and by Theorem 6 we have S = span(b;)D span(by)*.
Since dim span(b;)* = k—1, the induction hypothesis applies to give the existence of an orthogonal
basis (bg, ..., by) for span(by ). Since by is by definition in the orthogonal complement of span(by )+,
we have by L b; for all j =2,...,k, and so (by,...,b) forms an orthogonal basis for S. The linear
independence of b; ..., by is clear, since if a1b1 + - - - apbr = 0 for a; € F', applying B to both sides in
the first coordinate and placing v; in the second shows that a; B(b;,b;) = 0, and since B(b;, b;) # 0,

we must have a; = 0. [ |

Let V be a vector space over a field F', with the usual assumption that ch(F) # 2. A
quadratic form on V is a map ¢ : V — F together with an associated symmetric bilinear
map B, € HomZESym(V; F) satisfying

(1) q(av) = a®q(v) foralla € F and all v € V.
(2) By(u,v) = % [q(u+v) —q(u) — q(v)] for all u,v € V.
The pair (V,q) is called a quadratic space.
Proposition 6 There is a one-to-one correspondence between quadratic forms on V and bilinear

forms on V. Given q, we have a unique bilinear form By as defined in (2) above, while conversely

given B € Hom%sym(V; F) we define q by q(v) := B(q,q), and in this case B = Bj.
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Proof: Given ¢, we are automatically give a symmetric form B, by (2) in the definition. So it
only remains to check that given B € Hom%sym(V; F) we get a quadratic form ¢ and B, = B.

Toward this end, note that if we define g by ¢(v) := B(v,v), then, defining B, as in (2), we have

By(w,v) = & [av +v) — 20(0)] = 5 [4a(0) — 20(0)] = a(v) = B(o,v)
for all v € V, and
Byw0) = glatut o)~ alw) - a(v)]
- % [Blu +v,u+v) — Bu,u) — B(v, v)]
_ %[B(u, w) +2B(u, v) + B(v,v) — Blu,u) — B(v,v)]
— B(u,v)
for all u,v € V, so in fact B = B,. m

Thus, quadratic spaces (V,q) and symmetric spaces (V, B) are basically the same thing.
Henceforth, we shall identify quadratic and symmetric spaces. As a side remark, we note that
the identification is so common in the literature that B, and ¢ are often not even distinguished
notationally, so that g(u,v) is used instead of By (u,v).

The terms isotropic, anisotropic and totally isotropic, which apply to V and B, therefore
also apply to q. And ¢ is nondegenerate or nonsingular iff B is. This terminology shows up
in the build-up to Witt’s extension and cancellation theorems, which we do not include here, and
which are used to prove the main theorem of this section, namely Sylvester’s Law of Inertia. See

Szymiczek [97] for details.

Theorem 7 (Sylvester’s Law of Inertia) Let V be a finite-dimensional space over a field F
of characteristic different from 2, and suppose F is an ordered field (e.g. F = R). If B is a
nondegenerate symmetric bilinear form and 8 = (by,...,by) and vy = (c1,...,¢n) are two orthogonal
bases for V', then the number of positive diagonal entries by = B(b;,b;) equals the number of

positive diagonal entries c;; == B(c;, ¢;) in the matriz representations [Blg and [B),, respectively,
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and similarly with the number of negative diagonal entries. These two numbers, p and q, are
therefore invariants of the space (V, B), and the pair (p,q) is called the signature of the space or

of the form B. |

Remark 4 We could enlarge the definition of signature to include degenerate symmetric forms,
but then we would have a triple (p, g, ), where » would be the dimension of the space V= in the
decomposition V = SOV of V, and where S is nondegenerate. This is sometimes taken as an

alternative definition of signature. |

Remark 5 There is a canonical diagonalization of a nondegenerate symmetric form B, namely

I, O
Blg=1I, & —1I; =
0 -1
by applying an appropriate congruence to any given diagonalization of B. |
Suppose B is nondegenerate and 8 = (b1,...,bp, Pp+1, - - ., bp=ptq) is an orthogonal basis, and

let P =span(by,...,b,) and N = span(bp41,...,b,1e) be the positive and the negative parts of
V, respectively, where ¢(v;) >0 fori=1,...,pand ¢(v;) <Ofori=p+1,...,p+¢. A symmetric
form B, and also its associated quadratic form g, is called positive definite if ¢(v) = B(v,v) >0
for all v and ¢(v) = B(v,v) = 0iff v = 0. From the decomposition of V.= PN we see immediately

that B is positive definite iff ¢ = 0, for if v = > | v;b;, then

B(v,v) = [v]5[Blslv]s = ) _ v}
i=1
which will be negavie if we choose v € N. Moreover, we clearly have B(v,v) = 0 iff all v; = 0 iff
v = 0 in this case.

A similar procedure applies to the case when B is negative definite, i.e. ¢(v) = B(v,v) <0

for all v € V and ¢(v) = B(v,v) =0 iff v = 0.

Notation 1 Let us denote the space of positive definite symmetric bilinear forms

Hom%‘,Sym(V; F)+ u
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2.1.6 Skew-Symmetric Spaces

Let V be a vector space over a field F' and let B € £2(V; F) be a reflexive bilinear form on

V. A pair of vectors u,v € V is called a hyperbolic pair if u and v are isotropic and B(u,v) = 1,
B(u,u) = B(v,v) =0 and B(u,v) =1

The span, H := span(u,v), of a hyperbolic pair is called a hyperbolic plane. A hyperbolic
space is any subspace H of V which can be decomposed into an orthogonal direct sum of hyperbolic

planes,

H=HOHD- - OHj

If V itself is a hyperbolic space, and each H; is spanned by the hyperbolic pair (u;,v;), then the
ordererd set (u1,v1,usg,ve,...,u, vx) is called a hyperbolic basis for V', or a symplectic basis

in the case that B is skew-symmetric.

Remark 6 Any hyperbolic pair (u,v) is linearly independent, so u is not a scalar multiple of v.

For if v = au for some a € F\{0}, then 1 = B(u,v) = aB(u,u) = 0, an impossibility. [

Remark 7 Let 5 = (u,v) be an ordered hyperbolic pair and let H = span(u,v). Then

, if B is symmetric

B(u,u) B(u,v) 0 1 10

[Blaxuls = = = .
B(v,u) B(v,v) +1 0 0 1

, if B is skew-symmetric

-1 0

\

Henceforth we suppose that (V, B) is a nondegenerate reflexive bilinear space over a field F
of characteristic other than 2, so that a fortiori B is symmetric or skew symmetric (Theorem 5). If
U is a subspace of V and W is any subspace of V containin U, i.e. U C W C V, then W is called
an extension of U. A nondegenerate completion of U is a minimal nondegenerate extension

of U.
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Theorem 8 Let (V,B) be a finite-dimensional nondegenerate reflexive bilinear space over a field

F of characteristic other than 2.

(1)

If v € V is isotropic, and span(v)DU ezists as a subspace of V' for some subspace U of V,
then span(v) can be extended to a hyperbolic plane H = span(v, z) such that HQU exists

as a subspace of V.

Let W be a nondegenerate subspace of V' and suppose there are linearly independent vectors
Vi,...,0x € V such that U = span(vi,...,v)DOW exists as a subspace. If vi,...,vp €
rad(U) = UNU*, so that the v; are isotropic, then span(vy,...,v;) can be extended to a
hyperbolic space Hy, := H1D - - QHy, for which (v1, 21, ..., vV, 2k) is a hyperbolic basis, and

moreover U has a proper nondegenerate extension
U :=H,OW = HD--- OH,OW

Finally, if (v1,...,v) for a basis for rad(U), then dimU = dimU + dimrad(U). We call
U a hyperbolic extension of U. If U is nondegenerate (i.e. rad(U) = {0}, then we say

that U is a hyperbolic extension of itself. |

The difficult task is proving (1). Then (2) follows by an induction argument. See Roman

[92], Theorem 11.10, for a full proof.

Theorem 9 Let (V, B) be a finite-dimensional nondegenerate reflexive bilinear space over a field

F of characteristic other than 2. Then for any subspace U the following are equivalent:

(1)
(2)
(3)

Proof:

T =HOW, for some hyperbolic space H of V, is a hyperbolic extension of U.
T is a minimal nonsdegenerate completion of U.

T is a nondegenerate extension of U such that dimU = dim U + dimrad(U).

If U € X C V and X is nondegenerate, then by the previous theorem there is a hyperbolic

extension KW of U such that U < KDOW < X, so every nondegenerate extension of U contains

a hyperbolic extension of U. Since all hyperbolic extension U of U have the same dimension,

dimU = dim U + dimrad(U), none is propertly contained in any other. |
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Remark 8 If (V| B) is a skew-symmetric space over F, with ch(F) # 2, then B is not diago-
nalizable unless it is totally degenerate, that is rad(V) = V1 = V, since we already know that
diagonalizability is equivalent to symmetry, and the only symmetric and skew-symmetric form is
the zero form. Thus, since we cannot hope to diagonalize a nondegenerate skew-symmetric form,
the best we can hope to do is find a a symplectic basis and decompose V into hyperbolic planes.
This works even if B is degenerate, but not totally degenerate. Indeed, if B is not totally degen-
erate, then V- C V, so there is a v € V\V', which means there is also a w € W, necessarily
different from v since B is alternating, such that B(v,w) # 0. By Theorem 8, there is a nontrivial
nondegenerate subspace S of V such that V = V+DS. The claim now is that we can decompose S
into hyperplanes, that is S is a hyperbolic space, and therefore V.= V+OH D - -- QHj. We prove

this below. [ |

Theorem 10 Let (V, B) be a skew-symmetric space over a field F' of characteristic different from

2, or else an alternating space over any F. Then
V = HOV*
= 0O OHQV*

where the H; are hyperplanes and H = H1D---OHy is a hyperbolic space. Consequently, if

rank B = dimH, and if f = (vi,21,...,Uk, 2k) is the corresponding hyperbolic basis for H, then,

extending to a basis B = (U1, 21, -« s Uy 2k, W1, - . ., Wp—2k) for V we get the matrixz represetntation
J O -+ O 0]
o J
k
[B]; = <€B J) ® On—2t
i=1
o o - J 0]
O -+ O Op_o
0 1 )
where J = . If V' is nondegenerate, then we just get [B]B =@, ,J. Moreover, in the

-1 0
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nondegenerate case, if we re-order the basis as v = (v1,...,Vk, 21, ..., 2k), then
Or I
[B]v =
—I; Ok
or alternatively if we order it as 6 = (21,..., 2k, V1,...,Vk), then
Or —I
[Bls = Jo :=
I, O

In particular, we see that a nondegenerate skew-symmetric space V has to be even-dimensional.

Proof: If V1 =V, then B = 0 and any basis is orthogonal, whence [Blg = O,,. If V1L CV, then
choose v; € V\V* and use the fact that vy # V= to find w € V such that B(vy,w) # 0 (here

w # v, because B is alternating), and let

_
B(vy,w)

21 =

Then note that B(v1,v1) = B(z1,21) = 0 and B(v1,21) = 1, so (v, 21) forms a hyperbolic pair and

H; = span(v1, z,) a hyperbolic plane. Note that H; N Hi- = {0}, since B(vi,21) = 1 and (v1, 21)

forms a basis for Hy, so by Proposition 3 H; is a nondegenerate subspace. Theorem 6 thus applies
to give that V = HiQH{.

Now use induction on dimension: if the statement holds true for all spaces of dimension < n,

then consider V' with dimV = n + 1. By the above argument, V = H;QHi, and dim Hi- =

(n4+1) =2 =n—1, so if rad H{- = {0}, otherwise we can apply the induction hypothesis to get

Hit = Hy@--- OHyOrad(Hi). But
rad(Hi") = Hi* N H{-+ = (HIQH{): = VE =rad(V)
so in this case we have V.= HHOH>D - -- DHDrad(V). |

If a skew-symmetric bilinear form B is nondegenerate, we call it a symplectic form. Sym-

plectic forms are conventionally denoted w. The skew-symmetric space (V,w) is then called a
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symplectic vector space. We have just seen that a symplectic space always possesses a symplec-
tic basis, and so is a hyperbolic space, decomposable into hyperbolic planes. By necessity V is an

even-dimensional space.

Remark 9 We recall the vector space isomorphism £%__(V;F) = (/\2 V)*, via the universal

skew

property defining /\2 V. When V is finite-dimensional, we also have

2
Hom%,skew(v; F) = /\ Vv

If (v1,...,v,) is a basis for V, then a basis for /\2V is {v; Avj |1 < i < j < n}, soa typical

skew-symmetric 2-form is a sum of basic 2-forms,

B = E Q;ijV; N\ Vj
i<j

where a;; € F. For example, in R3, in terms of the standard basis (e, es,e3), a typical skew-

symmetric 2-form is given by
B = aize; N ey + ajze; Aes+ azxzes Aes
where a;; € R. The effect of, say, e; A es on a pair of vectors (u,v) is

e; Nex(u,v) = el(u)e?(v) —el(v)e*(u)

= U1V — uU2V1
ur vVi
= det
Uz V2

= ||(u1,uz2,0) x (v1,v2,0)]|

which is the area of the parallelogram spanned by the projections of u and v onto the xy-plane.

Similarly,

er N 83(11,V) = U1V3 — U3V = —H((ul,O,U3) X (1)1,0,’03)”

ei Nex(u,v) = wuguz —ugve = ||((0,uz,uz) x (0,ve,v3)]|
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2.1.7 Morphisms of Bilinear Spaces

Let (V,By) and (W, By) be bilinear vector spaces over the same field F' and let T €

Homp(V, W) be a linear map. The pullback of the form By by T to V is the bilinear form
T*Bw = By o (T xT), ie. T*Bw (u,v) := By (T'(u), T'(v)), Yu,v eV

We say T preserves the form By if we have T* By = By, that is if for all u,v € V we have
Bw (T'(u), T(v)) = By(u,v), and we call such a form-preserving map an morphism of bilinear
spaces. It is the structure-preserving map needed to make the collection of bilinear spaces into a

category, B. It’s objects are bilinear spaces and its morphisms are form-preserving F-linear maps,

Ob(B) = {(V,B) | V € Ob(F-Vect), B € Hom%(V; F)}

Homg ((V, Bv), (W, Bw)) = {T € Homp(V,W) | T*Bw = By}

An isometry of bilinear spaces (V, By) and (W, Byy) is an invertible morphism T € Homp ((V, By ), (W, BW))
We denote the set of isometries

GL((V; By), (W, Bw))

The isometries of a single bilinear space (V, B) form a group under composition, called the group

of isometries, and denoted
Isom(V,B) or GL(V,B):={T € GL(V)|T*B = B}

There are two broad cases we want to consider, the orthogonal group and the symplectic group.
We consider only finite-dimensional vector spaces here.

(1) If B is symmetric and nondegenerate, with associated quadratic form ¢, and V is finite-

dimensional, then the space (V, B) = (V, q) is called a quadratic vector space. If B (and

so q) is also positive definite, then (V, B) = (V,q) is called an inner product space or a

Euclidean space. The group of isometries of a quadratic space is called the orthogonal

group and is more commonly denoted

O(V,B):=GL(V,B)={T € GL(V) |T*B =B} or O(V,q)={T € GL(V) |T"q = q}
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depending on whether we prefer to use B or q. Of course, T*q = ¢ iff T*B = B (see
the next theorem), so the two groups are the same. Its elements are called orthogonal

operators.

(2) An isometry of symplectic spaces (V,wy ) and (W, wy) is called a linear symplectomor-
phism, and an isometry w € Isom(V,w) is also sometimes called a symplectic isometry.

The group of symplectomorphisms of (V,w) is called the symplectic group, and is denoted
Sp(V,w) or Sp(V) :={T € GL(V) | T"w = w}

and its elements are called symplectic operators or symplectic matrices when considering

their matrix representatives.

Theorem 11 Let (V, By) and (W, Bw) be reflexive bilinear vector spaces over the same field F,
with ch(F) # 2, and let T € Homp(V,W).
(1) Given a basis 8 = (b1,...,by) for V., T is an isometry iff T is bijective and preserves the
form on 8, i.e. By (T'(b;),T(b;)) = By (bi,b;) for all b;,b; € B.
(2) If (V,By) and (W, By ) are symmetric, then T is an isometry iff both T is bijective and
qw (T (v)) = qy(v) for allv e V.
(3) If T is an isometry and V = EQE* and W = FOQF*, then T(E) = F and T(E+) = F*.

Proof: (1) If T is an isometry, then T is invertible, and so bijective. Moreover By (T (u), T (v)) =
By (u,v) for all u,v € V, so in particular this is true for basis vectors. Conversely, if By (T'(b;), T'(b;)) =
By (b, b;) for all b;,b; € 3, then forany u =Y " | sibyand v = >, t;b; in V we have By (T'(u), T(v)) =
>ij SitiBw (bi, bj) = >, sitj By (bi, bj) = By (u,v). Since T is bijective, it is invertible with linear
inverse (from basic linear algebra), and so T is an isometry.

(2) The forward direction is clear because qw (7' (v)) = Bw (T (v),T(v)) = By (v,v) = qv(v),

so suppose T is bijective and qw (T'(v)) = qy(v) for all v € V. Then expanding and using the
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symmetry of By and By we have for all u,v € V that

qw (T'(uw)) + 2Bw (T (u), T(v)) + qw (T (v))
= Bw(T(u), T(u)) + 2Bw (T(w), T(v)) + By (T(v), T(v))
— Bw(T(u+v),T(u+v))
— By((u+v), (u+v))
= By(u,u) + 2By (u,v) + By (v,v)

= qv(u) 4+ 2By (u,v) + qv(v)

Since qw (T'(u)) = qv(u) and gw (T (v)) = qy(v), we can cacle those and get By (T(u),T(v)) =
By (u,v).

(3) Suppose V = EQE* and T is an isometry. If T(E) = F and W = FQF*, then for
all u € E and v € E*+ we have By (T(u),T(v)) = By (u,v) = 0 and conversely By (T(u), T (v)) =

By (u,v) = 0 implies v € V- for all u € V, so that T(E+) = T(E)* = F+. [ ]
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2.2 Grassmannians
Let V be an n-dimensional vector space over a field F', which we will generally consider to
be R or C in these notes.

Definition 1 Nowl let k£ be an integer, 0 < k < n = dim V, and denote by
G(k,V) and G(k,n) = G(k,F")

the set of all k-dimensional subspaces of V. We call G(k, V') the Grassmannian or Grassmann
manifold of k-dimensional subspaces of V. When k = 1, this is the projective space P(V) =

G(1,V). ]

2.2.1 Topological Manifold Structure of Grassmanians

We show in this section that for any real or complex n-dimensional vector space V' and any
0 < k < n the Grassmannian G(k, V) is a topological manifold of dimension n(n — k). In fact,
G(k,V) is a smooth manifold, which we will demonstrate below, but the constructions in this
section have their own virtues. They allow us to see clearly the relationship between k-frames,
k-dimensional subspaces, group actions, and the geometric algebra underlying G(k, V). We begin
by introducing the concept of a Stiefel manifold Vi (V') of k-frames for V. The topology of Stiefel
manifolds is easy to understand and can be used to construct the topology for G(k, V'), as a quotient

topology.

Definition 2 Let V' be an n-dimensional vector space over a field F' (which we take to be R or C

in these notes). Define the Stiefel manifold of k-frames for V,
k
Vi(V) :={(v1,...,0%) € H V' |vi,...,v, are linearly independent} (2.8)
j=1
If V is equipped with an inner product g, we can define the subset of orthonormal k-frames,
VAV :={(v1,...,v) € Vi(V) | v1,...,v, are orthonormal} (2.9)

which is also called a Stiefel manifold. Our notation follows that of Milnor and Stasheff [79]. W
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When working with V' = F™ we can characterize elements (vy,...,v;) € Vx(F™) in terms of

n X k matrices, namely those whose columns are precisely the vectors v;: define the map
Vie(F™) = My i (F)
('Ul,'UQ,...,'Uk‘)HA:: </Ul V9 /Uk>

and note that a k-tuple of n-vectors (vq,...,vx) € H;?:l F™ lies in Vi (F™) iff the corresponding

matrix satisfies A*A € GL(k, F'), so that we have the bijection
Vi(F™") =~ {A e M, ,(F)|A"A € GL(k, F')} (2.10)

In the real case, this is easily seen to be a type of Gram matrix, spanning a k-dimensional paral-

lelpiped in R", and AT A € Sym,(R) in fact, not merely GL(k, R).

Example 1 For example, if (u,v) is a 2-frame in R3, then it’s corresponding matrix A gives

uT u-u u-v
T

v veu Vv
The square root of the absolute value of the determinant of this matrix is the area of the parallel-

ogram spanned by u and v:

Area(P(u,v)) = 1/| det(AT A)|
and its area is nonzero precisely when u and v are linearly independent. |
A corollary of this result is:
VPR") ~ {A € M, x(R)| ATA=1I,} (2.11)
and
V2(C") ~ {A € M, x(C)| A*A = I},} (2.12)

Note that (vi,...,vg) € Vi(F") iff rank A = k. Put the matrix A into standard form,

Mn,k(F) SA—
C
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where B € GL(k, F) and C € M,,_(F'), which involves finitely many elementary row-interchanging
operations, and which can be subsumed into a single left-multiplication by P € GL(n, F'), then
apply the determinant function to B, that is apply det to the projection of PA onto the first
k x k entries. Since each of the operations, the GL(n, F')-action, the projection (which is linear),
and the determinant, is smooth, their composition is smooth, and hence continuous. Denote this

composition by

o : My p(F) = F

QO(A) = det(ﬂ'kaPA)

Then we have that

Vi(F") = o7 (F)
and since F* is open, so is Vi(F™) as a subset of F*"* = M, (F). In particular, Vi(F") is a

)

kn-dimensional smooth manifold.
Moreover, since (vi,...,v;) € VI(F™) iff A*A = I, in which case det(4*A) = 1, consider

the map

v My p(F)— F

P(A) = det(A*A)
Since A — A*A and the determinant function are smooth, so is v, and
VR(F™) =9~ 1(1)

is therefore a closed set. In fact, it is compact, since if we extend (v1,...,v;) to an orthonormal
basis for F, we have that the matrix A = (A|B) with columns v; is unitary/orthogonal, and so we
can view A as a submatrix of A which satisfies, for all v € F¥ 2 F¥ x {0,_;} C F" with ||v| =1,
|Av|| < 1 (because ||Av|| < 1). Thus, V2(F") is also bounded (in the operator norm here, but in
fact in any norm, since all norms are equivalent in finite dimensions). By the Heine-Borel theorem

VO(F™) is compact. It’s dimension is smaller than that of Vi (V). To see this, consider first the
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case where V' = R" is real. Define the smooth map

Y @ My (R) — Symy,(R)

Y(A) = ATA - I,

We claim that ¢ is a submersion with kernel V2(R") = ¢~1(0). Since Sym,,(R) is a vector space,
so trivially a manifold, we can avoid using charts in computing the derivative of ¢ at A, which is

merely the Leibniz rule,

Di(A) € Homp (M, (R), Sym,(R))

DY(A) = AT() + ()T A, ie Dy(A)B=ATB+BTA

To see the surjectivity of Dy(A) at any A € V2(R), let B € Sym,(R) and let 3AB € M, 4(R).

Then, the fact that AT A = I, implies
1 Lo T AT
Dy(A) §AB = §(A (AB)+ B*"A"A)=1B

so ¢ has full rank and is therefore a submersion (cf Lee [73, Proposition 4.1]), with VO(R™) = ¢~1(0)
an embedded submanifold of M, x(R). Moreover, codim V>(R") = dim Sym;,(R) = k(k +1)/2, and
therefore dim V)(R*) = dim M, x(R) — dim Sym,,(R) = nk — k(k + 1)/2 (Lee [73, Corollary 5.14]).
Analogous arguments prove that for V' complex, dimg Vi (C") = 2nk and dim¢ Vk0 (C") = 2nk — k2,
since the image of ¢ in this case is U(k), which has real dimension k2.

Under the isomorphism V =2 F" we have therefore proved the following result:

Proposition 7 If V is a real vector space of dimension n, then the Stiefel manifold Vi.(V') is a
smooth kn-dimensional manifold. The Stiefel submanifold VkO(V) of orthonormal k-frames is a
compact submanifold of Vi,(V') of dimension nk — %k:(k‘ +1). If V is a complex space, then Vi (V)

and V2(V) are real manifolds of dimensions dim Vi,(V') = 2nk and dim V2(V)) = 2nk — k2. [

We delay calculating the dimensions of Vi (V) and V,?(V) until the Section 2.2.3 below, where

we consider these spaces as homogeneous spaces under the left-multiplication action of GL(V'). For
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then we can use the Lie group orbit-stabilizer theorem to get an explicit diffeomorphism onto a

quotient Lie group whose dimensions are known.

Let us, following Milnor and Stasheff [79], define the map

q:Vix(V)— Gk, V) (2.13)
q(vi,...,v) :=spangp(vy,. .., k) (2.14)
which is clearly surjective, and let qp = q|Vko(V). Let us then use g to put the quotient topology on
G(k,V), so that U C G(k, V) is open iff ¢~*(U) C Vi(F™) is open. Notice that the Gram-Schmidt

process gives us the following commutative diagram,

G.S.

VR (F") e Vi(F") VO(F™)
q
q0 q0
G(k, V)

so that we may also view G(k, V) as the quotient under the map g : VO (F™) — G(k, V).

Proposition 8 G(k,V) is a compact completely Hausdorff space.

Proof: Compactness follows from the compactness of VkO(V) and the continuity of the quotient
map qo. To show that G(k,V) is completely Hausdorff, meaning that any two distinct points U
and U’ in G(k, V') can be separated by a continuous function, we need to find a continuous function
f: G(k,V) — F such that f(U) = 0 and f(U’) = 1. Toward this end, let U and U’ be distince
points in G(k,V). Endow V with a metric g (hermitian in the case F' = C), then decompose V'
as V = UQU™, in which case any v may be uniquely written as v = u + u', where v € U and

u™ € UL. Then, the distance from U to v is given by

A(w.0) = [ = o — ull = (9(0,0) — projyv) /2 = (gv.0) ~ 3 gl0.8y))

Jj=1
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for any orthonormal basis (by,...,b;) for U. To see that this function is continuous in U for any

fixed v € V, define

fo: Gk, V)= F

foi=d(v,U)
and note that the composition f, o qp : Vi (F™) — F is continuous, as evidenced by the formula

1/2
(foo @o)(brs- i) = (9(v.0) = Y g(v.by)
j=1
which is the square root of a linear function in the b;. Consequently, since the quotient topology
induced by qqg is characterized by the continuity condition, f, o q¢ is continuous iff f, is, we have
that f, is continuous.
Consider now two distinct subspaces U and U’ in G(k, V') and choose v € U\U’. Then clearly

fo(U) =0 and f,(U") > 0. .

Proposition 9 G(k,V) is locally Fuclidean, and therefore a topological manifold of dimension

k(n — k).

Proof: Fix Wy € G(k, V), and consider the orthogonal projection p : V = Wo@QWs- — Wy. Then

define the subset Uy, C G(k,V') by
Uiry o= {W € G(k, V) | (W) = Xo} = {IV € G(k, V) | W Wi = {0}}

We demonstrate in the next section (where these sets are treated as chart domains for the smooth
structure on G(k,V')) that this set is in bijective correspondence with the graphs of linear maps,
and therefore with the maps themselves, between W, and Wol, that is Uy, ~ Hompg (W, WOL) =
Fk(=k) "and that this bijection is moeover a homeomorphism (see the proof of Proposition 11

below). [
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Proposition 10 The map L: G(k,V) = G(n — k, V), U + U™, with respect to a given metric g

on V', is a homeomorphism.

Proof: Fix Wy € G(k,V), so that V = WoQW;', and fix a basis (u1,...,up_x) € Vi_(V) for
Wg-. Then define the function f : ¢~ *(U) — Vi(V) as follows: for each (vi,...,v) € ¢ 1(U)
apply the Gram-Schmidt process to (vi,..., Uk, u1,...,U,_) to obtain the orthonormal n-frame

(Vi,...,v)) € Vo (V) for V. Then define f to be

f(vl) cee 7Uk?) = (v;c—‘rlv s 77}7/7,)
Now, the diagram
1 f
g (U) —— Vi(V)
q q
U Gk, V)

is commutative. Since f is continuous (being the composition of the Gram-Schmidt process with
the projection onto WOL), q o f is continuous, which means | ogq is continuous, and therefore L is

continuous. [ |

2.2.2 Smooth Manifold Structure of Grassmanians

We show in this section that for any real n-dimensional vector space V and any 0 < k < n
the Grassmannian G(k, V') is a smooth manifold of dimension n(n — k).
We begin by constructing charts for G(k, V). Toward this end, we introduce the concept of

transversality, which will be needed here, and which will also be useful later for manifolds.

Definition 3 We say that two subspaces Uy and U; of V' are transversal if their sum equals all
of V:

U0+U1 =V (2.15)
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We do not require that the sum be direct, i.e. that Uy N U; = {0}. However, the identity
dim(U(] + Ul) + dim(Uo N Ul) = dim(Uo) + dim(Ul)

shows that if dim(Uy) = dim(U;) and Uy + Uy =V, then dim(Uy NU;) = 0 and dimV = 2dim U;,
so Up N U; = {0} and the sum is direct. We extend the notion of transversality to linear maps
Ty € Hom(Uy, V) and Ty € Hom(U;,V), saying that Ty is transversal to T} if their images are

transversal subspaces. In this case we write
ToMT, <— mTy+imT1 =V (216)

In terms of annihilators U° := {f € V* |U C ker f}, the condition translates to 0 = V0 =

imTy+im71)° = (im7p)° N (im 73)° = ker 77 N ker T7. [
( 0 1

Now let W7 € G(k, V) and find a vector space complement Wy € G(n — k, V') for Wy, so that
V = W; @ Wa. Denote the set of k-subspaces U € G(k, V) intersecting trivially with the given

k-subspace Wy € G(n — k,V) by
Uw, ={W € G(k, V) | Wn Wy ={0}} (2.17)
Let us demonstrate that Uyy, is in bijective correspondence with Homg (W7, Ws), via

¢12 : U{/V2 — HomR(Wl, WQ) (2.18)

P12(W) =T =myomly (2.19)

where m; : V. — W, is the projection onto W;, i = 1,2. Clearly im ¢1o C Homg (W7, W3), since
71'1|a/1 is an isomorphism from W to Wj by the transversality condition W N W; = {0}. But to see
that ¢w, w, is surjective, let T € Homp (W5, W3), and note that its graph I'(T") is a k-dimensional
subspace of V., I'(T) = {v+ T'(v) |v € W1} € G(k, V), since a basis for I'(T") is constructed out of
any basis 8 = (b, ...,by) for Wi, by v = (b1 +T(b1),...,br + T (br)). Moreover, I'(T') N Wy = {0},
since any nonzero v € W; would make v+ T'(v) sit outside Wa, so I'(T") € Uw,. Letting W = I'(T)),

we then have for all v € W that

$12(W)(v) = m2 0 M|y (v) = ma (v + T (v)) = T(v)
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so that ¢12(W) = T, and ¢12 is surjective. But ¢ is also injective, for any function T = ¢1o(W)
uniquely defined on its domain Wi, which means that if T = ¢12(W) = ¢12(W') = T’, then
W=T(T)=T(T")=Ww"

In summary, we have associated to each trivially intersecting transversal pair (W7, Ws), where
Wy € G(k,V) and Wy € G(n —k, V), a bijection from the set of W € G(k, V') transversal to W to

Hompg (W7, Wa).

Proposition 11 The maps ¢12 : Uy, — Hompg (W7, Wy) = RF("=K) together with their domains

constitute a smooth atlas on G(k,V),
A= {(UWQ, 612) | W1 € G(k, V), Wy & W, = V}
This means that
(1) The family {Uz | Z € G(n—k,V)} is a cover of G(k, V) (which, by (4), is open).
(2) Each image ¢12 (UW2 N UWz') is open in Hompg (W1, Wy) = RE(n—F),

(3) The transition maps
G12,112 = 1o 0 ¢y Pr2(Uwsy N Uyyg) = (U, N Upyyg)

are smooth.

(4) The resulting topology on G(k, V') defined by the atlas A is Hausdorff and second countable.

Consequently, G(k, V') is a smooth k(n — k)-dimensional manifold.

Remark 10 If we consider a complex vector space V of complex dimension n, with its complex
Grassmannians Ge(k, V), the sets of complex k-dimensional subspaces of V', 0 < k < n, then the
transition maps above are in fact holomorphic, and the atlas A gives Ge(k, V) a complex manifold

structure. [

Proof: (1) That G(k,V) = Uweq®,v)Uw is clear. However, this cover in fact contains a finite

subcover: Let = (b1,...,b,) be any basis for V', and consider all partitions of 8 into two subsets,

one of size k and one of size n — k. There are (z) such partitions, and each determines a transversal
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pair W7 @ Wy = V. Given any W € G(k, V), there must be at least one choice of Wy which
intersects trivially with W, which is just the statement that W has a complement Z, and any basis
for W can be extended to a basis for V' in such a way that the remaining n — k basis elements are
in .

(2) Let us now show (following John Lee [73, Example 1.36]) that ¢12(Uw, N UWQ’) is open
in Hompg (W7, W) = RF™=F) Now, any T lies in this set iff I'(T) N W4 = {0}, by the definition of
Uw,. Letting IT € Homg(W1,V) be Ir(v) = v+ T'(v), which is an isomorphism from W; to I'(T)
by the remarks above, we have I'(T") = im I, and since W} = ker 71/, we see that I'(T) N W3 = {0}
iff 17 o It has maximal rank. Moreover, the matrix entries of any matrix representation of 7y, o I
depend continuously on T (since My, ,(F') is linearly isomorphic to Homp(V,W), n = dimV,
m = dim W), with respect to any choice of basis (since any change of basis is just conjugation by
an invertible matrix, which is a smooth operation). But the set of such maximal rank matrices
is open in M, ,(R), by the continuity of the determinant. Hence, T" is contained in an open
neighborhood in Hompg (W7, Wa) =2 Rk(n—k)

(3) Nex, let us show that the transition maps ¢12 19 are smooth. If T € ¢12(Upw, N UW2’)
then T" := ¢191/2/(T) = mo © 771/|1?(1T). Writing I for the isomorphism from Wj to I'(T) as in (1),
we can write this as

T = Ty 0 I o (7‘(’1/ o IT)il

However, 7y, o It = my/|lw, + m1/|lw, © T and my o I = 7o, + marlw, © T, and each of these
depends smoothly on 7', as does the inverse of the first, which is a smooth map (see for example
Rudin [93, Corollaries 1 and 2, p. 353]), as can be seen by any matrix representation of the maps
involved—matrix addition, multiplication, and inversion are smooth operations.

(4) The second countability condition follows from the finite subcover of {Uz|Z € G(n—k,V)}
as explained in the proof of (1). To see the Hausdorff condition, let W, W’ € G(k, V') and note that
they have a common complement Wy (which follows from the basic fact that no vector space is the

finite union of proper subspaces), so they are both contained in a chart domain, say Uyy. Then, a
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basic fact of point-set topology (as in John Lee [73, Lemma 1.35] or Jeffrey Lee [72, Proposition

1.32]) implies the result. u

2.2.3 Homogeneous Space Structure of Grassmannians

Consider the GL(V)-action on the Stiefel manifold of Vj (V') of k-frames,

GL(V) x Vi(V) — Vi(V)
(9: (01, vp)) = (g(v1),- .-, g(vi))
or, in shorthand, (g, 3) — ¢(53). Note that the linearity of any g € GL(V') implies that g commutes
with the quotient map ¢ : Vx(V) — G(k,V), go g = goq, so the GL(V)-action descends to an
action on the Grassmann manifold G(k,V):
GL(V) x G(k,V) — G(k, V)
(9,U) = g(U) = imgly

On Vi(V) the GL(V)-action is obviously transitive by the change-of-basis theorem, and therefore

the action is transitive on G(k, V). Put an equivalence relation ~ on Vi (V),

By = qB)=qv)

and let 7 : Vi (V) = Vi(V)/ ~ be the quotient map, then consider the induced map f: (Vi(V)/ ~
) — G(k, V') making the following diagram commute,

q

Vi(V) ~ G(k, V)

Ve(V)/ ~
f is bijective by construction, for f([5]) = f([y]) iff ¢(8) = ¢(v). The orbit of any 8 € Vi (V)
under the GL(V)-action is not necessarily [3] (for example the frame (e1,es) € Va(R?) may be

rotated about the z-axis by 7/2) so g[f] = [B] iff we restrict the action to the stabilizer subgroup
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GL(V)f(g)), for by the commutativity of ¢ with all g € GL(V), we will have v € a1 (n(B)) iff
q(7) = q(B), and so g € G satisfies v = g(8) iff ¢(v) = q(9(8)) = 9(¢(B)) = () iff g € GL(V) s((a)-
Thus, there is a bijective correspondence between equivalence classes in V(V')/ ~ and stabilizers

of their image under f,

(8] «— GL(V) (g = GL(V)g()

Moreover, GL(V )4(g) - 8 = [8] is an embedded submanifold of V}(V), whose dimension we compute

below. By the Lie group orbit-stabilizer theorem we have the diffeomorphism

[8] = GL(V)g(a) - B = GL(V)q(8)/ GL(V)q(8),

Now consider the action of the full group GL(V) on G(k, V). The orbit-stablizer theorem for Lie

groups gives us a diffeomorphism
G(k, V) =GL(V) - q(B) = GL(V)/ GL(V )y

We mention in passing that the bijection G(k,V) ~ Vi (V)/ ~ is a diffeomorphism, for Vi (V)/ ~
can be given a quotient manifold topology, though this requires some work to demonstrate. Let
us characterize the stabilizer GL(V),(s), and thus get some topological information about G(k, V).

Note that any g € GL(V),(g) can be written in block matrix form as

GL(V),5) = { '| h e GL(U), £ € GL(U?), k € Homp (U™, U)}

0 ¢

for if we write V = UQU™, then g must act on the U component by a sub-operator ¢’ € GL(U) and
on Ut by any U--invarint operator, not necessarily invertible. But g itself must remain invertible,
so once we choose h € GL(U) we must let the lower left-hand sub-operator be 0. Then, noting that
det g = (det h) det(£) # 0 implies det £ # 0, we see that £ € GL(U'), and we let k € Homg (U, U)
be arbitrary. Thus, the dimension of GL(V)yg) is k% + (n — k)? + k(n — k) = n® — nk + k?, and

therefore

dim G(k, V) = dim GL(V) — dim GL(V)5) = n® — (n* — nk + k*) = k(n — k)
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which agrees with our previous result. By similar reasoning, the stabilizer of 5 € Vi (V) under the
GL(V')4(p)-action consists of all g € GL(V),(3) which act only on extensions v of 3 to bases for V.
Therefore, in the block form of g we must have h = I and k = 0, so dim GL(V)s = (n — k)? and
dim[8] = (k> 4+ (n — k)?2 + k(n — k)) — (n — k)2 = k%> + k(n — k) = kn. Note that the stabilizer
GL(V)g of B under the total group action on Vi (V) must be a subgroup of GL(V')4g), so in the
block form of g we must have h = I, and therefore GL(V)y(5), = GL(V)g-

Let us summarize these results.

Proposition 12 For any n-dimensional real vector space V. and any 0 < k < n, the GL(V)-
action on G(k,V) is transitive, and the stabilizer subgroup of any U € G(k,V) is an (n* — nk +
k?)-dimensional Lie subgroup, so the Grassmann manifold is a homogeneous space of dimension

dim G(k, V') = k(n — k) which is diffeomorphic to the quotient group by the stabilizer group,
G(k,V) =~ GL(V)/GL(V)y (2.20)

GL(V) also acts transitively on Vi,(V'), and the stabilizer group GL(V)g of any B € Vi (V) is a Lie

subgroup of dimension n(n — k), which gives the diffeomorphism
Vi(V) = GL(V)/GL(V)s (2.21)

making Vi,(V') a smooth manifold of dimension dim V (V') = nk. Moreover, the stabilizer subgroup
GL(V)gp) of U = q(B) € G(k, V) acts transitively on the equivalence class [3] of B in Vix(V)/ ~, and
its stabilizer subgroup GL(V)ys), of B is a Lie group of dimension (n — k)2 +k(n—k)=n(n—k)
equal to GL(V')g. Thus, [B] is an embedded submanifold of Vi,(V') diffeomorphic to the quotient
group GL(V)4)/ GL(V ),

[8] = GL(V)g(5)/ GL(V)g (2.22)

whose dimension is dim[S] = kn. |

Let us next consider the action O(V) on V,2(V), which is transitive by the change-of-basis

theorem (any two orthonormal n-frames are related by an orthogonal transformation, so any two
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k-frames can be extended to orthonormal n-frames and then related by a corresponding orthogonal

transformation). The stabilizer of any 8 € V)(V) is

O(V)p = [£ €O, gly1) 2 O(n— k) = O(n— k)
Uy )| |

0 ¢

which therefore has dimension (n — k)(n — k — 1)/2, so that
VP (V) =0(V)- B~ O(V)/O(V)s = O(n)/ O(n — k)
and therefore

dimV2(V) = dimO(n) — dimO(n — k)
nn—1) (m—-kn-k—-1)

2 2
k(k—1)

2

= nk—

The analogous result of VkO(V) for V' complex is achieved by exactly the same methods, which show
that V2(V) ~ U(n)/ U(n — k) and has dimension n? — (n — k)? = 2nk — k*. Restricting the actions
of O(n) and U(n), respectively, to SO(n) and SU(n), we also get V,>(V') &~ SO(n)/SO(n — k) and
V2(V) ~ SU(n)/SU(n — k).

We summarize these results in the next proposition:

Proposition 13 The Stiefel manifold VkO(V) of orthonormal k-frames in a real vector space V is

a homogeneous space, and a smooth submanifold of Vi,(V') diffeomorphic to O(n)/ O(n — k),

Q

V2(V) O(n)/O(n — k) (2.23)

Q

SO(n)/SO(n — k) (2.24)
and therefore dim V)(V) = nk — @ If V' is complex, then we have

V2(V)

Q

U(n)/U(n — k) (2.25)

SU(n)/SU(n — k) (2.26)

Q

making it a smooth manifold of real dimension dimg V2(V) = 2nk — k2. |
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Two frames 8 and 7 in V;,(R"™) are said to have the same orientation if the change-of-basis
matrix ¢ € GL(n,R) changing § to 7 coordinates, v = g3, has positive determinant degg > 0.

This defines an equivalence relation ~ on V,,(R),
B~y < ~v=gfand detg >0

The two equivalence classes in the quotient space V,,(R™)/ ~ define two orientations on R", and
a choice of one of these gives R™ an orientation, which we denote by V,(R™)". The remaining
equivalence class is denoted V,,(R™)~. Recall that GL*(n,R) = det™!(0,00) is the connected
component of the identity, and consists of the orientation-preserving change-of-basis matrices, while

GL™ (n,R) = det™!(—00,0) consists of orientation-reversing matrices.

Corollary 2 We have the following diffeomorphisms:

Vo (R™) ~ GL(n,R) V,,(R")* =~ GL*(n,R) (2.27)
VO(R™) =~ O(n) VOR™)* ~ SO(n) (2.28)
V,(C") ~ GL(n, C) (2.29)
V(€™ ~ U(n) (2.30)

Remark 11 These results can also be understood more simply, by noting, for example, that an n-
frame 5 € V,,(R"™) is a set of n-linearly independent vectors, 8 = (v1,...,Vvy), which can be arranged
into columns of an n x n matrix g = (vy --- v,). This matrix is the change-of-basis matrix from
the standard basis p = (ey,...,e,) to 8, for ge; = v;. Similarly, if the v; are orthonormal, that
is B € VIY(R"), then g € O(n) and it is the change-of-basis matrix from p to 3. In any case,
the identifications of V;,(F") with GL(n, F) and V,(F™) with O(n) or U(n), for F = R or C,
respectively, are the reason for identifying frame bundles F(E) — M of vector bundles E — M

with principal GL(n, F')-bundles, or their O(n)- or U(n)-bundle equivalents. |

We pause here to consider also the case of symplectic frames for R?", which are elements

B € Von(R?™) giving matrix representation of wy the standard complex structure, [wols = Jo



36

(this is equivalent to requiring 8 = (vi,...,Vy, Wi,...,Wy,) to satisfy the relations wy(v;,v;) =
wo (Wi, ;) = 0, wo (v, W;) = &, see (2.35) below). Consider two such bases, 8,7 € V2, (R?") and

let g € GL(2n,R) be the change-of-basis matrix taking g to -, that is v = gf. Since g acts by

Jo = [woly = ¢” [wolpg = g* Jog

according to Theorem 2, we have that ¢ € Sp(n,R), and conversely, any g € Sp(n,R) takes

symplectic frames to symplectic frames (Proposition 19 below). Let
Vo (BR*") := {8 € Van(R) | [wo]s = Jo}

be the set of all symplectic frames for R?". Then we can identify this set with the symplectic group
Sp(n, R) by an analog of the above procedure for showing V,2(R") ~ O(n), namely, let Sp(n, R) act
on VQSJ’(R”) by g - B := g(B). Since the Sp(n,R)-action is free and transitive we have a bijection
VQSnp(]R%) ~ Sp(n,R), by the orbit stabilizer theorem, which can be upgraded to a diffeomorphism
once we view V2Snp(R2") as a manifold. This can be achieved as follows: but of course, as in the
previous remark on the identification of GL(n,R) with V;,(R™), we can view any (8 € VQSnp(RQ") as
a matrix g with columns the vectors in 5. But this matrix is the change-of-basis matrix from the
standard symplectic basis p = (p1,...,Pn,q1,--.,qn) to 3, since gp; = v; and gg; = w;. Thus,
the identification is actually just a change of viewpoint, viewing bases as matrices. The manifold
structure is then immediate (Proposition 26).

We summarize these results below:

Proposition 14 The space of symplectic frames VQSnp(RM) may be identified diffeomorphically with
the symplectic group Sp(n,R),

Vol (R*") ~ Sp(n, R) (2.31)
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2.3 Symplectic Vector Spaces

In this section we consider the special case of bilinear spaces (V,w) over the field R where
the bilinear form w is skew-symmetric and nondegenerate. Necessarily, the (real) dimension of such
a space is even, and it is perhaps usurprising that there is an intimate relationship between such
spaces and complex vector spaces of complex dimension half that of the real dimension. Indeed,
the complex vector spaces are V itself, equipped with different complex structures. There is a close
relationship between the different choices of complex structures for V' and the collection of metrics
(symmetric, positive definite bilinear forms) on V. Indeed, there is an explicit correspondence—
not bijective however—between metrics M (V) on V and a certain subclass of complex structures

J(V,w)on V.

2.3.1 Complexifications and Complex Structures

Let V' be a real (finite-dimensional) vector space. There are two main ways to turn V' into
a complex vector space, by complexifying and by use of so-called complex structures. In the first
case we take C and consider only its uderlying real vector space structure, so that we can tensor it

with V' over R, thereby getting what is called the complexification of V,
ve.=vVggC

Complex scalar multiplication on VC is given on simple tensors by a(v ® z) := v ® (az), where

veV and a, z € C, and extended by linearity to all of V.

Remark 12 Note that VC is also a real vector space, since the tensor product is over R, so if
a € R, then we still have

a(v®z) = (av) ®z =v ® (az)

but if a € C, then we only have

a(v®z) =v® (az) ]
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The second way makes use of of a complex structure on V, a real-linear automorphism

J € GLg(V') which squares to the negative of the identity I on V,

J?=-1
i.e. JoJ = —I. Using J we can define complex-scalar multiplication on V by
zv = (a+ib)v:= (al +bJ)(v) = av + bJ(v) (2.32)

forallz=a+ibeCandveV.

Proposition 15 The complex multiplication (2.32) makes V' a complex vector space, which we

denote V.

Proof: (1) (Vj,+) is abelian, since (V,+) is.

(2) (distributivity) If z = a +ib,w = c+id € C and u,v € V, then

(z+wp = ((a+c)+i(b+d))v
= (a4 )+ (b+d)J()
= (av+bJ(v)) + (cv + dJ(v))
= (a+ib)v+ (c+idw

= zv+wv
and

Autv) = (atib)(u+v)
— a(u+v) +bJ(u+wv)
= (au+bJ(u) + (av + bJ (v))
= (a+iv)u+ (a+ i)

= zu-+z2v
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(3) (compatibility) If ( = a+ib,n =c+id € C and v € V, then

() = (a+ib)((c+id)v)

(a+1ib)(cv + dJ(v))

—~
~

= (a+1ib)(cv) + (a+ib)(dJ(v))

a(cv) + bJ(cv) + a(dJ (v)) + bJ(dJ (cv))
= (ac)v + (be)J(v) + (ad)J (v) + (bd)J?(v)
= (ac)v + (be)J (v) + (ad)J (v) — (bd)v

= (ac—bd)v + (ad + be)J (v)

= ((a+ib)(c+id))v

= (Cnv

(4) (identity) 1cv = (1g +i0)v = 1gv + 0J(v) = 1gv = v. [

Proposition 16 If W is a complex finite-dimensional vector space, then we can look at the under-
lying real vector space and put a complex structure J on W, namely J = L;, the left-multiplication-
by-i map J(v) := Li(v) := iv. Then the space W with multiplication given by (2.32) returns the

original space W, i.e. W;=W.

Proof: This is simply the observation that (a + ib)v = al(v) + bJ(v) = av + ibv. [ ]

It is an immediate corrolary of this result that V; must have even real dimension if it is to
have a complex dimension, or equivalently if it is to admit a complex structure .J. We naturally
want to understand the relationships between V, Vy, and VC. Tt is simplest to consider V = R?"
and Vj = C", for it seems natural to consider the underlying real vector space R?" of C" as the

direct sum R™ @ R", with the complex structure J acting on this space as mutiplication by 3.
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We begin with the following observation: The complexification V€ of V is functorial. On

maps between real vector spaces, T' € Homg(V, W), we have

TC € Home(VE, WE)

TC(v®z):=TW) @z

on simple tensors, then extending linearly. However, the complexification via J is not immediately

functorial, as the next proposition shows:

Theorem 12 Let T € Endr (V). Then Ty :=T € Endc(Vy) iff ToJ =JoT.

Proof: Let T € Endgr (V). If T € Endc(Vy), i.e. T((a + ib)v) = (a + ib)T(v), then
aT(v) +bT'(J(v)) = T(av+bJ(v)) = T((a+ib)v) = (a +ib)T(v) = aT'(v) + bJ (T (v))
so that T'(J(v)) = J(T'(v)) for all v € V. Conversely, if T'o J = J o T, then

(a+1ib)T(v) = aT(v) +bJ(T'(v)) = aT(v) + bT(J(v)) = T(av + bJ(v)) = T'((a + ib)v)

and T € End(c(VJ). |
1 2
Example 2 Consider the real-linear map T = € Endg(R?). Then,
3 4
1 2 0 -1 2 -1 -3 —4 0 —1 1 2
T O JO fry pr % pry = JO (@] T
34/ \1 o0 4 -3 12 1 0/ \3 4
Therefore, Ty ¢ Endc (V). |

The previous results allow us to better understand the relationship between C" and ]R?]”. If
we start with C" and forget the complex structure, we are left with R?”. To regain the complex
structure, we complexify via J, that is choose a complex structure J € GL(2n,R) and obtain ]R%”.

Let us show how this works in R?, = C first, and then generalize to ]R?,” = Cn.
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Example 3 (Complex Structure on R?) Consider V = R? with J € GL(R?) = GL(2,R) given

by
0 -1
J pu—
1 0
Clearly J? = —1I, so the complex scalar multiplication on R?] takes the form
T x T —y ax — by
(a + ib) = (al +bJ) =a +b =
Y Y Y x bx + ay

This is precisely the (real) matrix representation of C on R?,

p:C— GL(2,R)
10 0 -1 a —b

pla+ib):=al +bJ =a +b =
01 1 1 b «a

which is clearly faithful and irreducible, and an isomorphism onto its image,
C = p(C) = spang(I, J)

The only difference between R and the matrix representation of C is the latter takes the form of
endomorphisms, or matrices, while the former is the associated group action of C on R? via the
representation.

In any case, this shows that R? = C, and therefore, since RQJ ~ RC, we have the known

result,

C = spang(I,J) =R2 =R =R @R C [

Example 4 (Complex Structure on R??) The identification C = R% of the previous example
can be generalized in an identical way, except for the analogy with the matrix representation of C,

since C" is not a group for n > 2:
" = spang (Ian, J) = R¥ = (R")C = R @ C

for any complex structure J. u
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Let us consider again the identification C" =2 R%Z, particularly the precise way in which the
complex operators, or their matrix representatives, relate to their associated real operators, or their
matrix representatives. At issue is the dimension: C™ has complex dimension n, while ]R?,” has real
dimension twice that, 2n, so matrices from C" to itself are complex and of size n x n, while matrices
from R?" to itself are real and of size 2n x 2n. Thus, we would like to embed M, (C) into M, (R)
in such a way as to preserve the algebraic structure of Endc(C") = M, (C) yet allow us to view it
as a subring of Endg(R%") 2 My, (R). With this in hand, we will be able to view GL(n,C) as a

subgroup of GL(2n,R). As a side benefit, subject to the commutativity condition of Theorem 12,

we will complete the functoriality of the complexification by J.
Proposition 17 Define the map f : M,,(C) — M, (R) by

» A -B
F(X) = f(A+iB) =
B A
where A = R(X) and B = I(X). Then, f is an injective real-linear ring homomorphism which
satisfies f(X*) = f(X)T.

Proof: First, f is a linear transformation: if a € R and X = A+ iB € M,(C), then

aA —aB A —-B
flaX) = f(aA+iaB) = =a =af(X)
aB aA B A

while if X = A+iB and Y = C + 4D lie in M,(C), then

f(X+Y)=f((A+iB)+ (C+iD)) = f(A+C)+i(B+ D))
A+C —(B+D) A -B C -D
= - + = F(X) + £(Y)
B+D A+C B A D C

Secondly, f preserves matrix multiplication. To see this, note that

XY = (A+iB)(C +iD) = (AC — BD) +i(BC + AD)
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so that

f(XY) = f((AC — BD) +i(BC + AD))

AC — BD —(BC+ AD) A -B C -D
= = = f(X)f(Y)
BC + AD AC — BD B A D C
Finally,
T
* oy T _ . pT AT BY 4 -B T
f(XT) = f((A+iB)") = f(A" —iB") = = = f(X)
—BT AT B A
The injectivity of f is clear, since ker f = {0}. |

Corollary 3 GL(n,C) can be viewed as a subgroup of GL(2n,R) under the identification with its
image under f. Moreover, under this identification, we have, in view of Theorem 12, that the
complex general linear group is isomorphic to the stabilizer of Jy in GL(2n,R) under the adjoint

action:

GL(n, C) = GL(QW,,R)JO = {X S GL(ZH,R) | XJy = J()X}

As a result, the real dimension of the Lie group GL(n,C) is 2n2. |

Remark 13 We should observe that the first method of extending a linear map 7" € Homg(V, W)
to its complexification TC¢ € Homc(VE, WC) works equally well for multilinear maps. If T €

Hom& (V4 ..., Vi; W), then

TC € Hom{(VE, ..., vEWE)
T(C(vl ® 21y, U @ 2) =T (v1, ..., 05) @ (21 21)
on simple tensors, then extending by multilinearity. Moreover, if T € Homﬁsym(V;R) is a sym-

metric real form, then TC & HoméSkeW(VC; C) is a symmetric complex form, and similarly with

skew-forms.
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But there are situations where we would like to extend T € Hom%(V;R) to a sesquilinear
form. That is, we would like it to be conjugate-linear in the first term and C-linear in the second

term. This is accomplished in the obvious way, on simple tensors:
T (a(v® 2), B(w @ () = AT (v, w) @ (2()

for v,w € V, a,8,2,( € C. Then we may distinguish between symmetric and skew-symmetric
sesquilinear extensions as before. A symmetric sessquilinear form is called a Hermitian form.
The symmetry of 7" means T'(u,v) = T(v,u) for all u,v € V, where V is a complex vector
space. Combined with the skew-symmetry we have for all a,b € C that T'(au,bv) = T(bv,au)
iff baT (v, u) = abT (u,v) iff m = abT (u,v) iff T(v,u) = T(u,v), which is the usual definition
of Hermitian. We say that a Hermitian form is positive definite if additionally T'(u,u) > 0 for all

u € V\{0}, and this applies equally well to any complexification of a real form. |

The identity J? = —I shows that the only eigenvalues of J are =4i, but these are not real
eigenvaues, while J is a real-linear endomorphism. Hence the need to complexify V' and extend J

to VC. Now, the real vector space V is naturally embedded into VC by

VvV Ve

v U1

and we can see that, if we define complex conjugation on V€ by

VRZ:=1vR2

then V is the subspace of VC which is left invariant under conjugation. When V is endowed with

a complex structure J, we can extend J functorially to VC by defining it on simple tensors as

JCw®z)=J) @z
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and extending linearly. Then the identity (J©)? = —I shows that the only eigenvalues of JC are

+i. The =i eigenspaces of JC are denoted (cf Huybrechts [59]),
V0= {v e VO JCw) = iv}
VOl .= (v e V| JC) = —iv}
Since V10 N VOl = {0}, the map V10 g VOl 5 VC is merely inclusion, so is injective. But it is
surjective, too, for it has an inverse, via the projections
Py : ve syl op pOl

Pi(v) = %(1 +iJ%) ()

namely,
P+ P :VE 5 y0gy0l
and this shows that
V(C — Vl,O D VO,I

Moreover, complex conjugation on VC interchanges V10 and V%! in an R-linearly isomorphic

manner,

VLO g]R VO,l

since, writing v = z + iy € VC, we have v —iJC(v)) = z + iy — iJC(x + iy) = z — iy + iJC(z) —
JC(y) =z — iy +iJ%(x — iy) = v+ iJ°(T). Consequently,

dimR V =2n

dim¢ Ve =2n

dime VY = dimc VO =n
We remark that V€ has two complex structures, i and .J, which in general differ by a minus sign
on V%! though they agree on V10,

Notation 2 In what follows, we will write J for both J and JC, to avoid pedantry. The context

will make clear which complex structure we are referring to. |
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For proofs of the following statements we refer to Huybrechts [59].

(1) If V is a real vector space equipped with a complex structure .J, then the dual space

V* = Homg(V,R) has a natural complex structure, the pullback or transpose, J*, defined

by J*f := f o J, and in this case
(V*)(C — (V*)l,O D (V*)O’l
where
(V)M = (V19)* = Home(V, C)
(V*)O,l _ (VO,I)*
We also define the exterior algebra of VC in terms of bi-degree-valued vectors,
° d k
NVE=@ NV
k=0
where d = 2n = dimg VC, and
My= N'vioee \Tvol

Here /\p 1V can be viewed as a subspace of /\p +a VC, and

Av-® NV

ptq=k

Therefore,

ANVe=D @ NV

k=0 p+q=k

Complex conjugation defines a C-anti-linear ismorphism A”?V = ATPV namely

Lastly, exterior multiplication is a bidgree (0,0) map,

/\p,q V x /\r,s vV — /\P—H’,q—l-s v

(a, B) —»aNnp
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From the above considerations we can understand the relations between V, V7, VC, and

(’U]' — iJ(Uj)) for

N[

Vjc = VJLO &) V}J’l, namely, choose a C-basis (z1,...,z,) for VJLO, where z; =
some v; € V, and let w; := J(vj). Then (v, w1, ..., vp, wy) is an R-basis for V, and (vy,...,v,) is
a C for Vj, and

Vy=yho

(see Huybrechts [59, p. 30]).

2.3.2 Symplectic Forms

We recall some basic facts about skew-symmetric spaces (V,B) from Theorem 10 above.
First, any such space has an orthogonal direct sum decomposition into hyperbolic planes and it’s
radical, V = H1D--- OH,OV*. If B is nondegenerate, we call it a symplectic form and denote it

by w instead. Then V+ = {0}, so V = H1@D - -- O Hy. Moreover, (V,w) has possesses a symplectic

basis 5 = (v1, 21, - .., Un, 2n) With respect to which w has a matrix representation
J
n o J -+ 0O
W=D =
i=1
0O O J
1
where J = . If we re-order the basis as v = (v1,...,Un, 21,...,25), then
-1 0
OTL In
W]y = (2.33)
_In On
while if we order it as § = (z1,..., 2k, v1,. .., V), then
O, —I,
[wls = Jo == (2.34)
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These representations are equivalent to w satisfying the relations
w(vs, vj) = w(zi, 25) =0 and w(vs, 2j) = 04 (2.35)

In particular, we see that a symplectic space (V,w) has to be even-dimensional (This also follows
from the much stronger statement, Proposition 32 below, that every symplectic space is symplec-
tomorphic to (R?",wy), see the next section for the definition of (R?",wp)). The matrix Jo = [w]s
above is called the standard or canonical representation of w, though it should be mentioned

that some authors take Jy to be [w],.

Theorem 13 Let V be a 2n-dimensional real vector space. Then, a skew-symmetric bilinear form

w € EgkeW(V; R) is nondegenerate iff the n-fold exterior power is nonzero,

Wr=wA- - Aw#0
Proof: If w is degenerate, then there is a v # 0 in V such that w(v,-) = 0 € V*, so if we extend
v = v to a basis (vi,...,ve,) for V, then w"(vy,...,v2,) = 0, whence w™ = 0. Conversely, if w
is nondegenerate, then the easiest way to see that w™ # 0 is by use of the symplectomorphism

® : V — R?" given in Proposition 32 below, which pulls w back to wy in R?", ®*w = wy. For we

know that

n 2
wg = <Z dqz A dpl> = Z qa(l) A po'(l) A A qa(n) A pa(n)
=1 O'GSn

and this sum is a nonzero multiple of the standard volume form g' A---Ag® Ap' A--- A p™, since to
put any summand ¢ Ap7M Ao A g7 A po(7) into this form requires an odd number of moves,

each contributing a minus sign. |

2.3.3 The Symplectic Space (R*",wy)

On R?" with the standard basis p = (ey, ..., e2,) and dual basis p* = (dey, ..., des,) we have

the standard symplectic form

" 2
wo =Y dej Adeni; € [\ (R*")" = Homf g, (R*; R) (2.36)
=1
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If we relabel the basis vectors to accord with common practice in physics, letting ¢ = eq,...,q, =
e, and p; = €,41,...,Pn = €25, then
n
wo =Y _dg; Ndp (2.37)
i=1

In classical mechanics the g; represent position coordinates of a mechanical system and the p;
represent momentum coordinates, with R?" representing the phase space of the system, which
is thought of as the (trivial) cotangent bundle T*R™ = R" x (R")* = R?" on R" identified with
R2",

Viewing wp as a form, rather than a 2-covector, though still keeping the notation of the
abstract Grassmann 2-covector, we recall that the effect of a wedge product of 1-forms a, 3 € (R?7)*

on a pair of vectors X1, xs € R?” is a sum involving the alternator

Alt : L(R*™;R) — LbkeW(RQ”; R)

Alt(a® B)(x1,%x2) = 5 ZSgn (@ ® B)(Xe(1)> X0 (2))

€Sy
via
(a A B)(x1,%x2) = 21Alt(a ® B)(x1,X2)
= Z sgn(a)(a ® 5) (Xa(l)a XJ(Q))
gES2

== (O(@ﬂ)(Xl,XQ)—(OC®B)<X2,X1)

= a(x1)B(x2) — a(x2)B(x1)
on simple tensors a® 3. We then extended by bi-linearity. So, for example, if u = (uy, ..., uz,), v=

(V1,...,v2,) € R?? then (dq' A dp®)(0, V) = u;vn1i — Upn1iv;, SO that

n n

wo(u,v) = Z(dqi Adph)(u,v) = Z UiVUpti — Up iV (2.38)

=1 i=1

Consequently, wy satisfies the relations (2.35),

wo(gi,qj) =wo(pi,pj) =0  and  wol(qi,pj) = 0ij (2.39)
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forall ¢,5 = 1,...,n, and therefore the matrix representation of the standard form wy is a complex

structure on R?",

O, I,
[wolp = (2.40)

_In On
We follow Habermann and Habermann [54] and define the standard complex structure on R>"
to be instead the negative of this matrix isomorphism (equivalently, the matrix representation of

wo with respect to the basis (p, q) instead of (¢, p)):
Jo == (2.41)

Since J&' = [wo],, we see that wy is related to the standard inner product (-,-) on R*" by Jy as
wo(u,v) = [u]g[wo]p[v]p = uTJOTv = (Jou, V) (2.42)
Also, we note that
Jo € Sp(R?™,wyp), that is Jywo = wo (2.43)
for since JT = —Jy = Jo_l, i.e. Jp is skew-adjoint, by the above identity wy = (Jp+, +) we get
Jywo(u,v) = wo(Jou, Jov) = <J3u, Jov) = (u, —Jov) = (Jou,v) = wo(u, v)
for all u,v € R?"*. An immediate consequence is
Jo € O(R*™ (-,+)) = O(2n), thatis J&(-,+) = (-, (2.44)

for if u,v € R?",
<u7V> = <_Jguav> = <J0u7 J0V>
As a result, we have

wo(+, Jo) = (Jo=, Jo*) = (-, +)

We summarize these results in the following proposition.
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Proposition 18 If we denote the standard inner product on R*" by gj, = (-,+), then we have

(1) Jo € Sp(R?™,wp) N O(R?™, g5,) = Sp(n,R) N O(2n)
(2) wo(-, ) = gJO(J0'7 ) = Z?:O dqj A dp7
(3) gJo('v ') = WO(" JO') = Z?:O dqj A (dpj o JO)

(4) Furthermore, if we write u = (uy,u) where uy = (q1,...,qn) and ugy = (p1,...,Pn), and

similarly v = (v1,va), then we also get the expression

wo(u, v) = (Jou,v) = ((—ug,u1), (vi,v2)) = (ui, va) — (ug, v1) [ |

Remark 14 This situation is typical for even-dimensional real vector spaces V. If V is equipped
with both an inner product g and a symplectic form w, there is a complex structure J that is
compatible with w, in the sense that w(u,v) = g(J(u),v) for all u,v € V. It is a little trickier to
start with only w and J, for even though we get a nondegenerate symmetric bilinear form g on V,
we do not always have that it is positive definite. This is not a big problem, in general, for we can
always just specify g first, which is always possible on a finite-dimensional space. The main result
we wish to get is that any 2n-dimensional symplectic space (V,w) is linearly symplectomorphic to
(R?", W), and moreover the symplectomorphism ® : R?® — V' can be chosen to be compatible with
complex structures J € J(V) and Jy € J(R?*?), in the sense that J o ® = ® o Jy. We prove all this

in Section 2.3.5 below. [ |

We remark that there are J € End(R?") which are not complex structures but which never-
theless define a symplectic form via w := g, o (J X I3,). The following example of such a J is from

Guillemin and Sternberg [47] and de Gosson [22].

Example 5 Let B € Skew,(R) and 7; : R™ x R™ — R" the projection onto the first component,

and define the bilinear form

wp R xR 5 R

wp(u,v) :=wo(u,v) — (Bri(u), m(v))
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Then wp is clearly bilinear, while skew-symmetry follows from that of B:
(Br1(v),mi(u)) = —(mi(v), Bri(u)) = —(Bmi(u), m1(v))

Note that if we set

then J% # —Iy, unless B = 0, but nevertheless
gJo(JB'v ) = gJ()(_(B ©0)-,-) + gJO(JO'a )= —(Bom-) +wo(+) =ws
Thus, Jp gives a symplectic form wp = gy, o (J x Iz,) though Jp € End(R?") is not a complex

structure. The term (B o m-,-) is called the magnetic term, and the form wp appears in electro-

magnetic theory. |

2.3.4 The Symplectic Group Sp(n,R) and the Symplectic Lie Algebra sp(n,R)

An immediate corollary of the last proposition, 18, is a characterization of symplectic ma-
trices, that is elements of Sp(n,R) = Sp(R?",wp). Recall from Section 2.1.7 that the group of
isometries Isom(V, B) := {T € GL(V) | T*B = B} of a bilinear space (V, B) is the set of all in-
vertible linear operators which preserve the form. In the case that B is a symplectic form we call
the group the symplectic group and denote it Sp(V, B). In the special case of (R?",wp), where we
identify the group GL(R?") with the matrix group GL(2n,R), we have the symplectic matrix

group
Sp(nv R) = SP(R2H7 WO)

On _In
The elements of Sp(n,R) are called symplectic matrices. Fix Jy :=
I, O,
Proposition 19 Symplectic matrices are characterized as follows:
Sp(n,R) = {A€GL(2n,R)|A*wy = wp} (2.45)
= {AcGL2n,R)| AT JyA = Jy} (2.46)

= {Ac€GL2n,R) | AJHAT = Jy} (2.47)
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Proof: From equation (2.42), or equivalently Proposition 18 part (2), we have that wo(u,v) =
97,(Jou,v) = (Jou,Vv), so that A*wg = wp, that is wo(Au, Av) = wp(u,v) for all u,v € R?"
iff (JoAu, Av) = (Jou,v) for all u,v € R?*" iff (JoAu)' (Av) = (Jou)'v for all u,v € R iff
ul AT JT Av = ul' JI'v for all u,v € R?" iff AT JyA = Jy, which proves the first equality. For the
second equality, note that Jg = —1I and Jg = —Joy, which implies the following set of equivalences:
AT JoA = Jo iff ATJgAJy = —1 = —IT = (AT JyAJy)T = JTATJEA = JyAT JoA iff AJgAT JpA =

—Aiff AJAT = —A(JpA)~t = —AATLI = . [

2.3.4.1 Description of the Lie Algebra sp(n,R)

Proposition 20 The symplectic Lie algebra of R*™ is characterized as follows:

sp(n,R) = T5Sp(n,R) (2.48)
= {A € My, (R) | wo(Au,v) + wo(u, Av) = 0, Yu,v € R*"} (2.49)
= {A € My, (R)| (JoAu,v) + (Jou, Av) = 0, Yu,v € R*"} (2.50)
= {Ae My, (R)| JoA+ AT Jy =0} (2.51)
B C
= { € Mo, (R) | B € M,(R), C,D € Sym,,(R)} (2.52)
D -BT

Proof: If A(t) is a path in Sp(n,R) passing through Io, at t = 0, then A(t)T.JyA(t) = Jy for all ¢
in a neighborhood of 0, so differentiating with respect to t at t = 0 gives

q
dt

d

(AT JoA®R)) = <dt d

A(t)T> JoA(0) + A(0)Jo <dt

A(t)) = BJy+ JoB
t=0

t=0 t=0

where B = (%}t:OA(t)), and this equals 0, since the right-hand-side is constant at Jy. Since we
can specify such a bath by its derivative at t = 0, % ’tZOA(t), we get all possible B € M,,(R). Now,
note that JoA+ AT Jy = 0 iff u” (JoA+ AT Jy)v = 0 for all u,v € R*" iff (JyAv,u) + (Jov, Au = 0)
for all u,v € R?" iff wo(Av,u) + wo(v, Au) = 0, Vu,v € R?". Finally, since JoA + AT Jy = 0 iff

AT = JyAlJy, if

B C
A= € sp(n,R)
E
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then
BT DT 0O -1 B C o -1 —-E D
cT ET I O D E I O C -B
so Bl = —FE, DT =D and CT = C. [ |

Proposition 21 The symplectic Lie algebra sp(V,w) of a symplectic space (V,w) is a Lie subalgebra
of the Lie algebra End(V') with Lie bracket [o,7]) = 0 o1 — T o 0. In particular, sp(n,R) is a Lie

subalgebra of Ma,(R) with Lie bracket [A, B] = AB — BA.

Proof: Let 0,7 € sp(V,w) Then,

w(lo, 7)(u),v) + wlu, [0, 7](v))
= w(ooT(u) = 7o0(u),v) +wu,007(v) —T00(v))
= w(oo7(u),v) — w(roo(u),v) +w(u,oo7(v)) — w(u, 7o o(v))
= —w(7(u),0(v)) +wlo(u), 7(v)) = wlo(u), 7(v) +w(r(u),o(v))

=0

where the penultimate equality follows from the fact that w(o(u), v)+w(u,o(v)) = 0 for all u,v € V,
and similarly with 7, because o, 7 € sp(V,w). Thus, [0, 7] € sp(V,w), and therefore sp(V, w) is closed

under the bracket operation. |

Proposition 22 Let (R?")®? be the vector space of symmetric 2-tensors of R?". Then we have the

vector space isomorphism

sp(n,R) = (R*")®2 (2.53)

via the map ¢ : (R?")©? — sp(n, R) which on simple tensors is given by

e(ueOv)(s) = wo(,u)v+w(-,v)u (2.54)

= (Jo,u) v+ (Jo,v)u (2.55)

where the dot indicates the slot for the argument of the map (or matriz viewed as a map).
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Proof: Certainly ¢(u ® v)(+) is linear, since wy is in the first argument, and moreover we have

that p(u ® v)(-) € sp(n,R), for

wo(p(u O V)(x),y) +wo(x, p(u e v)(y))
= wo(wo(x, W)V +wo(x, V), y) + wo(x,wo(y, w)v +wo(y, v)u)
= wo(x, wwo(v,y) +wo(x, v)wo(u,y) + woly, wwo(x, v) + wo(y, v)wo(x, u)
= wo(x, w)wo(v,y) + wo(x, v)wo(u,y) — wo(u,y)wo(x, v) — wo(v, y)wo(x, u)

=0

Moreover, ¢ is bijective, because (R?")* = R?" via the isomorphism v + w(+, v) (due to the fact that

[ad

wo is nondegenerate), and using this map we have the isomorphism R?" @ R?" = End(V)(R?")

M, (R), via u® v — wp(+, v)u, and therefore we have the isomorphism
wo(r, W) v+wo(,vu=» veu+udv=2u®v

Thus, the map ¢ is in fact an isomorphism onto its image. However, since the dimension of (R?"*)®?

is (2"22_1) = W = 2n? + n, which is also the dimension of sp(n,R) (as can be seen from
(2.52) of Proposition 20, since we can choose B € M,(R) and C,D € Sym,,(R), that is we have

n? + 2@ = 2n? 4 n choices), ¢ is an isomorphism between (R?")®? and sp(n, R). [

What does a typical matrix A in sp(n,R) look like as a symmetric 2-tensor?

Proposition 23 If A € sp(n,R), then A is mapped by ¢~ : sp(n,R) — (R?)9? to

n

Lpfl(A) = % Z(qu Opj—q;© Apj) (2.56)
j=1

where ¢ = €1,...,qn =€ and P1 = €p41,...,Pp = €2, s the standard symplectic basis for R2n
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Proof: If v = (vi,...,02,) = > 1y ViGi + Un4iPi, then the relations wo(g;, ¢;) = wo(pi, p;) = 0 and
wo(qi, pj) = 0ij, along with the fact that v; = wo(v,p;) and vp4; = —wo(v, ¢;), imply that
n
2Av = 24 <Z v;q; + vn+ipi>
i=1
n
— 24 <Z wo (v, pi)gi — wo (v, Qi)pi>
i=1
n n
= A(Z wo(V, pi)gi — wo(V, %)Pi) + Z (wo(AV,Pz')%' — wo(Av, %’)Pz‘)
i=1 i=1

= > (WO(V7Pi)AQi — wo(v, i) Ap; — wo(v, Api)¢i + wo(v, qu’)m)
=1

where the last equality follows from the fact that A € sp(n,R). Collecting terms we get

24Av = zn:[(wo(v,flqi)pi +W0(vai)AQi> - (WO(VaApi)Qi +wo(V7qz')Api)]

i=1
n
= Z(Afh‘ Opi—¢® Apz')V
i=1
under ¢!, and this is true for any v € R?". |

Remark 15 The identification sp(n, R) = (R?")®2,

Apb—m— %Z(qu Opj —qj ®Apj)
j=1

wo(r, )V 4w, v)u +———u®v
allso carries the Lie bracket from sp(n,R) to (R?")®2, [A, B] = AB — BA. To see what the bracket

[u® v, x ®y] looks like on simple tensors, we use the identification

[u OV, X0 Y] — [WO(') ll)V + WO(" V)ll, wO('a X)y + WO('? y)X]
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and compute the right-hand side:

[wo(-)v -+ w0, v)u, ol X)y +wo(-,y)x]
= (ol Wv + w0l v)u) o (wol-,x)y +wol-,¥)x)
= (@0 2)y + w0l ¥)x) o (w0l WV + o v)u)
= wo (wo(, X)y + wo(+, ¥)x,u) v + wo (wo (-, X)y + wo(+, ¥)x, v)u
— wo(wo(+, u)v + wo(+, v)u,x)y — wo(wo(+, u)v + wo(+, v)u,y)x
= (-, 3)e0 (3, WV + 0+ ¥ (3, W) + -, 1) (¥, V) + wo -, e (x, v)u
— o W (v, X)y = o, Vo (1, X)y = wo(-, wen (v, ¥)x = wiol, Vo (w, y)x
= —wo(u,3) (wo(, V)Y + w0l ¥)V) = w0l y) (e v)x + e x)v)

— wo(v, %) (wol-, Wy + w0+, ¥)u) = wo(v,¥) (wo(-, wx +wo(-,x)u)
Therefore, the bracket on simple tensors is

[u®v7 x@y] - —wg(u,x)v Oy _w()(u7y)v ©Ox _WO(Vax)HQy _WO(V7Y>u®X u

2.3.4.2 Description of the Symplectic Group Sp(n,R)

We now want to investigate some of the topological and geometric properties of Sp(n,R),
particularly its manifold structure and fundamental group, both of which will be needed later.
This description is easiest achieved via the polar decomposition of its elements, which will make

the underlying structure transparent.

Theorem 14 (Polar Decomposition) Let (V, (+ )) be a finite-dimensional complex inner prod-
uct space and let T € End(V') be any linear operator. Then there exist a unique positive operator

P € End(V)" and a (not necessarily unique) unitary operator U € U(V') such that
T=UoP (2.57)

Moreover, if T € GL(V), then U is also unique.
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Proof: It is known (cf. Roman [92]) that 7™ o T" is positive and has a unique positive square root
VT* o T, which is also positive, for any linear operator T (the square root of a positive operator A
is defined as VA = /A7 + - - - + V/Apmi, where A = \jmy + - - - + \p7y is the spectral resolution of
A, provided of course \; > 0 for all ¢, which is true if A is positive). Hence, let us define P as this

square root:

P:=+vT*oT

Then, let us define U on im(P) by

The only question is, what happens if P is not injective, what if P(v) = P(w) for v # w? Clearly
we’ll have U(P(v)) = U(P(w)), but is it necessarily true that T'(v) = T'(w)? The answer is yes,

because for all v € V' we have

IP()]* = (P(v), P(v)) = (P*(v),v) (2.58)

so if P(v) = P(w), then
0 =0 =1P(v) = P(w)] = [|[P(v —w)|| = [T(v —w)|| = |T(v) = T(w)]|

and therefore T'(v) = T'(w). Consequently, im(U o P) = U(P(V)) = T(V) = im(T) and U is well
defined. Moreover, U is a linear isometry on im(P), because for all v € V' we have by (2.58) and
our definition of V' that

U )] =T = [[P)]

U
>~ im(7T): if U(P(v)) = 0, then

Also U is an isomorphism from im(P) to im(7"), or im(U o P)
U(P(v)) = T(v) =0, so v € ker(T), whence by (2.58) v € ker(P) as well, or P(v) = 0. Thus
ker(U) = {0} and T is injective. Consequently, if 5 is any basis for im(P), then U(f) is a basis for

im(U o P) = im(T), and so

dim(im(P)) = |8] = |U(B)| = dim(im(T’))
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We conclude that T is bijective and an isometric isomorphism. Consequently, U is unitary on im(P),
and therefore, if B = (v1, ..., vy) is an orthonormal basis for im(P), then U(B) = (U(vy),...,U(vg))
is an orthonormal basis for im(U o P) = im(7T"). Let us extend B and U(B) to orthonormal bases
for V', and then extend the definition of U to an isometry on V for which T'=U o P.

Finally, the uniqueness of P follows from the fact that P? = T* o T is positive, so it must
have a unique postivie square root, and the square of this square root is unique. If T is additionally

an isomorphism, then, since ker(P) C ker(T) = {0}, so is P, and U = T o P! is unique. [

Corollary 4 Let (V, (+ )) be a finite-dimensional complex inner product space and let T' € End(V)
be any nonzero linear operator. Then, if T = U o P is the polar decomposition of T into a (not
necessarily unique) unitary operator U € U(V) and a unique positive operator P € End(V)*,!

then there is a (not necessarily unique) self-adjoint operator S € End(V') and a unique self-adjoint

operator B € End(V') such that
U = e, and P=ebP (2.59)

so that

T=UoP=¢®ce? (2.60)
Moreover, if T is an isomorphism, then S is unique.

Proof: Suppose T'= PoU, and let o(T) = {\1,..., \x} be the spectrum of U. By the spectral
theorem o(T) C St so \j = €% for some 6; € [0,27). Define an operator S € End(V) functionally
by S := 017 + - - - + 07, where the projections 7; are orthogonal, so that o(S) = {61,...,0} is,
by our definition, the spectrum of S. Then by the spectral theorem S normal, and S is self-adjoint
because o(S) C R. Finally, U = ¢ := ¢?17) 4+ ... + €7, and so T = U o €*®. Finally, if T is
an isomorphism, then by the previous theorem U is unique, whence the 6; are uniuqe, whence S is

unique.

! End(V)7" is the set of positive self-adjoint operators on V. When V = R™ this space is identified with the convex
cone Sym,, (R)* in Sym,, (R) consisting of symmetric positive definite matrices.
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If P is positive definite, then it is in particular symmetric and all its eigenvalues are positive,
so its spectral resolution is P = A\jmy + - - - 4+ A\ with all \; > 0. Consequently, taking the natural
log of each \; gives 6; := In()\;) and a self-adjoint operator B = 011 + - - - + 07y, and therefore

X = €% for all i, which means P = e”. |

Remark 16 If (V, (- >) is a real finite-dimensional inner product space, then U is still the exponen-

oo 1
n=0 n!

tial of a linear operator S, but now we have e® = > S™ or equivalently e® = e/t +- - -+elrm,
where U = A7y + - -+ + A\p7g is the spectral resolution of U, so that \; = €% for all i. The argu-
ments used in the above corollary are almost identical. Moreover, in that case U will be orthogonal
instead of unitary, i.e. U € O(V), and if V = R", then we may consider n x n matrices instead of
operators, and so if A € M, (R), we will have A = UP for an orthogonal matrix U € O(n) and a

unique positive definite matrix P, and if A € GL(n,R), U will be unique as well. |

Proposition 24 If A € Sp(n,R), then in the unique polar decomposition A = UP we will have
U € O(2n) NSp(n,R) and P € Sym,, (R)"™ NSp(n,R), that is U and P will be symplectic as well.

B

Moreover, if we write P = e” as in Corollary 4, where B is symmetric (which is equivalent to

self-adjoint in the real case), then B € sp(n,R) as well.

Proof: This follows from the expression (2.46) in Proposition 19, namely A.JyAT = Jy, for then

(AT)"1JyA~ = Jp, and so (AT)™! = JyAJy . Therefore, if A = UP, we have
(P U™ = (AT = JhAJ;t = Jo(UP) Iyt = (JUJy ) (JoPJy Y

But Jo € O(2n), because its rows and columns are orthonormal, so JoUJ; ' € O(2n) and JoPJ; ' €
M, (R)F (ie. is positive, for if z = (z1,22) € R®™, then 27Jy = (z9, —x1), and Jy 'z = —Joz =
(z9, —x1)T = (7o), so that 2T JoyPJy e = (27 Jo)P(zTJy) > 0 and = 0 iff 27Jy = 0 iff
r = 0). Consequently, by the uniqueness of the polar decomposition, (UT)~! = JoU Jy L and

(PT)=' = JoPJy !, which shows that U, P € Sp(n,R).
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Finally, if U = e” and B = BT, then

=1
P =P=U= P! =Jee Bt = Jo <Z (—B)”) Jy!

n=0

= %(Jo(—B)Jo_l)n = ¢ JoBJ5"
n=0

so we must have BT = B = —JOBJ(TI, or BT.Jy = —JyB, and therefore JoB + BT Jy = 0, which

shows that B € sp(n,R) by Proposition 20, equation (2.51). |
The following result was first stated in Arnol’d [3].
Proposition 25 If we identify R*>" with C" via (p,q) — p + iq, then

U(n) = Sp(n,R)NO(2n)
= Sp(n,R) N GL(n,C))
= 0(2n)NGL(n,C)

is a maximal compact real Lie subgroup of Sp(n,R) of dimension n?.

Proof: If K is a subgroup of Sp(n,R) containing Sp(n,R) N O(2n), then for any A € K with
polar decomposition A = UP we also have U € K and therefore P = U™'A € K. But P is
positive definite and det P = 1, since PTJyP = Jy, so either P = I or else some eigenvalue of P
is greater than 1 (see Corollary 4 and its proof). In the first case A = U € O(2n), and in the
second case P* € K for all k € N and ||P¥|| oo, in which case K is not compact. That is, if
Sp(n,R)N0O(2n) < K < Sp(n,R) and K is compact, then K = Sp(n,R) N O(2n).

Recall the results of Section 2.3.1 on complex structures. Complexifying R?" by the standard
complex structure Jy gives the identification R%l =~ C" (Example 4) and the identification of
GL(n, C) with the subgroup of GL(2n,R) consisting of matrices X commuting with Jy (Corollary
3). We then have the following conditions:

(1) X eUn) <= XX"'=X*X=1

(2) X = € GL(n,C) C GL(2n,R) «<— XJy = JpX (Corollary 3)
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(3) X €Sp(n,R) <= XTJyX = Jy (Proposition 19)
(4) X €0@2n) +—= XI'X=XXT=1I
Out of the last three conditions, we claim that any two of them imply the third. For instance, (3)
and (4) imply (2): If XXT =T and X7 JoX = Jo, then JoX = (XXT)JoX = X(XTJoX) = X Jo,
so X € GL(n,C). Similarly, (2) and (3) imply (4): If XJy = JoX and X7 JyX = Jy, then Jy =
XTJoX = XT X Jy, so multiplying both sides by —.Jy gives I = X7 X, which means X € O(2n).
Finally, (2) and (4) imply (3): If XJy = JoX and XTX = XX =1, then X7 JoX = XTX Jy =
IJy = Jy, and X € Sp(n,R). This proves the second and third equalities.
Let us now show the first equality, U(n) = Sp(n,R) N O(n). Consider a unitary matrix
X =A+iB € U(n) C GL(n,C) under the identification of GL(n,C) with GL(2n,R). The adjoint
X* becomes the transpose, X' (cf Proposition 17), therefore the defining condition for a unitary
matrix X = A+iB € U(n) C GL(n,C), X*X = XX* = I, translates to XX = XXT = I in
GL(2n,R), which means X € O(2n). But since X € U(n) C GL(n,C), we also have X Jy = JoX,
soJo=1Jy=X"XJy=X"JyX, and X € Sp(n,R), too. For the reverse inclusion, we reverse
the argument: Since X7X = XXT = I and X7 JyX = Jy imply X € GL(n,C), the identity
XTX = XXT = I means X*X = XX* = I under the identification of GL(n,C) with it’s image in
GL(2n,R), and X € U(n).
Lastly, let H(n) denote the real vector space of n x n Hermitian matrices. The real dimension
of H(n) is n%: (A+iB)* = AT —iBT = A+iBiff A= AT and B = —B?, and dim Sym,,(R) =

n(n+1)/2 and dim Skew, (R) = n(n —1)/2). Now define the smooth map

F: M, (C) = H(n)
F(A):=A"A—-1
We claim that F' is a submersion at each point A € U(n): its derivative at A € U(n) is given by

the product rule,

DF(A) = A*(+) + (-)*A € Homg (M,(C), H(n))
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iie. DF(A)B = A*B+ B*A, and DF(A) is easily seen to be surjective, for if B € H(n), let %BA €

M,(C) and since A € U(n) we will have A*A = I, so DF(A)(3AB) = 3(A*AB + B*A*A) = B.

Consequently, (Lee [73, Proposition 4.1, Corollary 5.14]) F~1(0) = U(n) is a smooth embedded

submanifold of M,,(C) of codimension equal to dim #(n) = n?, therefore of dimension 2n%—n? = n?.

Proposition 26 Sp(n,R) is homeomorphic to the product of the unitary operators and the space

of self-adjoint operators in sp(n,R), which is in turn homeomorphic to U(n) X ]R"2+”,

Sp(n,R) =~ U(n) x (Sym,, (R) Nsp(n,R)) (2.61)

~ U(n) x RV *" (2.62)

Consequently, Sp(n,R) is a connected (2n? +n)-dimensional Lie group, and its fundamental group
18 7.,

71 (Sp(n,R)) = Z (2.63)
Proof: Since all A € Sp(n,R) can be uniquely written as A = UP where U € U(n) = Sp(n,R) N
O(2n) and P € Sp(n,R) N Sym,,,(R)", and moreover P is positive iff P = e? for some B €
Symy, (R) Nsp(n,R), the first result follows. That (SA(R**)Nsp(n,R)) ~ R™*+7 is seen as follows:

If A € Sym,,(R)Nsp(n,R), then A= AT and AJy + JoAT = 0. Writing A as a block matrix,

B C
A=
D E
these conditions translate into
B C 0 -1 0 -1 B C C —-B -D —F
0=AJy+ JoA" = + = +
D FE I 0 I 0 D F E —-D B C

which means

i.e.
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But since A = AT, we must also have C = CT and B = BT, and therefore A is entirely deter-
mined by the two symmetric matrices B,C € Sym,,(R). Since dim(Sym,,(R)) = %, we have
dim (Sym,, (R) N sp(n,R)) = 2dim(Sym,(R)) = n(n + 1), and Symy, (R) N sp(n,R) is therefore
homeomorphic to R4+,

Thus, A € Sp(n,R) iff A = UeP for unique U € U(n) and B € Sym,,, (R) N sp(n, R) ~ R*",

and so

Sp(n, R) = U(n) x (Symy,(R) Nsp(n,R)) ~ U(n) x R**"

Since U(n) is connected and its fundamental group is Z, the theorem follows. (This last statement
follows from the long exact sequence of homotopy groups arising from the fibration U(n — 1) —
U(n) — S?"~! and the observation that the inclusion U(1) — U(n) induces an isomorphism of

fundamental groups. See Theorem 4.55, p. 374, and Example 4.55, p. 381, in Hatcher [56]). |

Lemma 1 Let A € Sp(n,R) and let o(A) denote its spectrum. Then X € o(A) iff \™! € o(A) and
they both have the same (even) multiplicity. In particular, if £1 € o(A) then it occurs with even
multiplicity. Lastly, if \, N € o(A) and AN # 1, then for all eigenvectors u € E\ and v € Ey we
have wo(u,v) = 0. In particular wy vanishes on Ey whenever X\ # 1.

Proof: Any A € Sp(n,R) satisfies AT JyA = Jy, or equivalently AT = JOA_IJal, which shows
that AT is similar to A~! and therefore A and A~! have the same eigenvalues. If A € o(A), then
A € o(A7Y), too, so if A # +1, it must have even multiplicity. If A = —1 € o(A), then the fact
that 1 = det(A) = [[ e, () A implies that —1 must have even multiplicity, too, and therefore if

A=1¢€0(A), it will also have even multiplicity. The last statement follows from the identity
AN (u, Jov) = (Au, JoAv) = wo(Au, Av) = wo(u, v) = (u, Jov)

Similarly, if A # 1 and u,v € E), then |\|? (u, Jov) = (u, Jyv), which must therefore equal 0. M

Lemma 2 Let A € Sp(n,R) N Sym,, (R)* be a symplectic, symmetric positive definite matriz.

Then A* € Sp(n,R) for all real a > 0.
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Proof: We must show that each (A%)*wy = wy for each a > 0. Diagonalizing A involves conju-
gating by a change-of-basis matrix g € GL(2n,R), D = diag(A1, ..., \2n) = gAg™!, and all Aj >0
(Proposition 5 and Theorem 7), so that A® = g~ 'D% = g~ldiag(\{,...,)\S,)g. Suppose EA?
is the eigenspace of A% corresponding to AY (this space is identical to the eigenspace Ey; of A
corresponding to A;, since A% = g 1D%g). Then whenever Aidj # 1 we will also have ATAS # 1,
so Ey; Lu, E), implies Exe Loy E,\‘?c. That lemma also guarantees that if )\JO-‘ # 1, which is always

the case whenever \; # 1, then wq vanishes on Ej . Thus, for \;A; # 1 or A; = A; # 1 we will have
wo(A%, A%v) = (M) “w(u, v) =0 = wo(u, v)

whenever u € Eye and v € EA?. The remaining possibility is A; = 1, in which case we trivially

have wo(A%u, A*v) = wp(u,v) for u,v € Ej. [ ]

Proposition 27 U(n) is a deformation retract of Sp(n,R), so the quotient group Sp(n,R)/U(n)
is contractible.

Proof: In the polar decomposition of A (Proposition 14), A = UP, we have P = (A*A)Y/? =
(AT A)1/2 ¢ Sp(n,R), which actually lies in Sp(n,R) N Sym,, (R)* C GL(2n,R) by the previous
lemma, so we can solve for U, namely U = A(AT A)~1/2 € U(n). In fact, by that lemma all positive
real powers t of (AT A)~1/2 are also symplectic, so (AT A)~%/2A € Sp(n,R) for all ¢ > 0. This allows

us to define the function:
H :Sp(n,R) x [0,1] — Sp(n,R)
H(A,t) := A(ATA)~'/?
We note that H is continuous, and satisfies H(A,0) = A = idgp(nr)(A) and H(A,1) = A(ATA)=1/2 =

U € U(n), so H defines a homotopy between the identity on Sp(n,R) and the retraction r :

Sp(n,R) — U(n), r(A) = A(ATA)~1/2. That is, H is a deformation retract. [
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2.3.5 The Interaction between Inner Products, Symplectic Forms, and Complex

Structures
2.3.5.1 The Existence of Compatible Complex Structures

Let V be a 2n-dimensional real vector space, let g be an inner product on V', and let w be
a symplectic form on V. That is, g is a symmetric bilinear form with signature (2n,0) and w is a
skew-symmetric, eqivalently alternating, bilnear form, and both g and w are nondegenerate. We
sometimes use the isomorphism A*(V) 2 HomZ_,(V;R) to view w as an abstract bivector, when

that is more convenient.

Proposition 28 Given an inner product g and a symplectic form w on a finite dimensional real

vector space V', there exists a linear operator S € End(V') such that

(1) w(u,v) = g(S(u),v), for all u,v € V.

(2) S is skew self adjoint, that is S* = —S, or equivalently g(S(u),v) = g(u,—S(v)) for all

u,v €V.

(3) S has matriz representation with respect to a symplectic basis B for w as Jy,

0 I,
Slg=Jo=
I, 0

(4) S is a complex structure on V, that is S* = —1I.
(5) S €sp(V,w), that is w(S(u),v) + w(u,S(v)) =0 for all u,v € V.
(6) S € Sp(V,w), that is S*w = w, or explicitly w(S(u), S(v)) = w(u,v) for all u,v € V.

(7) S e O(V,g), that is S*g = g, or explicitly g(S(u),S(v)) = g(u,v) for all u,v € V.
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Proof: (1) and (3): Let 8 = (u1,...,Un,v1,...,v,) be a symplectic basis for V' with respect to w.

Since Moy, (R) = End(V), there is a unique S € End(V') such that [S]s = Jy = [w]g. Then,

g(S(ua),u1) g(S(uz),u1) - g(S(vn), u1)
9(S(u1),uz) g(S(uz),uz) - g(S(vn), uz)
9(S(u1),vn) g(S(uz),vn) -+ g(S(vn),vn)

wug,up) w(ug,uy) -+ wl(vp,ur)

18] = Jo =[] = wur,uz) wl(ug,uz) -+ wl(vy,us)

wui,vy) wl(ug,vy) -+ w(vp,vy)

by virtue of 5 being a symplectic basis. Thus, since go (S xidy ) agrees with w on the basis elements,
we must have g o (S xidy) = w on all of V.

(2) From the skew symmetry of w, we have

9(5(u),v) = w(u,v) = —w(v,u) = =g(5(v),u) = g(u, =S(v))

But we already know that, since V is finite dimensional, the adjoint of S exists, is unique, and
satisfies g(S(u),v) = g(u, S*(v)) for all u,v € V, so from the above equation we must have that
S*=-S.

(4) Since [S?]5 = [S]% = Jg = —Iy, = [-1]p, we see that S? = —1I.

(5) By (1), (2) and (4) we have
w(S(u),v) +w(u,S(v)) = g(5*(u),v) +g(S(u), S(v))
= g(8%(u),v) + g(u, =S*(v))

= _g(u7 U) + g(u? U)

=0
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(6) Again by (1)-(2)

(7) By (1), (2) and (4), g(S(u), S(v)) = g(=5%(u),v) = g(u,v). u

The above proposition shows that if we are given a symplectic form w and an inner product
g on V, we get a complex structure J on V which satisfies g(J(u),v) = w(u,v) for all u,v € V.
The next proposition shows that if we are given w and J, then, as long as J € Sp(V,w), we get
g and this time g(u,v) = w(u, J(v)). Since J € Sp(V,w), we automatically recover the previous
formula g(J(u),v) = w(J(u), J(v)) = w(u,v). Here g will be symmetric and nondegenerate, but

not necessarily positive definite. In other words, g may have signature (p, ¢) with ¢ # 0.

Proposition 29 Let (V,w) be a symplectic vector space and let J be a complex structure on V. If
in addition J € Sp(V,w), i.e. J*w =w (that is w(J(u), J(v)) = w(u,v) for allu,v € V, see the next
section 2.3.4), then there is a unique nondegenerate symmetric bilinear form gy € Homgym(V;]R)

given by

g7 (u,v) == w(u, J(v)) (2.64)
for all u,v € V.

Proof: That g; as defined in (2.64) is nondegenerate follows from the fact that J € Sp(V,w) C
GL(V) and the fact that w is nondegenerate (and therefore a reflexive form). That ¢ is symmetric

follows from the fact that J € Sp(V,w):

9(u,v) = w(u, J (v)) = w(J (), J*(v)) = ~w(J (u),v) = w(v, J () = g(v, ) u
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Remark 17 We remark that g; may not be positive definite, and so may not be an inner product.

For examle, on (R?,wg) we can take J(z,y) = (y, —x), i.e.
J =
-1 0

Then clearly J? = —I, but

gJ((CU, y)’ (CL‘,y)) = wo((az,y), J(l‘,y)) = WO((x’y)7 (ya —I‘))

= da Ayz((2,y), (y, —2)) = da(z, y)dy(y, —z) — da(y, —x)dy(z,y) = —2* —y°
and so gy is negative definite. [ |
Definition 4 When g; = w o (idy xJ) is positive definite, that is
(1) g(v,v) =w(v,J(v)) >0 for all v € V with equality only when v =0. (J is tamed by w)

then we say, following McDuff and Salamon [76], [77], that J is tamed by w or is w-tame. When

additionally J € Sp(V,w), i.e. when J*w = w, explicitly
(2) w(J(u), J(v)) =w(u,v) for all u,v € V. (J is calibrated by w, cf Audin [12])

we say J is compatible with w or is w-compatible. Berndt [16] calls J satisfying (1)-(2) positive
compatible, but we will stick with the McDuff and Salamon terminology here. We will also say, in
this case, following Berndt, that ¢ is compatible with w. When J is w-compatible we call the
triple (V,w, J) a Khéler vector space (see Berndt [16]).

Let us follow Audin [12] and McDuff and Salamon [76] [77] in denoting the set of all complex
structures on V by

JV)

and the set of all w-tame, w-calibrated, and w-compatible complex structures on V', respectively,
by

JIr(V,w), Je(V,w), J(V,w) =T (V,w) N Te(V,w)
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Finally, let us also introduce the following notation, respectively, for the set of all inner products
(i.e. metrics, or positive definite symmetric bilinear forms) and the set of all symplectic forms on

V.

Remark 18 If J is w-tame only, the bilinear form g¢;(u,v) := w(u, J(v)) is not necessarily sym-
metric, since we do not have the last equality in w(u, J(v)) = —w(J(v),u) = w(v, J(u)). However,

if we average w(u,J(v)) and w(v, J(u)), then we do get symmetry: define

g7(u,v) = %(w(u, J(0)) + w(v, J(u))>

Then clearly g(u,v) = gj(v,u), and g is a metric. [

2.3.5.2 Interlude on Hermitian Inner Products on Symplectic Spaces

We pause here to note that, once we have a compatible almost complex structure J € J(V,w),
the symplectic form w and the induced metric g; combine to give a Hermitian inner product H;

on the complexified space V;, making (V;, H;) a Hermitian space.

Proposition 30 (Hermitian Inner Product) Given J € J(V,w), denote the associated posi-
tive definite metric gy. From this metric we can construct a hermitian inner product H; on

the complexified space Vy,
H] : VJ X VJ — C
Hy(v,w) = g;(v,w) + iw(v, w)

Proof: We first show that H is sesquilinear and satisfies H;j(w,v) = Hj(v,w). Since additivity

in each coordinate follows from that of gy and w, we only need to show the scalar multiplication
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Hy((a+ ib)v, (¢ + id)w)

= gs((a+ib)v, (c + id)w) + iw((a + ib), (c + id)w)

= gs(av +bJ(v), cw + dJ(w)) + iw(av + bJ(v), cw + dJ (w))

= acgy(v,w) +bdg;(J(v), J(w)) + adg (v, J(w)) + beg.s (J (v), w)
+iacw(v, w) + ibdw(v, w) + iadw (v, J(w)) + ibew(J (v), w)

= acgy(v,w) + bdg (v, w) — adw(v, w) + bew(v, w)
+iacw(v, w) + ibdw(v, w) + iadg, (v, w) — ibcgs (v, w)

= [(ac+bd) + i(ad — be)] (g (v, w) + iw(v, w)]

= (a—ib)(c+id)H, (v, w)

= (a+1ib)(c+id)H(v,w)

Next,

Hjy(w,v) = gj(w,v)+iw(w,v)
= gy(w,v) —iw(w,v)
= gs(v,w) +iw(v,w)

= Hy(v,w)
Finally, we show that H is positive definite. If v € V;\{0}, then
Hj(v,v) = gj(v,v) +iw(v,v) = gs(v,v) >0
since w is skew-symmetric and gy is positive definite.

Example 6 Consider C™ with its standard Hermitian inner product

H(z,w) = Z Zw;
j=1
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Writing z; = a;j + ib;, w; = ¢; + id;, we have
zjwj = (a; —ibj)(¢; +idj) = (ajc; + bjd;) + i(a;jd;j — bjc;)

so that the sum becomes

n

H(Z, W) = (CL]'C]' + bjdj) + i(ajdj — bjCj)

—_

J
= (al,...,an,bl,...,bn)-(01,...,Cn,d1,...,dn)
i(=b1y.oy—=bp,at,...,an) - (c1,...,cn,d1, ..., dy)
= (a7 b) * (C?d) +Z(J0(a7b)) : (C,d)

= gx((a,b),(c,d)) +iwo((a, b), (c,d)
That is, under the identification C™ = ]R?,g‘,
z = (a1 +ib1,...,an +iby) — (a1,...,an,b1,...,b,) = (a,b)

we have that

Hj, =gj, +iwg=H

so Hj, is precisely H.

Remark 19 Let us consider the unitary group

U(n) = {X € GL(n,C) | X*H = H} = {X € GL(n,C) | X*X = XX* = I}

under the identification C" = ]R%g with Hj, «— H. Here, GL(n, C) is identified with the stabilizer

subgroup GL(2n,R), of GL(2n,R) via the map

A -B
X =A+iB— f(X):=
B A

(see Corollary 3 above) and the unitary group U (n) is identitfied with O(2n)NSp(n,R) (Proposition
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25 above), so X € U(n) iff f(X)*gs, = 94, and f(X)*wo = wo. We now show that this relation
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holds for any symplectic space (V,w) and any fixed J € J(V,w), where we use the Hermitian inner

product H; = gj + iw on Vj:
U(Vy, Hy) = O(V,95) N Sp(V,w) o

Definition 5 Given a symplectic vector space (V,w) and an w-compatible complex structure J €
J(V,w), we may construct the Hermitian inner product H; on V;. Then we say that a C-linear
map T € End¢(Vy) is Hj-Hermitian if H;(T-,-) is Hermitian, H j-skew-Hermitian if H;(T-,-)

is skew-Hermitian, and H j-unitary if T*H; = H.

We have seen that a given 7' € Endg(V) lies in Endc(Vy) iff T o J = J oT. Under what

conditions is T also H j-unitary?

Proposition 31 Let J € J(V,w) and T € Endr(V). Then T € Endc(Vy) and is H j-unitary iff

T € 0O(V,g95)NSp(V,w), i.e.
U(Vy, Hy) =O0(V,95) NSp(V,w) (2.65)

which is the abstract analog of Proposition 25.

Proof: If T € End¢(Vy) is Hy-unitary, then T oJ = JoT and T*Hy = Hy, so T*gy + iT*w =
gJ + iw, which shows that T*g; = g; and T*w = w, so T' € O(V,gs) N Sp(V,w). Conversely, if
T € O(V,g5) N Sp(V,w), then T*g; = g5 and T*w = w, so in order to show that T*H; we also

need to have that JoT =T o J. [ |

In the remainder of this section we will look at the topological and geometric properties of the
spaces J(V), T-(V,w), T.(V,w), J(V,w), M(V) and (V). Our first result, the fact that every
symplectic space is linearly symplectomorphic to the standard space (R?",wy), in fact naturally
with respect to each J € J(V), means it will suffice to study J(R?*"), M(R?") = Sym,, (R)",

Q(R?") and related spaces.
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2.3.5.3 All Symplectic Vector Spaces (V,w) are Linearly Symplectormorphic to

(R2n, WO)

Proposition 32 Let (V,w) be a 2n-dimensional symplectic space. Then, for every complex struc-

ture J € J(V) on V there is a linear symplectomorphism
®:R™ =V

such that the following diagram commutes

@
R |4
J() J i.€e. JO(D:CI)OJ()
R?" v
)

and so (V,w) = (R®,wg) with the extra compatibility condition on complex structures specified
above. Moreover,

®*w = wy

Proof: Let V10 = ker(JC —iI), VO = ker(JC 4 iI) be the eigenspaces of the complexified J©
on VC = V10 @ VOl where dim(V10) = dim(V®!) = n (see Section 2.3.1). Then any basis

gC = {wj :==wu; +iv;|j=1,...,n} for V10 gives a basis 8 = (u1,...,un,v1,...,0,) for V, and
J(uj) = —vj, J(vj) = u;

on this basis, since J(w;) = iw; iff J(uj + ivj;) = —v; + iuj. Let ® : R*™ — V be given by

n

Q(X) = (I)((.ha <o Qqn,P1y - ,pn) = Z(qjuj —p]vj)
j=1

where x = Z?:l gjej + pjenyj € R?". Then for all x € R?" we have

(®0Jo)(X) = B(=p1,- s —Prs Qs -1 Gn) = — D _ (Dt + ¢5v5)
j=1

= (S - wm)) = (S las - )) = (o200

j=1 j=1
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Finally, note that ® is a symplectomorphism, that is ®*w = wy, for if u = (uy,uz) where u; =

(q1,---,qn) and ug =

(p1,-..,Pn), and similarly v = (v, va), then, supposing (as we may in light

of Theorem 10) that (uq,...,upn,v1,...,v,) is a symplectic basis for (V,w),

P'w(u,v) = w(®(u),®(v))
n n
= W (Z qiUi — PiVi, Z q;uj - p}w)
i=1 j=1
n
= Z [Qiq;w(uiauj) - Qipg'w(uiavj) *Pi(é‘w(viauj) +P¢P}w(vi7vj)
ij=1
n
= Y pidjwole;, e) — pigiwo(e;, e;)
ij=1
— <u17v2> - <u27u1>
= wo(u,v)
where the last equality follows from (4) of Proposition 18. |

In light of the above it is enough to consider (R?",wy, Jo) in what follows.

2.3.5.4 The Space of Metrics M (R??)

Let us begin with the simpler case, that of the space of metrics on R?",

M(R?") 2 Sym,, (R)*

Understanding this space will motivate a similar study of the other spaces. We refer to Lang [39,

pp. 322-338] and Gil-Medrano and Michor [39] for a fuller account of what follows. To begin with,

M(R?") is a convex cone in the vector space Sym,,, (R) (it is closed under sums and positive real

scalar multiplication) and contains the identity, so it is trivially path-connected and contractible.

To see that it is an open submanifold of Syms,,(R) of dimension n(n + 1)/2,% note that

2 Sym,,, (R) is itself a closed vector subspace, hence closed submanifold, of M2, (R), being finite-dimensional.
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Proposition 33 The exponential exp : Ma,(R) — GL(2n,R), exp(A) := >3°  HA*, restricts to
a C*-diffeomorphism,
€xp ‘Smen(R) : Sym2n (R) = Sym2n (R)+

Consequently, Sym,,,(R)™ is a smooth manifold of dimension n(n + 1)/2, which is path connected

and contractible.

Proof: Note that any A € Sym,, (R) is diagonalizable (Proposition 5 and Theorem 7) and its
eigenvalues are real (Av = v and A = AT iff \||v[|? = (\v,v) = (Av,v) = (v, Av) = (v, \v) = A|]v||?
implies A = \). But diagonalization is just conjugating by a change-of-basis matrix g € GL(2n,R),

A = gdiag(\1,..., A2, )9~ !, which makes exponentiation very transparent,

A _ g diag,don)g ™ odiag(MAan)

e )\zn) —1

gt = gdiag(e, ..., eMn)g

=g

Moreover, this expression gives an explicit diagonalization of e, by the same change-of-basis ma-
trix, which shows that the eigenvalues of et are positive, and therefore by Proposition 5 and The-
orem 7 demonstrates that e is symmetric and positive definite. But more is true: exp ’Smen(R) is

smooth and invertible, with smooth inverse
log : Symy,, (R)" — Symy, (R)
log(A) = log(gdiag(ay, . ..,az,)g 1) := gdiag(logay,...,logas,)g "
where g is the change-of-basis matrix diagonalizing A, which necessarily has positive eigenvalues

Oéj. [ |

Remark 20 There is a natural Riemannian structure to M(R?"), which uses the Riemannian
structure of Sym,, (R) given by?
<'7 '>tr : Smen(R) X Smen(R) — R

(A, B),, :=tr(AB)

3 It is symmetric and bilinear by the properties of the trace map, and positive definite since if A is diagonalized
as A= gDag™ ', then (A, A), = tr(4%) = tr((¢Dg 1)(gDg™ ")) = tr(¢gD?*g™ ") = tr(D?) = Z?Zl A7, and this equals
zero iff all \; = 0iff A=0.
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where we identified the tangent space to a point A € Syms,,, (R) with Syms,,, (R) itself, since the
tangent bundle to any finite-dimensional vector space is trivial (vector spaces are parallelizable).
The norm induced by (-, -),, is called the Frobenius norm. Using this metric, we can get a metric
on Sym,, (R)", viewing it as an open submanifold of Syms,,, (R) with the same tangent spaces above

each point: if P € Sym,,,(R)* and A, B € Tp Sym,, (R)" = Sym,,,(R), define
()p:Tp Sym,,, (R)™ x Tp Sym,, (R)" — R
(A,B)p:=(P"A,P7'B) =tr(P"'AP™'B)
The symmetry and biliniearity follow as before, while the positive definiteness follows from
tr(P~TAPTIA) = tr (P71 APTI2)(PTI2APTI?))) = tx(C?)

where C' = P~Y2AP~1/2 since tr(C?) > 0 if A # 0, for we may suppose A diagonalized by an
appropriate choice of basis. If P : (—¢,e) — Sym,,(R)" is a curve, then its length from P(0) to

P(t) in the induced norm is

s(t):/o | P'(s)] dSZ/O \/tr((P(s)_lP’(s))z)ds

and the differential of this length is

d 2
<d';> - tr((P(t)’lP’(t)), or, abbreviated,  ds® = tr((P~1dP)?)
This is called the trace metric on Sym,, (R)", and makes it a Riemannian manifold. [

2.3.5.5 The Space of Symplectic Forms Q(V)

Recall that Q(V) denotes the space of symplectic forms on a 2n-dimensional real vector space

V. We have an analogous description of (V') as we did of M(V), via the same methods.
Proposition 34 The general linear group GL(V') acts transitively on Q(V') by
GL(V) x Q(V) = Q(V) (2.66)

grw:i=(g " Vw=w(g"()g () (2.67)
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and the stabilizer of any w € Q(V') is the symplectic group Sp(V,w), which is the group of isometries

on the symplectic vector space (V,w),
GL(V), = Sp(V,w) (2.68)
Consequently, by the orbit-stabilizer theorem for Lie groups we have the diffeomorphism
Q(V) =~ GL(2n,R)/Sp(n,R) (2.69)

and Q(V') is an embedded submanifold of End(V) of dimension dim Q(V) = 2n? — n.

Proof: To see that the GL(V)-action is transitive, let w € Q(V) and g € GL(V), and define
@ :=g'w=w(g(-),9(-)) € AV) (g*w is clearly skew-symmetric, and it is nondegenerate since both
g and w are nondegenerate). Then, clearly (¢7!)*@ = w. To understand this transitivity better,

1

note that if & = (g, p) is an w-symplectic basis for V', then 8 = g~ a = (¢/,p’) is an &-symplectic

basis for V, for the relations (2.35) for w imply
(g, 4§) = g"w(4i, q5) = w(g(a), 9(g5)) = w(gi q5) =0

and similarly @(p,p}) = 0 and &(q;,p}) = dij. Thus, o = gf3, and g is a change-of-basis matrix
from S to a, and g~ therefore changes a to 3. Finally, it is clear that g € GL(V), iff g - w = w iff
g*w = w, iff g € Sp(V,w).

The fact that the orbit-stabilizer bijection is a diffeomorphism is analogous to the situation
with GL(2n, R) acting on J(R?"), as in Proposition 35 below: View (V) as a subset of the vector
space (hence manifold) Hom%(V;R) = End(V), and view the action of GL(V) as taking place on
all of End(V'). Then by the orbit theorem for Lie groups (see Kirillov [64, Theorem 3.29] and Lee
[73, Theorems 21.18, 21.20]) we have that the stabilizer GL(V'),, of w is a closed Lie subgroup
of GL(V') and the map ¢ : GL(V)/GL(V),, — End(V), ¢(g - GL(V),) — ¢+ w is an immersion
which is equivariantly diffeomorphic onto its image w(V'). The dimension of Q(V) is therefore

dim GL(V) — dim GL(V),, = 4n% — (2n% +n) = 2n% — n. [ |
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2.3.5.6 The Space of Complex Structures J(R?")

Let us now explore the case of J(R?"). We will tackle J,(R?*") and J.(R*") in the next

section.

Example 7 Consider the symplectic space (R?, wp) and the associated spaces J (R?) and J (R?, w)
of complex structures and wg-compatible complex structures. We have seen (Remark 17) that
for a given J € J(R?) we do not always have g; € Syms(R)T (the space of positive definite
2 x 2 symmetric matrices), though, by Proposition 29, we do have that g; € Syms(R) so long as

J € Sp(1,R). In the 2 x 2 case this is always true, because

J(R*") C Sp(1,R)

a b
To see this, write J = € J(R?) and note that the condition J? = —I translates to
c d
2
-1 0 a b a’? +bc ab+ bd
0 —1 c d ac+cd be+ d?

which in turn reduces to the equations
a? =d* = —1 — b, dla+b)=cla+d)=0

We see from the first equation that neither b nor ¢ can equal 0, so along with the second equation
this implies that a = —d. We thus have two possibilities, either d = —a # 0, in which case

d=b=—aand c= (a®>+1)/a, orelse d =a =0 and ¢ = —1/b:

a —a 0 b
J = or
a?+1 1
0 —a -7 0

If we use the characterization of Sp(1,R) given in Proposition 19, that A € Sp(1,R) iff AT JyA = Jy,
then either form of J above is easily seen to satisfy this identity.

A second observation we make is that GL(2,R) acts transitively by conjugation on J(R?).
Indeed, J(R?) is the orbit of Jo:

J(R?) = GL(2,R) - Jy
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For clearly, if g € GL(2,R), then J := gJog~"' € J(R?), since
J = (9Jog™ ") = gJog 'gdog T = gJdg = —gg = —1

Conversely, if J € J(R?), let by = (1,0) and by := J(by). Then (by,bs) is a basis for R?, since

J € GL(2,R) (indeed, b2 = (a, “2(1“), if a # 0, or by = (0,—3), if a = 0 in the expression for .J
above). Let g be the change-of-basis matrix from the new basis 8 = (b1, b2) to the standard basis

p = (e1,e2): in the first case, a # 0, we have

1 a
g=Mpg,= ([bl]p [b2]p) = 5
0 a“+1
a
so that
1 a 0 -1\ [1 3% a —a
9Jog™! = R =J
2 2
0 <X/ \1 0/ \0 = et g
In the second case, when b = 0, we have
1 0
g:
1
0 —3
and similarly
) 1 0 0 -1 1 0 0 b
gJog~ = = —J
0 —z/\1 0/)\0 —b -3 0

Finally, observe that the stabilizer of Jy under the GL(2,R)-action is the space of all real

2 x 2 matrices of the type
g =
b a

which is isomorphic to C = GL(1,C), which follows from Corollary 3 above. Thus, by the orbit-

stabilizer theorem,

J(R?) = GL(2,R) - Jo ~ GL(2,R)/ GL(2,R);, = GL(2,R)/ GL(1,C) n

In fact, the above example generalizes to all (R?",wy):
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Proposition 35 The general linear group GL(2n,R) acts transitively by conjugation on space of
complex structures J(R?"), and the stabilizer of the standard complex structure Jo is isomorphic
to GL(n,C). Consequently, J(R?") is an embedded submanifold of Ma,(R) of dimension 2n?, and

the orbit-stabilizer bijection is a diffeomorphism,

J([R*) = GL(2n,R) - Jy (2.70)
~ GL(2n,R)/CGL(2n,R), (2.71)
~ GL(2n,R)/GL(n,C) (2.72)

Moreover, the tangent space at J € J(R?") is

737 (R*") 2 g(2n,R)/g(n, C) = Man(R)/M,(C) = R*"

Proof: It is clear that if J = g-Jy = gJog~!, then J?2 = —I, so J € J(R?*"), which shows that
GL(2n,R) - Jo € J(R?"). For the reverse inclusion, let J € J(R?"), and consider a .J-complex
basis 8 = (b1,...,bn, J(b1),...,J(by)) for R?", for example let b; = e; be the first n coordinates
of the standard orthonormal basis p = (ey,...,e2,), and let the remaining n coordinates be J(e;).

Then let g = Mg , be the change-of-basis matrix changing 3-coordinates into p-coordinates,
g:= Mg, = [[bl]p e (bl [J(01)]p - [J(bn)]p} € GL(2n,R)

and note that

glog t=1J (2.73)
This is because the matrix representation of J in the basis § is
s = [[70]s -+ [T(T(bn)]s] = Jo
so equation (2.73) means (cf Roman [92, Corollary 2.17])
J = [J), = Mg,[J]sMg,

which is, therefore, just J represented the standard basis p instead of the J-complex basis 3. We

have thus shown that 7 (R?*") C GL(2n,R) - Jy, and therefore J(R?") = GL(2n,R) - Jo.



82

The statement GL(2n,R)j, = GL(n,C) is just Corollary 3, and the bijection GL(2n,R) -
Jo ~ GL(2n,R)/ GL(2n,R), is just the orbit-stabilizer theorem. To see the manifold structure of
J(R?™), view J(R?") as a subset of the vector space (hence manifold) Ma,(R), and view the action
of GL(2n, R) as taking place on all of My, (R). Then by the orbit theorem for Lie groups (see Kirillov
[64, Theorem 3.29] and Lee [73, Theorems 21.18, 21.20]) we have that the stabilizer GL(2n,R) s, =
GL(n,C) of Jy is a closed Lie subgroup of GL(2n,R) and the map ¢ : GL(2n,R)/ GL(2n,R);, —
Mo, (R), ¢(g - GL(2n,R),) = g+ Jo is an immersion which is equivariantly diffeomorphic onto its
image J(R?"). The dimension of J(R?") is therefore dim GL(2n,R) —dim GL(n,C) = 4n? —2n? =
2n? (recall that GL(n, C) = det™!(C*) is open in M, (C) = M, (R)® M, (R), so has dimension 2n?).

See Theorem 3.29 in Kirillov for the claim about tangent spaces. |

Remark 21 Another way to describe the inclusion GL(2n,R) - Jo 2 J(R?") is via Proposition 32
above, by taking V = R?" and noting that AJ = JyA for some A € GL(2n,R?"), which holds iff

J=A"1JyA = o(A) for that same A. [

Recall that GL(2n,R) = GL*(2n,R) UGL™ (2n,R) is disconnected with two connected com-
ponents, GL*(2n,R) = det™1(0, 00) containing the identity I and GL™(2n,R) = det™*(—o0,0) not
containing it. The diffeomorphism ¢ : J(R?") ~ GL(2n,R)/ GL(2n,R), of the previous proposi-
tion therefore implies the disconnectedness of 7 (R?") into two connected components, J*(R?").

Since det Jy = 1, we see that Jy € GL*(2n,R), so that
Jo € GLT(2n,R) - Jo = JT(R*)  and  Jy ¢ GL™(2n,R)-Jy = J (R*™)
We have thus shown:

Corollary 5 The space of complex structures J(R?") is disconnected, with two connected compo-

nents, JT(R?) containing Jo and J~(R?*") not containing it,

j(RZn) — j+(R2n) ug- (R2n>
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and where the conmected components are diffeomeorphic to the two components GLi(2n,R) of
GL(2n,R) as

JT(R*) ~ GLT(2n,R)/ GL(n, C) u

Finally, note that GL(2n,R) is homotopy equivalent to O(2n), GL*(2n,R) is homotopy
equivalent to SO(2n) and GL(n,C) is homotopy equivalent to U(n), each via Gram-Schmidt or-
thonormalization. We will demonstrate this on the example of O(2n). Define the continuous map
h: GL(2n,R) x I — GL(2n,R) as follows: for A = (ay,...,a2,) € GL(2n,R), with columns a;, let
B = (by,...,ba,) € O(2n) be the result of applying the Gram-Schmidt process to the columns a;

of A,

b1 = 51131

by 1= ly1a1 + fo0as

by := lop1a1 + - - + lop 2n20,
where all £;; > 0, and define the vectors
cj = t(ljar + -+ L1a5-1) + (5 + 1 —t)a;

Using these, we define the map h by letting h(A,t) be the matrix with columns the coordinates
of these vectors. Then, h is clearly continuous and satisfies h(A,0) = A and h(A,1) = B, and

h(B,t) = B for all B € O(2n), so it defines a deformation. As a result:

Corollary 6 We have the following homotopy equivalence:
JT(R?™) ~ SO(2n)/U(n)

The set J+(R?™) is therefore the space of all orientation-preserving complex structures on R?". W
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2.3.5.7 The Spaces of Tame and Calibrated Complex Structures, J,(V,w) and

Te(V,w)

The main statements about the manifold structure and homotopy type of the spaces J-(V,w)

and J.(V,w) will be stated and proven in a single proposition.

Proposition 36
(1) J-(V,w) is diffeomorphic to the open wunit ball By of the 2n*-dimensionsl vector space
Y = {A € My,(R)| AJy+ JoA = 0}, and therefore is a 2n*-dimensional smooth contractible

manifold.

(2) J.(V,w) is diffeomorphic to the open unit ball By of the n(n + 1)-dimensionsl vector space
Z = {A € Sym,,(R) | AJy + JoA = 0}, and therefore is a n(n + 1)-dimensional smooth
contractible manifold.
Proof: There are at least three proofs of the contractibility of J7,(V,w), all found in McDuff and
Salamon [76, p. 65-67]. The first is due to Gromov [45], and uses fibrations, the second and third
are due to Sévennec and are found first in Audin [12] and later in McDuff and Salamon, with the
second and third being quite elementary and geometric. The third proof is also geometric, making
use of Lagrangian subspaces, but we will follow the second of these proofs, which has the benefit
of proving also the calibrated case in one extra step and also giving a manifold structure to both
spaces.
(1) By Proposition 32 it is enough to consider (R?",wg). Let Y = {A € Mo, (R)|JgA+ AJy =
0}, which is a real subspace of My, (R), and let By :={A € Y | ||[A|| < 1} be the open unit ball in

Y. Consider the map F : J,(R?** wy) — By given by

F(J) == (J+Jo) ' (J—Jo)

= (Jy'T+n NIyt -1)
First, note that J + Jo € GL(2n, R), since for all nonzero x € R?" we have

wo(x, (J + Jo)(x)) = wo(x, J(x)) + wo(x, Jo(x)) > 0
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since both J and Jy are w-tame. Thus, ker(J + Jy) = {0} and F is well defined. To see that its
image lies in By, note first that F(J) satisfies ||F(J)|| < 1iff | Jg'T — 1)|2 < |Jy 1T + I)?, i.e.

| = JoJx +x|> = || = JoJx — x| = || JoJx — x||* = || JoJx + x[|* > 0

for all nonzero x € R?". But this expression follows from the w-tameness of J:

| JoJx — x||? = | JoJx +x|*> = g4, (JoJx — x, JoJx — X) — g, (JoJx + %, JoJX + X)
= —4g;,(JoJx,x)
= 4g5,(Jx, Jox)
= 49, (Jox, Jx)
= dwo(x,Jx)

> 0

so ||F(J)|| < 1. Next, we show the identity JoF'(J) + F(J)Jo = 0. First, note that (J + Jo)Jo =

JJo+ J2 = JJo+ J* = J(J + Jy), so that

Jo(J+Jo) t = =Ty N T+ Jo)t = —((J + Jo)Jo) *

=—(JJ+ ) =T+ D) T =T+ 1)
Similarly, J(J — Jo) = J? — JJo = J& — JJo = —(J — Jo)Jo, and therefore
JoF(J) = Jo(J + Jo) M (J = Jo) = (J + Jo) L T(J = Jo) = —=(J + Jo) " NJ = Jog)Jo = —=F(J)Jo

Thus, F' is well defined and im F' C Bj.
(2) In fact, we claim im F' = B; and F' is invertible, because we can construct an inverse

G : By — J-(R?",wy) for F, as follows. If S € By, then I — S € GL(2n,R), so we can define G by

G(S):=J=Jy(I+8S)I-S)"*
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To see that im G C J,(R?",wp), note that the condition JoS + SJo = 0 implies

J2 = Jo(I+ 98I - 8) (I +S)(I—-S)™
= (Jo+ JoS)I —S)" (Jo+ JoS)(I - S)*
= (Jo—SJo)I =8 Jy—SJo)(I—8)"
= ([=8)Jy(I-98)"tI-8)Jp(I-8)"
= (I-9)J5(—95)"

= -

Moreover J is w-tame, which again follows from the polarization identity: writing B = (I + 5) o
(I — S)~! we note that J = JoB, and J is w-tame iff B is positive (not necessarily symmetric,
however), for g, (u, Bu) = wp(u, Ju). Thus, it is enough to show that B is positive. Towards this

end, observe first that

B+I=21-8)7"

B-TI=281-9)"

since B+ I=[I+S9)[I-S)"'+I]=[I+S)+({I-9)]IT-5)""=2I-5)"", and similarly
B-I=[I+S)I-8)"'-I]=[I+8)—(I-95)](I-S)"t=25(I—-S)"'. Since by assumption

|S|| < 1, applying the polar identity we get for all nonzero u € R?"

g Bu) =t Bul? ~ {lu— Bul?
= B+ Dl - 1B - Dul?
= T = 8) ST~ $)u?
> /(= 8) (1 1S)P)

> 0
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Lastly, note that G o %I is the inverse of F"

GGF(J)) _ GG(J 00T~ o))
= GG(B + 1)~ T (B - I))
_ GGQ(I —8)28(I — S)—l)
= G(9)
- J

and similarly
#(6(38)) = #(342)

- G(JO(B +1) " (B -1)

= (I-8)Jy ST —9)!

= S
Since F' and G are smooth maps, this shows that J,(R?",w) is diffeomorphic to the open ball
B in the vector space Y, which is a convex and therefore contractible set. Thus, J,(R?",wy) is
contractible.

(3) To see that J.(R*",wp) is contractible as well, the same constructions of By, F and G
apply, with only one modification to the definition of Y, namely we let Y = {S € Sym,,,(R) | SJo +
JoS = 0}. For if S = ST as well, then (I +5)T = I+ S, and it is enough to show that J JoJ = Jo
for J = JoB = Jo(I + S)(I — S)~L. But,

JE Ty = (JoB)'Jo(JoB)
= BT B
= (I+9UT =) DI +9)(T =9~
= (I-8)7YI+8)IT-S)I+8)"1
= (I-9)"'I-8)(I+8)(I+81]

= Jy
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Conversely, if JTJyJ = Jy, then BT JyB = Jy, so

Jo = BTJB
= ((I+8)(I =9 I +8)(1I—-5)"

= ([-ST)Y ' T1+5HIT -9 +S) T
which shows that I = (I — ST)~1(I + ST)(I — S)(I + S)~'. Therefore,
(I-STYT+8)=T+ST)1I-29)

and this simplifies to S = ST. This shows that J € Sp(n,R) iff S = ST. Finally, note that, since

JT JoJ = Jy, or equivalently JT = JoJJy, we have

F)T = [(J+J0) (T - T)]"
= (J—Jo)T((J+ Jo)") !
= (I J) (T — )L
= (JoJJo + Jo)(JoT Jo — Jo) !
= (JoJ+1)(JoJ ="
= (JoJ — T (Jod + 27
= (Jo—I)(Jo+J)*
= (J+Jo) H(J = Jo)

= F(J)

so imF = Bj. The penultimate equality is straightforward: it holds iff (J + Jo)(Jo — J) =
(J — Jo)(J + Jo), which is easily seen to hold.
(4) Finally, we note that a matrix S € My, (R) satisfies SJy + JpS = 0 iff, after writing S in

block matrix form as
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we have
A B 0 —1 0 —1 A B B-C —-A-D
0=S5Jy+ JpS = + =
C D 1 0 1 0 C D A+D B-C

which holds iff A = —D and B = C, and therefore iff

A B
S =
B -A
where A, B € M,(R). Thus, the dimension of the vector space of such S is 2n?. If we additionally

require S to be symmetric, then we must also require A and B to be symmetric, and the dimension

of such matrices is 2n(n +1)/2 = n(n + 1). [

Remark 22 Since J(V,w) = J-(V,w) N J(V,w), the last proposition offers another proof of the

contractibility of J(V,w), which we will prove directly below. |

2.3.5.8 The Space of w-Compatible Structures J(V,w)

We recall that any symplectic space (V,w) can be endowed with a metric ¢ and an w-
compatible complex structure J. The space of such complex structures is, moreover, path con-

nected, and in fact any two w-compatible complex structures are smoothly homotopic:

Proposition 37 Every symplectic space (V,w) can be given a compatible complex structure J and
a metric g, that is J(V,w) is nonempty. Moreover, any two such structures Jy and Jy are smoothly
homotopic in the following sense: there is a map ¢ : [0,1] x J(V,w) — J(V,w), which we denote
Ji, and which is differentiable in t and forms a path from Jy to Jy in J(V,w).

Proof: We have already seen (Theorem 28) that given v € M(V) (which is nonempty) and
w we can find a J, € J(V,w), and (Theorem 29) given J € J(V,w) we get a g5 € M(V) by
gj = wo (idy xJ). Finally, if Jo, J1 € J(V,w), find go and ¢g; in M(V) such that J; = J,, and
define

ge:=tg1 + (1 —1t)go

Then g, € M(V), since M(V) is a convex cone in Homgym(RQ”;R), and Jy :=Jg, € J(V,w). N
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Proposition 38 Let (V,w) be any symplectic vector space. Then the space of w-compatible complex
structures J (V,w) is diffeomorphic to the space of symplectic positive definite forms (or their matriz
equivalents),*

T(V,w) ~ Sp(V,w) 1 Hom? g,,n(V R)T = Sp(n, R) N Symy, (R)* (2.74)

Proof: By Proposition 32 it will suffice to consider the case of (R?",wy, Jo). In this case, J belongs
to J(R?",wp) iff J2 = —Is,, J € Sp(n,R) and g; € Hompg sym(R**;R)*. By Propositions 19 and

18, these conditions hold true iff the following three conditions hold:

3) 95 (v, (=JoJ)(v)) = 915 (Jo(v), J(v)) = wo(v, J(v)) = gs(v,v) > 0, Yo #0
The matrix P := —JyJ in the last condition is symmetric, for by condition (2) and the fact that

J& = —Jp and JT = —J we have
Pl = (o)l = —JTJL = JTJLJ2 = —(JTJoJ)J = —JoJ = P

and, by condition (3) P is positive definite. P is also symplectic, because J and Jy are and because

Sp(n,R) is a group. This defines a map

Y j(R2”,w0) — Sp(n,R) N Sym2n(R)+

o(J) = —=JoJ
This map is injective, for if —JyJ = —JyJ’, the invertibility of Jy implies J = J'. It is also
surjective, for if P € Sp(n,R) N Sym,, (R)*, then define J := —J;'P = JoP and notice that

J? = JoPJoP = Jo(PTJyP) = Jg = —1I since P is symmetric and symplectic. Moreover, J is
symplectic (i.e. calibrates w), for both Jy and P are and Sp(n,R) is a group. Finally, ¢ is smooth,

since it is left-multiplication-by-—.Jp, and it’s inverse, ¢ ~!(P) = Jy P, is smooth for the same reason.

4 We used the notation of Section 2.1.5 here.
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Remark 23 In view of Proposition 36 and the fact that J(V,w) is precisely the intersection of
Jr(V,w) with J.(V,w), we can see that the diffecomorphism above can be understood in terms of
the diffeomorphisms constructed in the proof of that proposition. There, J.(R?") was mapped

diffeomorphically onto the open unit ball By of
{5 € Symy, (R) [ SJo + JoS = 0} = sp(n, R) N Symy, (R)

via an analogue of the Cayley transform. The diffeomorphism G : By — J.(R?") was given by
J := G(S) = JoB, where B = (I +S)(I —S)~!. For then we see that B = —.Jy.J, which is precisely
the positive symplectic matrix we called P in the proposition above.

To see this from another angle, note that the (necessary and sufficient) condition on B in
the case that S € sp(n,R) N Sym,,, (R) was that B € Sp(n,R), while the (necessary and sufficient)
condition on B in the case that S satisfes only SJy + JyS = 0 was that B be positive (but not
necessarily symmetric). However, if we add in the symmetry condition on S, then B = BT, too,
for then

Bl =[I+8YI -8 T'=0-8)tT+8)=I+9I-85) "=

the penultimate equality following from (I + S)(I — S) =1 — 5% = (I — S)(I + S). Thus, we have
B = —JyJ € Sym,,(R)* N Sp(n,R). And since sending J to B is an invertible operation with

inverse B — JoB = J, diffeomorphically so, we have the following diffeomorphisms:

(sp(n, B) N Symy, (R)) & T (V,w) ~ Sp(n, E) N Symy, (R) (2.75)

By (2.52) of Proposition 20 we know that S = € sp(n,R) N Sym,,(R) iff A=—-D,B =

C € Sym,,(R), so the dimension of the manifold J V,w) is

dim J(V,w) =n(n+1) [

We end this section with a different and quite simple proof of the contractibility of J(V,w).
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Proposition 39 (Contractibility of J(V,w)) There is a continuous map

r: MV)—= J(V,w)

r(gs) =J
for all J € J(V,w) and g € M(V). Using this map r we can construct a homotopy between the
identity map on J(V,w) to the constant map c(J) = Jo, thus demonstrating that the space J(V,w)
of w-compatible complex structures is contractible.
Proof: We follow the proof found in McDuff and Salamon [76, Proposition 2.50], with only minor
modifications. By Proposition 32 it will suffice to consider the case of (R?",wy,Jo). To see that
the map r : M(R?) — J(R?" wp) is continuous, let g € M(R?*) and use Proposition 28 to
find a g-skew-adjoint J € J(R?",wp) such that wo(+,+) = g(J(+),+). If G = [g], is the matrix
representation of g with respect to the standard basis p for R?", then by Proposition 1 we will have

for all u,v € R?"
—u'GJv = g(u,—J(v)) = g(J(u),v) = wo(u,v) = g, (Jo(w),v) = —u’ Jov
which shows that GJ = Jy, and consequently J = G~1Jy. Therefore, since Jy € O(2n) by
Proposition 18, we will have, for any two metrics g, g’ € M(R?"), that
7= Tl =16" DG Rl =llG7" =G|

Since the inversion map GL(2n,R) — GL(2n,R), G — G~1, is continuous (it is in fact smooth
in GL(B) for any Banach space B, see for example Rudin [93, Corollaries 1 and 2, p. 353]), we
have that the map r, which is the composition of the inversion map with the isometry Jy and the
isometry identifying g with G, is also continuous.

Using r we can define the homotopy
H: J(R*™ wy) x I — J(R*™, wp)
H(J,t) :=r((1=1t)gs, +tg,)

Then clearly H(J,0) = Jy = ¢(J) and H(J,1) = J = id(J), so H : id ~ ¢ is the required

deformation retraction. [ ]
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Recall from Proposition 32 that any symplectic vector space (V,w) is linearly symplecto-
morphic to (R?",wp) via a linear isomorphism ® : R?*® — V satisfying J o ® = ® o Jy, or
J = ®*Jy := ® o Jyod!. From the construction of ® in that proposition we see its depen-
dence on J € J(V'), which was used to find the symplectic basis 5 for V in terms of which defined
®. This justifies the notation ®;. If we consider (V,w) = (R?",wp), then ®; € Sp(n,R), and
this shows that the GL(2n,R)-action (by conjugation) of Proposition 35 restricts to a transitive
Sp(n, R)-action on J(R?"). Let us consider the Sp(n,R)-action on the subspace J(R*", wy) of
wo-compatible complex structures. We claim that this action is transitive, and in particular, for
all J € J(R*, wg) we have J = ®*Jy € J(V,w): recall Lemma 2 and Proposition 27, which tell
us that @7, ®T® € Sp(n, R) N Sym,,,(R)T, and Proposition 19, which says that ®Jy = Jo(®T) ™!

and Jo®~ ! = ®TJ,. Then,

wo(u, Jv) = wo(u, ®* Jov) = wo(u, Jo® 1v)
= wo(u, @O Jyv) = g, (Jou, @D Jov) = (Jou)T @dT Jyv

= —ul JyddT Jov = —uT JZ (@) "ty = uT (@dT) "y

Since ®®” € Sp(n,R) N Sym,, (R)*, we also have (®®7)~! € Sp(n,R) N Sym,, (R)*, and the
expression u” (®®7) "1y defines a metric gs(u,v) by Theorems 1 and 7 whose matrix representation
is precisely (®®7)~1

gy(u,v) = uT(CDCI)T)_lv

This shows that g; = wpo I x J € M(V), and therefore that J € J(R?*",wy). Now consider
the stabilizer of Jy under the Sp(n,R)-action: it consists of A € Sp(n,R) such that AJyA~! = Jy,
which is precisely the complex matrices in Sp(n, R) by Corollary 3. But Sp(n, R)NGL(n,C) = U(n)
by Proposition 25. Thus, Sp(n,R);, = U(n). By the orbit-stabilizer theorem for Lie groups, we

therefore have a diffeomorphism,

j(R2",wo) ~ Sp(n,R)/U(n)
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and the map

F: j(R2n,wo) — Sp(n,R)/ U(n)

F(J):=®;-U(n)

is the very diffeomorphism of the orbit-stabilizer theorem.

Now consider (V,w), and let Sp(V,w) act on J(V,w) by conjugation. Under the linear
symplectomorphism (V,w) = (R?",wy) we may transfer the whole argument above over to (V,w),
and conclude that

J(V,w) = Sp(V,w)/ U(V, H;) = Sp(n,R)/ U(n)

(in the notation of Proposition 31).

We summraize these results in the next proposition:

Proposition 40 The symplectic group acts transitively on J(R?*", wg) by conjugation, and the
stabilizer subgroup of Jo under this action is the unitary group. Consequently, we have the diffeo-
morphism

J(R?"™,wp) ~ Sp(n,R)/ U(n) (2.76)

which is given explicitly by the map

F: J(R*™, wy) — Sp(n,R)/ U(n) (2.77)

F(J):=®,-U(n) (2.78)

where ® 5 was constructed in the proof of Proposition 32. More generally, if (V,w) is any symplectic

vector space, we have
J(V,w) = Sp(V,w)/ U(V, Hy) = Sp(n,R)/ U(n) (2.79)

using the notation of Proposition 31. This shows again that J(R?" wp) is a smooth manifold and

homogeneous space of dimension dim Sp(n,R) — dim U(n) = (2n? +n) — n? = n(n + 1). [ ]



95

Remark 24 This provides yet another proof of the contractibility of J(V,w), namely via the

contractibility of Sp(n,R)/ U(n), Proposition 27 above. [ |

We end this section by asking a related question: instead of starting with w and looking for
J which is compatible with w, what if we started with J and asked for w which is compatible with

J?

Proposition 41 Let V' be a 2n-dimensional real vector space and let J € J (V). Define Q(V, J)
to be the space of symplectic forms on V' compatible with J, meaning that w(-,J-) € M(V) =
Homf&sym(\/;]R)‘F is a metric. Then Q(V,J) is a nonempty convex subset of Q(V'), and therefore

contractible.
Proof: Firstly, Q(V,J) is nonempty, because given .J, then as in the proof of Proposition 32 we
may take a basis 8 = (u1 + iv1,...,u, + ivy,) for V10 = ker(J® — iI) and note that v; = Ju;,

which gives a basis f = (u1,...,un,v1,...,0,) for V such that Ju; = v; and Jv; = —u;, that is

[J]g = Jo. Define w by
w(z,y) = ~[2]3[1slyls = ~[2]5 Jolyls

Then w is skew-symmetric, since J(;‘F = —Jo:

w(y, z) = —[ylgJolzls = — (2] Jg W]s = [2]sJolyls = —w(z,y)

and it is nondegenerate because Jy is its matrix representation with respect to 5 (Theorems 1 and

10). To see the compatibility of w with J, note that

9s(z,y) = w(x, Jy) = —[2]f Jo[Jyls = —[2]s 5 [yls = [2]s - [v]s

which is symmetric and positive definite. Secondly, (€2, J) is convex, let wg,w; € Q(V, J), then for
all t € [0, 1] we have that w; := (1 — t)wp + tw; is also skew-symmetric, because Homi’SkeW(V; R) is
a vector space, and w(+, J+) is symmetric and positive definite because wp(+,J+) and wy(+, J+) are.

Finally, w; is nondegenerate because wy (-, J-) is. [
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2.3.6 Sums and Subspaces of Symplectic Vector Spaces

In this section we look at direct sums and subspaces of symplectic vector spaces. The most
important type of subspace in this setting is the Lagrangian subspace, and we identify the main
properties of such subspaces and describe the manifold and homogeneous space structure of the
Lagrangian Grassmannian, the subspace L(V,w) of G(n, V') consisting of all Lagrangian subspaces

of (V,w).

2.3.6.1 Direct Sums of Symplectic Vector Spaces

The direct sum of two symplectic vector spaces (Vi,wi) and (V2,w2) can be made into a
symplectic vector space,

(V1 @ Vo, w1 @ wo) (2.80)

by defining wi @ wo as

w@wr: (VieVe) x (Vielz) - R

w1 D w2 ((Uh UQ)? (Ulla Ué)) = CU1(U1, Ull) + (“)2(027 ’Ué)
Then, w; G ws is a symplectic form on Vi @ Vs, for bilinearity and skew-symmetry follow from those
of w1 and wy, and nondegeneracy follows from the observation that, if wy ®ws ((vl, v}), (vh, vg)) =0
for all (vi,v2) € Vi @ Vi, then wi(vy,v]) + wa(ve,vh) = 0, and therefore (by choosing v; = 0 or
ve = 0) wi(v1,v]) = wa(va,vh) = 0 for all v; € V; and vy € Vo, and the nondegeneracy of w; and
wo then implies that v; = v = 0, or (vy,v2) = (0,0).

We can also introduce the symplectic form
w1 B wsy: (Vl@VQ) X (Vl@VQ) - R

w1 ©wa((v1,v2), (v,0h)) = wi(v1,v]) — wa(va, vh)
which is nondegenerate by the same argument, making

(Vi1 & Va, w1 6 wo) (2.81)
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a symplectic vector space. Of course, the symplectic forms wy; @ wo and wi; © wy both belong to
Q(V1 @ V), and as we saw in Proposition 34 above, GL(V] @ V52) = GL(4n,R) acts transitively on
Q(V1 @ Va) by pulling back, g-w; ®ws = (¢71)*w1 © wa, so in particular there is a g € GL(V; & V5)

such that g - w1 @ we = w1 © we, namely, with respect to symplectic bases g; for V;,

0 I,
g= Is, ®
I, 0

Indeed, if 5; = (g, p:) is a symplectic basis for V;, then (qi,p1,q2,p2) is a symplectic basis for
V1 @ Vs, and applying g to this basis interchanges the last two pieces, which has the effect of using

the skew-symmetry of wo to put a minus sign in front of it.

2.3.6.2 Subspaces of Symplectic Vector Spaces

Recall the terminology of Section 2.1.2 on orthogonality in a bilinear space. We specialize
here to the case of a symplectic vector space (V,w), and follow McDuff and Salamon [76] in our
terminology and notation for this specialization.

Since w is skew-symmetric, orthogonality is a symmetric relation on V, that is u L v (i.e.
w(u,v) =0) iff v L u (i.e. w(v,u) = 0) for all u,v € V, and therefore *W = W+ for any subspace

W of V.

Definition 6 We introduce the notation

we (2.82)

for W, the orthogonal complement of W in V with respect to w, which is called the symplectic
complement of W in V. We remark that it need not be the case that W N W< = {0}, for it can
happen that W C W% or W O W<,

If W C WY, we say that W is isotropic. If W D W%, we say W is coisotropic. W is called
Lagrangian if W = WY, i.e. if it is both isotropic and coisotropic. If W is neither isotropic nor

coisotropic, i.e. if W N W = {0}, then it is called symplectic.
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Example 8 Let us give some examples of each of these types of subspace of (R%", wy).

(1)

(4)

Let (q1,q2,43,P1,P2,p3) = (€1,e2,e3,€4,€s5,€5) be the standard symplectic basis for RS

and consider the subspace W = spang(q1,¢2). Then, the relations (2.35) ensure that

wo(q1,q1) = wo(q1, q2) = wo(ge, q2) =0

so that wy(u,v) = 0 for all u,v € W, whence W C W* making W an isotropic subspace.

In fact, the inclusion is strict, W C W¥, since g3 € W¥\W.

The subspace W = spang(q1, g2, p1) of R* is coisotropic. For if v € W%, then v L py, v L po

and v L p;. Writing v = aq1 + bga + ¢p1 + dp2 and recalling the relations (2.35), we see that

WO(’U, Q1) =, W()('U, qQ) - d7 wO(val) =a

which must all equal 0 if v € W¥. Therefore v = bgy € W, which shows that W% =

spang(q2) € W, making W a coisotropic subspace.

The subspace W = spang(q1,p1) of R* is symplectic, again by the relations (2.35), which

imply W = spang(q2, p2).

The subspace W = spang (g1, ¢2) of R* is Lagrangian, by the relations (2.35). |

Proposition 42 A subspace W of V' is symplectic iff the restriction of w to W x W is nondegen-

erate.

Proof:

This is just a special application of the general case for bilinear forms, Proposition 3. H

Proposition 43 For any subspace W of V', we have

(1)
(2)

dimW +dim W% =dimV

Wes =W
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Proof: (1) Recall Remark 3, which, for a nondegenerate bilinear form B on a finite-dimensional
vector space V gives an isomorphism B’ : V — V* by B’(v) := B(-,v). In our case, the flat
operator w’ := wy, identifies W* with the annihilator W° of W in V*, as follows: We note first
that V/W = W0, since any f € V* factors through V/W iff W C ker f. Therefore, since W’ is an

isomorphism between V and V* with inverse w¥, and since W° C V*, we have
W = (W)

Consequently, dim W = dim wf(W?°) = dim W0 = dim(V/W) = dim V — dim W. (2) follows from

(1), since clearly W C W** and dim W = dim V — dim W* = dim W*~. [ |

Corollary 7 Fvery Lagrangian subspace W of V' has dimension

dimV

dimW =dim WY = 5

Proposition 44 Let L be a subspace of (V,w). Then the following are equivalent:

(1) L e L(V,w).
(2) L is a maximal isotropic subspace (it is not properly contained in any isotropic subspace).
(3) L is isotropic and dim L = n.

Proof: (1) = (2) and (3): If L € £L(V,w), then L = L¥, so L is isotropic and dim L = n by the
previous corollary. To see that it is maximally isotropic, note that the maximum dimension of an
isotropic subspace of V' is n, because dim L 4+ dim L“ = 2n by the previous proposition, and any
other isotropic subspace W containing L would also have dimension n, so would have to equal L.
(2) = (3): If L is maximal isotropic, then as we saw dim L = n. (3) = (1) If L is isotropic and

dim L =n, then L C L* and dim ¥ = 2n —dim L = n, so L = L¥. |
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2.3.6.3 Smooth Manifold and Homogeous Space Structure of £(V,w)

Definition 7 We will pay special attention to Lagrangian subspaces, so we introduce the follow-
ing notation for the set of Lagrangian subspaces of (V,w) and (R?",wy), called the Lagrangian

Grassmannian:
L(V,w):={LeG(n,V)|L=L"} and L(n) :== L(R*™,w) (2.83)
We single out a special Lagrangian subspace of R?", the horizontal Lagrangian,
Ly :=R"® {0} € L(n) (2.84)

As we will see, the orbit of this Lagrangian is the whole Lagrangian Grassmannian £(n) under
the action of the unitary group described below. We will call Lygt := {0} & R"™ the vertical
Lagrangian. Notice that Loy @ Lyvers = R?™. This is an example of a Lagrangian decomposition of
R?". A Lagrangian decomposition of any symplectic vector space (V,w) is a pair of transversal

Lagrangian spaces Lo, L1 € £(n), that is, a pair satisfying V = Lo @ L;. [ |

Lemma 3 Fiz J € J(V,w). Then, any L € L(V,w) admits a Lagrangian complement giving V a
Lagrangian decomposition, and one such complement is JL. Moreover, with respect to the induced

metric g5 € M(V), the direct sum V = L & JL is orthogonal,

V =LDJL
Proof: If v € JL, then v = J(u) for some u € L, and g;(u,v) = gs(u, J(v)) = w(u, J*(u)) =
—w(u,u) =0, s0o L L JL. Note also that JL € L(V,w), since L = L* and J*w = w imply that
(JL)* = JL. Explicitly, v = J(u) € (JL)¥ iff for all z = J(w) € JL we have w(v, z) = 0, which is

true iff u,w € L since w(J(u), J(w)) = w(u,w) = 0 on account of L = L¥. [

Remark 25 Note that if H; is the Hermitian inner product on Vjy and L € £L(V,w), then H (L x

L) C R, since if u,v € L, then Hj(u,v) = gs(u,v) + iw(u,v) = gs(u,v). [
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Proposition 45 Fiz J € J(V,w). Then, for any pair of Lagrangian subspaces L1, Lo € L(V,w)

there exists a T € GLc(Vy) NU(Vy, Hy) such that Ly = T(Lq).

Proof: Let 8 = (b1,...,b,) be a gj-orthonormal basis for L; and note that since V.= LiDJLY, 8
is actually a complex basis for V7, since complex scalar multiplication in V; is given by (a +ib)v :=
av+bJ(v). Moreover, since H;j(Lj x L) C R, this basis is orthonormal with respect to H; as well.
Similarly, a gj-orthonormal basis v = (¢q, ..., ¢,) for Lo yields a complex basis for V;, and the map
T : L1 — Ly given on the basis elements by T'(b;) := ¢;, j = 1,...,n, is a C-linear isomorphism.
Moreover, T € U(Vy, Hy), since if u = Zj ajbj and v = Zj ajb; are vectors in Vj, then the fact

that H;(bj,br) = 05 = Hj(cj,ck) implies
Hy(Tu,Tv) = ajorH (T (b;), T(br))
jk

= ZajakHJ(cj, Ck) = ZajakHJ(bj, bk) = HJ(U, 1))
Jk ik

which completes the proof. |

Corollary 8 Since Endc(Vy)NU(Vy, Hy) = O(V, g7)NSp(V,w) by Proposition 31, we have that any
pair of Lagrangian subspaces L1, Lo € L(V,w) are linearly symplectomorphic. Moreover, by choosing
oriented bases 8 and v for L1 and La, respectively, the restriction of the linear symplectomorphism
T|r, : L1 — Ly may be assumed to be orientation-preserving. Finally, observe that the basis B may
be assumed to be adapted to J, so that B U JB is a symplectic basis for V, and therefore we may

suppose all the elements V', w, J, g5, Hy and L1 to be put into canonical form. |

Take a Lagrangian decomposition (Lo, L) of (V,w) and define the map

po1 : L1 — LEK) (285)

po1 (U) = Ub‘Lo = w(vv ')’Lo (2'86)

Then pg; is an isomorphism, because Lo ® L1 =V and L; and Lo are Lagrangian. Define also the
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isomorphism, for any Lagrangian subspace L € L(V,w),
pr:V/L— L (2.87)
prv+L) =2l =wv, ) (2.88)

For a given Lagrangian decomposition, therefore, we have the following commutative diagram of

isomorphisms,

po1

Ly

7T|L1 pLO

V/Lg

Remark 26 Start by choosing a basis f = (b1,...,b,) for Lo, then extend it to a symplectic
basis S U~y = (b1,...,be,) for V. If Ly is a complementary Lagrangian subspace for Ly, then
define b4 := —pall(b;‘-) and note that v = (by41,...,b2,), is a basis for L;. Consequently, given
Lagrangian decompositions (L, L) and (Ly, L)) of two symplectic vector spaces (V,w) and (V',w’),
we can find bases U~ and 3/ U~/ for V and V', respectively, such that 8 and 8’ are bases for Lg
and L{, and v and +/ are bases for L; and L, respectively. By use of these bases we can take any
isomorphism from L to L{ and extend it to a linear symplectomorphism 7' : V' — V' in such a
way that
T(L;)=1L, i=1,2

This shows in particular that every isomorphism of a Lagrangian subspace L extends to a linear

symplectomorphism of V. |

Let us return to our main task of showing that £(V,w) is a submanifold of the Grassmannian
manifold G(2n, V') and a homogeneous space under the action of the unitary and symplectic groups.
Recall the definition of the charts for Grassmannians G(k,V): If V.= W; @& W, where W; € G(k, V)

and Wy € G(2n — k,V), then

U, = {W € G(k, V) | W N Wa = {0}} (2.89)
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is the open neighborhood of W serving as the domain of the chart

P12 : UW2 — HOH]R(W1, WQ) = Rk@nfk) (290)

P12(W) :=T =m0y} (2.91)

where m; : V' — W; is the projection onto W;, i =1, 2.

Lemma 4 If (Lo, L1) is a Lagrangian decomposition of V', then a given n-dimensional subspace

L € Uy, is Lagrangian iff the bilinear form
po1 © ¢o1(L) € Homg(Lo, L) = Homi (Lo; R) (2.92)

1s symmetric.

Proof: Since dimL = n, we have L € L(V,w) iff L is isotropic, so letting T := ¢01(L) €
Hompg (Lo, L1) we have that L = I'(T"), which means all elements of L are of the form v + T'(v) for
v € Lg. Since Ly and L; are Lagrangian, and therefore isotropic, w(v, w) = w(T'(v),T(w)) = 0, so

for v+ T (v), w+T(w) € L we have

w(v +T(v),w+T(w)) = w(T(v),w) - w(T(w),v)
On the other hand, po1(7T(v)) = w(T'(v),+), so the form po1(T(v))(w) is symmetric in v and w iff
wl+T(v),w+T(w)) =0, i.e. iff L is isotropic, and therefore Lagrangian. [

Let Ly € L£(V,w) and define the subset Az, of Ur, to be that consisting of Lagrangian

subspaces of V' transversal to Lq:

AL1 = ,C(‘/, w) NUL, (293)

Then, by the above lemma the charts on the domains A, are precisely those landing in the subspace

Hom%{,sym(LOQ R) = Sym,,(R) of Homg (Lo, L1), for a fixed Lagrangian complement Lo € Ay, of Ly,
V=Ly® Li:

o1 : Ar, — Homg g, (Lo; R) 2 Sym,, (R) (2.94)

Yo1(L) == po1 © dpo1(L) (2.95)
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Since po1 is a linear isomorphism and ¢g; is a chart on G(n,V), the transition functions are
automatically smooth, by Proposition 11 above, so £(V,w) acquires a smooth manifold structure

of dimension n(n + 1)/2. We summarize these results in the following proposition:

Proposition 46 For any symplectic vector space (V,w), the Lagrangian Grassmannian L(V,w) is a
smooth submanifold of the Grassmannian manifold G(n, V') of dimension dim L(V,w) =n(n+1)/2.

Let us now describe £(V,w) as a homogeneous space under the Sp(n,R)-action, or, what
turns out to be the same thing, its restriction to a U(n)-action. As we saw above, Lemma 4, given
a Lagrangian decomposition (Lg, L1) of R?", the image of any L € Ay, under pp; is a symmetric
matrix A € Sym,, (R) whose graph, as a map from Lo to L; is precisely L. We give here another,
simpler, proof of this fact, adapted to R?", which has the benefit of describing the graph/Lagrangian

L in terms of the image of a matrix C' € My, ,(R) whose columns contain some extra information.

Lemma 5 Let A, B € M,(R) and define

A
C:= S MQn,n(R) = HomR(RznaRn)
B

Then, im C € L(n) iff rankC = n and ATB = BT A. Such a C is called o Lagrangian frame.
Consequently, for any B € M,(R"™) = Endg(R"), since we may describe the graph of B as the

image of C where A=1 and B = B,

I,
I'(B) ={(x,Bx)|x € R"} =im
B
we have
I'(B) € L(n) <= B € Sym,(R) (2.96)

Proof: imC € L(n) iff imC = im C*° iff wo(u,v) = 0 for all u,v € imC. Therefore, letting
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u = Cx and v = Cly, this is equivalent to
A
0 = wo(Cx,Cy) = g1,(JoCx, Cy) = xT y =x7(ATB - BT A)y
for all x,y € R™. |

Remark 27 Suppose C' is a Lagrangian frame im C' € £(n). The columns of C form an orthonor-

mal basis for im C' iff additionally A” A = BT B = I,,, which is the case iff the matrix

A -B
V=
B A

satisfies VIV = VVT = I,,. But by Proposition 25 and its proof this is equivalent to the complex
matrix U = A+ iB € GL(n,C), which is identified with V' by Proposition 17, being unitary. That

is,

A
im € L(n) < U:=A+iBecU(n)
B
In this case we call C' a unitary Lagrangian frame. |

Let Sp(n,R) act on £(n) by left multiplication,

Sp(n,R) x L(n) — L(n) (2.97)

& L:=d(L) =imd|, (2.98)

or more generally let (V,w) be a symplectic space and let Sp(V,w) act on L(V,w) by

Sp(V,w) x L(V,w) = L(V,w) (2.99)

$.-L:=d(L)=imP|. (2.100)

Clearly ®(L) € L(V,w), by the definition of Sp(V,w), for w(®(u), ®(v)) = ®*w(u,v) = w(u,v), and

this equals 0 iff u,v € L.
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Proposition 47 The action of Sp(n,R) on L(n) is transitive. In fact, the unitary subgroup U(n)

of Sp(n, R) acts transitively on L(n), with
[,(n) = U(n) . Lhor

The stabilizer of Lyoy under this action is O(n), where we identify O(n) with the subgroup of O(2n)

by O(n) 30 — O@® O € O(2n). Consequetly, we have the diffeomorphism
L(n) ~ U(n)/O(n) (2.101)

which again confirms that dim £(n) = n? —n(n —1)/2 = n(n +1)/2.

Proof: Let L € L(n) and find a unitary Lagrangian frame C as in the remark above, and identify

it with the unitary matrix

A -B
Un)sU=A+iB=®= € O(2n) N Sp(n,R)
B A

as in Proposition 25. Then note that

A
L=im(C =im = im @|gny (0} = ®(Lhor)
B

Thus, if L1, Ly € L(n), let &1, P9 € U(n) be the respective unitary frames so that Ly = ®1(Lper)
and Ly = ®9(Lper). Then ®o®7 ! € U(n) gives ®o®;(L1) = Lo.

Finally, note that if O € O(n), then

O 0 A -B OA -OB
OO0 -®= =

0 O B A OB OA
which gives another unitary Lagrangian frame OC' for the same A. In particular, it leaves
note that if U = A+iB € U(n) is identified with ® € Sp(n,R)NO(2n) and with the unitary
Lagrangian framd C' as above, then right-multiplying C or its equivalent U by an orthogonal matrix

O € O(n), CO, gives another unitary Lagrangian frame for the same Lagrangian subspace L. This

defines [ |
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24 Symplectic Manifolds

In this section we give an outline of nonlinear symplectic geometry, which consists of at-
taching the linear symplectic geometric structures of the previous section onto manifolds fiberwise.
The process is succinctly encapsulated in the notion of the symplectic vector bundle. Such a vector
bundle may potentially also be endowed with other structures, such as Riemannian metrics and
Hermitian inner products, but now, as one might suspect, the compatibility of these structures
with the symplectic structure may face some topological obstructions. The explication of these
intricacies of nonlinearity will occupy us for the remainder of this section. The most interesting
case will be that of the symplectic tangent bundle, which is the defining feature of a symplectic
manifold. Such manifolds have their origin in classical mechanics, where they figure as the phase

space of a classical system, the cotangent bundle to the configuration space of the system.

2.4.1 Symplectic Vector Bundles and Chern Classes

In what follows we put the symplectic linear algebra of the previous section onto a manifold
M in the most general way possible, as fibers of a vector bundle E over M. The natural construction
for this operation is the symplectic vector bundle. We largely follow the treatment in McDuff and

Salamon [76] and Audin [12].

Definition 8 A symplectic vector bundle (F,w) over a smooth manifold M is a real rank 2n
vector bundle £ — M with typical fiber a 2n-dimensional symplectic vector space (V,w). This

means:

(1) E is locally trivializable with 2n-dimensional fiber E,, over each p € M isomorphic to V.

(2) E comes equipped with a symplectic form w € Q?(E), a nondegenerate section of the vector
bundle /\2 E* — M of 2-covectors in E.
These conditions formalize the intuitive picture of the pair (Ep,wp) = (V,w) varying smoothly with

p € M, or parametrized smoothly by M. Two symplectic bundles (E1,w;) and (E2,ws) over M are
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said to be (symplectically) isomorphic if there is a vector bundle map F' : E; — Es covering
the identity of M such that F*ws = w;.

Let us also introduce the vector bundle analogs of the spaces of metrics, symplectic forms,
and (tame, calibrated, and compatible) complex structures. A (Riemannian) metric on F is a

global section g € T'((D? E*) = Homzcoo(M) (I'(E);R). Similarly, a symplectic form is a section

,Sym
w e Q*(E) = T(A\? E*), and the fiber bundle of such sections will be denoted Symp(E) — M.
A complex structure J on E is a bundle endomorphism J € End(FE) satisfying J? = —I.

Alternatively, a complex structure a field of E-valued complex structures, Jg = —1I, on K, for all

p € M, that is a section of a certain fiber bundle
J(E)—> M

whose fibers are J(E), := J(E,), the space of complex structures on the vector space E, = R?".
We similarly define tame, calibrated and compatible complex structures, fiberwise, as sections
of the fiber bundles J-(F), J.(F) and J(E,w) whose fibers are J-(E,), Jc(Ep) and J(Ep,wp),
respectively. Lastly, a Hermitian structure on F is a triple (w,J,g) with J € J(E,w) and
g = gy = wo I x J, from which, when it exists, we can construct a Hermitian inner product
Hj := g+ iw for E as in Proposition 30. The existence of these fiber bundles over an arbitrary
2n-dimensional manifold M is not guaranteed (see Example 12 below), though by Proposition 48
below we have that whenever M is equipped with a symplectic form w, J(F,w) is nonempty and
contractible, and conversely whenever there exists J € I'(J(F)), then there is a symplectic form

w € Q2(F) such that J € ['(J(E,w)). [ |

Theorem 15 The structure group of any rank 2n symplectic vector bundle (E,w) may be reduced

from GL(2n,R) to Sp(n,R).

Proof: The typical fiber V of E may, without loss of generality, be chosen to be (R??,wy), for
locally we can trivialize E by a diffeomorphism ® : Eyy — U x V which restricts to a linear

isomorphism on fibers, E, = {p} x V, and then follow this with idy xa where « is a linear
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symplectomorphism between (V,w) and (R?",wp) as in Proposition 32. We may rephrase this by
saying that locally, over U, there exist sections of a symplectic frame bundle for F, the principal
Sp(n, R)-bundle Ps(, gy — M. Namely, let 3 € V2Snp(R2") ~ Sp(n, R) be a symplectic frame for R?"
(cf Proposition 14 of Section 2.2.3), and use @' oidy xa~! to pull it back to a frame 3 € Vzip(Ep)
for E,. Since this same frame works for all p € U, B e (U, Pspn,r) is a local frame for all of Ey.

Now consider two local trivializations ®; : Ey, — U; X R?" and ¢ : By, — Uj x R2" with
U; NU; nonempty, and let s;, s; € I'(U; NUj, Pyp(nr)) be the corresponding local symplectic frames
over U; and Uj, respectively. Then the linear map taking s; to s; fiberwise must be a symplectic
matrix by the discussion preceding Proposition 14. Consequently, by using the symplectic frame
bundle Ps, r) instead of the general frame bundle Pgy, 2, r) we may reduce the structure group

of E from GL(2n,R) to Sp(n,R).? [

Proposition 48 Let E — M be a real rank 2n vector bundle.

(1) For every symplectic form w € Q?(E) on E there exists an w-compatible complex structure

J e J(E,w). The space J(E,w) is therefore nonempty and contractible.

(2) For each complex structure J € J(E) there exists a symplectic form w € Q?(E) which
is compatible with J. Let us denote by Symp(E, J) the fiber bundle of complex structures

compatible with w. Then Symp(E, J) is nonempty and contractible.

Proof: These statements follow from their vector space analogs, Propositions 37, 38 and 41 applied

fiberwise to E, and then over open sets U to Ey = 7~ 1(U). [

Recall the construction of characteristic classes via classifying spaces, as described, for ex-
ample, in Milnor and Stasheff [79]. Fix M a paracompact space (M can safely be taken to be a

manifold or CW complex). Then for each topological group G there exists a connected topological

5 The formalism for this reduction is the existence a principal bundle morphism ¢ : Pspnry = Por(en,r) (the
inclusion fiberwise of Sp(n,R) in GL(2n,R)) covering the identity which is equivariant with respect to the Lie group
inclusion homomorphism i : Sp(n, R) < GL(2n,R), i.e. satisfies +(8 - g) = ¢(B) - i(g). The discussion above gives us
a method for constructiong this bundle morphism: ¢ is the inclusion, which fiberwise is just ¢, and the equivariance

is an easy consequence of the fact that Sp(n,R) is a subgroup of GL(2n,R).
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space BG, the classifying space for G, and a weakly contractible (all homotopy groups are triv-
ial) principal G-bundle EG — BG such that the following holds: The set of equivalence classes
Pring(M) of principal G-bundles over M is in bijective correspondence with the set [M, BG| of
homotopy classes of continuous maps f : M — BG, sending [f] € [M, BG] to [f*EG] (in fact
the contravariant functors Pring and [ -, BG] from hTop to Sets are naturally equivalent, see
Husemoller [58, Proposition 10.4, Theorem 12.12]). If in addition G is any connected or semi-
simple Lie group G, then G is topologcially the product of a compact subgroup H and a Fuclidean
space E, G ~ H x E (this is the case with Sp(n,R), according to Proposition 26, which gives
Sp(n,R) ~ U(n) x R"*"), which means H is a deformation retract of G. This is the case for
G = GL(n,R) or GL(n,C) with H the maximal compact subgroup O(n) or U(n), respectively, but
it applies elsewhere, too, as with G = Sp(n,R). In such a case, the structure group of a principal
G-bundle Pz — M may be reduced to H (see Remarks 12.13 and 12.14 following Theorem 12.7
in Steenrod [96]). This broad result is due to Iwasawa [60], the original statement holding for G
semi-simple and due to Elie Cartan [24] in 1927, with a simplified proof by Mostow [83] in 1949.
Moreover, by Theorem 5.1 in Husemoller [58], given a Lie group G and a closed Lie subgroup H,
the principal H-bundle reductions of a given principal G-bundle Pg are in bijective correspondence
with the homotopy classes of maps f : M — BH such that fyo f ~ g, where g : M — BG and
fo : BH — BG is covered by the bundle map hg : Py x; G — Pg, with ¢ : H — G the inclusion.
If H is a deformation retract of G, therefore, there is only one such homotopy class, and so there
is only one homotopy class of fy, which means BH and BG are homotopy equivalent.

Now, let us apply these facts to the structure group G = Sp(n,R) for a symplectic vector
bundle (F,w) over a smooth manifold M, recalling that Sp(n,R) is topologically the product of its
maximal compact subgroup U(n) and a Euclidean space R"**" (Proposition 26) and deformation

retracts onto U(n) (Proposition 27):

Theorem 16 The structure group of any symplectic vector bundle (E,w) may be further reduced

from Sp(n,R) to its maximal compact subgroup U(n), and these reductions are in one-to-one corre-
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spondence with the space of w-compatible complex structures J(E,w). As a result, every symplectic
vector bundle has an underlying complex structure and a Hermitian inner product, and any two
symplectic bundles (E1,w1) and (E2,ws) over M are symplectically isomorphic iff their underlying

complex vector bundles are isomorphic.

Proof: Then the set of equivalence classes PrinSp(an)(M ) of principal Sp(n,R)-bundles is in
bijective correspondence with the set of homotopy classes [M, B Sp(n,R)] of maps from M to the
classifying space B Sp(n,R). The fact that Sp(n, R) deformation retracts onto its maximal compact
subgroup U(n) (Proposition 27) means that B U(n) is homotopy equivalent to B Sp(n,R), and any
principal Sp(n,R)-bundle is equivalent to a principal U(n)-bundle, whose associated vector bundle
E = Py(n) Xy(m) C" is by nature a complex Hermitian vector bundle (transition functions taking
values in U(n) preserve the Hermitian inner product on overlaps). Since principal Sp(n, R)-bundles
are in one-to-one correspondence with symplectic vector bundles (send Pgs, ) to its associated
vector bundle Pgp, R) Xsp(n,R) R2"), we see that E admits a complex Hermitian structure.

Now recall Proposition 40, which gave J(R?",wg) the structure of a homogeneus space,
J(R?",wp) =~ Sp(n,R)/ U(n), sending J to ®; - U(n), where ®; € Sp(n,R) was defined in Propo-
sition 32, using J. The contractibility of Sp(n,R)/U(n) was shown in Proposition 27, where the
explicit homotopy H : idg,(, ) — 7, With 7 : Sp(n,R) — U(n) the retract 7(4) := A(AT A)=1/2,

was given by

H : Sp(n,R) x [0,1] — Sp(n,R)

H(A,t) := A(AT A)~1/2

Now, each nonunitary A € Sp(n, R) corresponds to a unique J € J(R?*", wy), via the map J + &7 =
A, so the homotopy H above applies to this ® ;. The argument generalizes in the obvious way to any
arbitrary symplectic vector space (V,w). As a consequence, we have the following important fact:
The w-compatible complex structures J(E,w) on a symplectic vector bundle (E,w) over M are in
one-to-one correspondence with U(n)-reductions of the structure group Sp(n,R), each nonunitary

symplectic frame 3 € Pgy,r) being sent to v = H(B,1) € Py, by the unique J € J(E,w)
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satisfying ®; = [ (recalling that V2Snp (R2") = Sp(n, R), Proposition 14).

For the last statement, suppose first that (E7,w) and (FEq,ws) are symplectically isomorphic.
Then, there is a map F' : E; — Es such that F*wy; = w;. Choose J; € J(F;,w;) and note
that Ji, F*Jy € J(F1,wy) (since F*Jy = F~1 o Jy o F implies (F*J3)? = F o (—I)o F = —1I
and wy(u, F*Jov) = F*wa(u, (F~ o Jy 0o F)v) = we(Fu,JaFv) > 0), so that by convexity we
have a smooth family J; € J(Ej,w) joining Jy := F*Jy and Jy, which by the bundle analog of
Propositions 32 and 37 means there is a smooth family of bundle isomorphisms F; : Fy — Ej such
that Fy"J; = Jy. Therefore F o Fy : By — Es is a bundle isormorphism which intertwines J; and

Ja, and this is our complex bundle isomorphism. The converse follows from an application of (2)

of the previous proposition. |

Remark 28 Since the set of isomorphism classes Vect%]f)(M ) of symplectic vector bundles over
M coincides with the set of isomorphism classes Vect{é(M ) of complex vector bundles over M,
symplectic vector bundles have the same characteristic classes as complex vector bundles. These

are the Chern classes. [ ]

Remark 29 (Hermitian Vector Bundles) Of course complex vector bundles are not necessar-
ily holomorphic. They are merely smooth vector bundles with typical fiber a complex vector space
and complex linear transition functions. Holomorphic vector bundles 7 : F — M additionally
require E and M to be complex manifolds (meaning atlas charts (U, ¢) are holomorphic: they are
homeomorphisms onto open subsets of C" and transition functions ¢; o goj_l are holomorphic), 7
to be holomorphic, and the local trivializations ® : 771(U) — U x C" to be biholomorphic. Anal-
ogously to the real vector bundle case, holomorphic vector bundles determine and are determined
by cocycles @;; 1= ¢; 0 go;l : UiNU; — GL(n, C), which in this case are additionally required to be
holomorphic (Huybrechts [59, Remark 2.2.2]).

Given a complex vector bundle E — M, its structure group GL(n,C) can be reduced to
its maximal compact subgroup U(n), which is a deformation retract of GL(n,C) (via the Gram-

Schmidt process, see the remarks following Corollary 5), and thus we may suppose E endowed with
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a Hermitian inner product H. From this Hermitian inner product we can get both a Riemannian

metric g and a symplectic form w on F, as follows:

Then g is symmetric and w is skew-symmetric:

g, v) = %(H(u,v) + H ) = %(H(v,u) + H (v, 1)) = g(v, )

and both are nondegenerate: to see that w is nondegenerate, note that it can be represented as
Jo with respect to a well-chosen (symplectic) basis 5. For let J be the given complex structure
i on E, viewed momentarily as a real 2n-dimensional real vector bundle, and decompose E into
the subbundles EM? and E%!, the £1 eigenbundles of .J. Then, as in the proof of Proposition 32,
any complex basis (u; + ivj);‘:l for BV gives a real basis (vy,...,vpn,u1,...,u,) for E with the

property that v; = J(u;) and J(vj) = —uj, so [w]g = Jo. Moreover, this J is w-compatible, for

W, Jv) = —%(H(u, Jv) — H(u, Jv)) = —%(iH(u,v) il ()

= %(H(u, v) + H(u,v)) = g(u,v)

This incidentally also shows that ¢ is nondegenerate, for the symplectic basis will diagonalize g, in
view of g(u;, uj) = w(ug, Juj) = w(ug,vj) = &j, 9(vi,vj) = w(vi, Jvj) = —w(v, uj) = w(ug,v;) =
0i;. Lastly, it is clear that

H=g+iw

If we replace —%(H — H) with its positive counterpart (H — H), which is called the fundamental

form, then we need to replace J =i with J = —¢, and in this case H becomes H = g — iw. |

Our interest, of course, is in the case of E the tangent bundle TM of an even-dimensional

manifold M.
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2.4.2 Symplectic Manifolds: Definitions and Examples
2.4.2.1 Definitions and Basic Properties

Definition 9 A symplectic manifold (M,w) is a smooth manifold M of real dimension 2n
equipped with a symplectic form, that is a nondegenerate closed 2-form w € Q?(M). Explicitly,
this means w satisfies
(1) dw=0
(2) wp € A\? T,M = HomﬁSkeW(TpM;R) is symplectic for each p € M, that is w, is a skew-
symmetric and nondegenerate bilinear form on each tangent space.
Let (M,wys) and (N,wpy) be two symplectic manifolds. A smooth map f : M — N is said to be

symplectic or a morphism of symplectic manifolds if f preserves the form,

f*wN = WM, 1.e.

wr(X,Y) = wn (Tf(X), Tf(Y)) VX,Y € T(TM)

This means that, fiberwise, T, f is a linear symplectic morphism from (1, M, waz, ) to (T N, wny(,))-
A symplectomorphism is a symplectic diffeomorphism.® Clearly f is a symplectomorphism iff
1 is, since T,f is invertible and symplecitc fiberwise. In the case M = N the collection of
symplectomorphisms of M forms a group under composition, called the symplectic group of M,
denoted

Sp(M,w) or Sp(M):={f e Diff(M) | ffw =w}

Obviously, if f € Sp(M,w), then fiberwise T}, f is an element of the group of linear symplectomor-

phisms under the identification Sp(T, M, wp) = Sp(n, R). |

Remark 30 If w € Q?(M) is not closed, then we say (M,w) is an almost symplectic manifold,
and in this case (T'M, w) is merely a symplectic vector bundle over M, and consequently a complex

vector bundle, by Proposition 48 and Theorem 16. [

5 To distinguish the manifold case from the linear case, we shall write ’linear’ in front of ’symplectic’ and ’sym-
plectomorphism’ to clarify the meaning.
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Proposition 49

(1) Any almost symplectic manifold (M,w) is orientable.

(2) No symplectic form w on a closed (compact without boundary) manifold is exact. More-
over, in such a case w, being closed, induces a monzero cohomology class [w"] = [w|™ €
H2%(M;R).

Proof: Since a 2-form w € Q?(M) is nondegenerate iff w™ € Q**(M) is nonzero (Theorem 13),
we see that in such a case w™ is a volume form and so every almost symplectic manifold (M, w) is
orientable. If w is additionally closed, then it defines a nonzero cohomology class [w] € Hz(M;R).
When M is a closed manifold, then [w]" := [w] — -+ — [w] = [w"] € H34(M;R) is also nonzero
(Salamon and McDuff [76, p. 83]), and this furnishes us with many examples of non-symplectic
even-dimensional manifolds (see Remark 32 below). To see that w cannot be exact on a closed

manifold, use Stokes’ Theorem: if w = da, then
W" = (da)™ = da A (do)" ! = da A (da)" ' 4 da A d(da)" ! = d(a AW

SO

/w”:/ dw:/ d2(a/\wn_1):/ 0=0
M oM oM oM

which is impossible since w” is a volume form, which must give nonzero volume for M. |

Definition 10 Let (M,w) be a symplectic manifold. A bundle endomorphism J € End(T'M) is
called an almost complex structure if J? = —I, where I is the idenitity element of End(TM).
This means that fiberwise, on T, M, we have Jp2 = —I,, i.e. Jp is a complex structure on each vector
space T, M = R?”. As in the case of vector spaces, we say that J is tamed by w if the bilinear

form gy :=wo (I x J) is symmetric and positive definite on I'(T'M),

95(X,Y) = g;(Y, X),

97(X, X) =w(X,JX) >0, VX €I'(TM), and g;(X,X)=0iff X =0
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(gs is always symmetric, but not always positive definite.) We say J is calibrated by w if addi-

tionally J € Sp(M,w), i.e. J*w =w, or
w(lJX,JY)=w(X,Y), VXY e'(TM)

If J is both tamed and calibrated by w, then we say that J is compatible with w. In this case,
gy is a Riemannian metric on M and J € Sp(M,w) N O(M, gs), i.e. J also preserves the metric,

J*g5; = g7, for
gJ(JX, JY) = w(JX, J2Y) = —w(JX, Y) = o.)(Y, JX) = gJ(Y,X) = gJ(X,Y)

because these relations hold fiberwise (see Sections 2.3.3 and 2.3.5 above). u

Now, fiberwise J, € J(T,M), so we can also view J as a field of complex structures, or a
section of a certain bundle, p — J, € J(I,M). To formalize this idea we introduce the following
fiber bundles over the symplecic manifold (M,w), and which are indeed fiber bundles over M
by Darboux’s theorem, which allows for the construction of local trivializations (see Bieliavsky
et al. [17], and Proposition 50 below; these bundles do not necessarily exist over arbitrary even

dimensional manifolds).

Definition 11 The bundle of almost complex structures is the fiber bundle
J(TM)— M (2.102)

whose typical fiber is the 2n?-dimensional manifold 7 (R?*") ~ GL(2n,R)/GL(n,C) of complex
structures (Proposition 35). We can thus think of J(T'M) as a principal GL(2n,R)/ GL(n,C)-
bundle, J(T'M) = Pgr,2n,r)/GL(n,c)- We also have the bundle of w-tame almost complex

structures,

J-(TM,w) = M (2.103)

which is a fiber bundle with typical fiber the 2n2-dimensional manifold J,(R?" wg) ~ {A €

My, (R) | AJy + JoA = 0} ~ R2"” (Propositon 36), as well as the bundle of w-calibrated almost
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complex structures,

Je(TM,w) = M (2.104)

a fiber bundle with typical fiber the n(n + 1)-dimensional manifold J,.(R?",wg) = sp(n,R) N
Symy,, (R) = R™"+1)_ Lastly, we have the bundle of w-compatible almost complex struc-

tures,

J(TM,w) — M (2.105)

which is a fiber bundle with typical fiber the n(n + 1)-dimensional manifold 7 (R?*") ~ sp(n,R) N

Sym,, (R) = R*"+1) (Remark 23). [

Remark 31 The bundle J(T'M,w) can also be viewed (Bieliavsky et al [17]) as the associated

bundle to the symplectic frame bundle,
T (TM,w) = Pspnr) Xspm.r) J (R*, wo) (2.106)

with typical fiber the space of vector-space complex structures J(R?",wp) =~ Sp(n,R)/U(n), by
Proposition 40, which specifies the R?"-action on the homogeneous space J(R?",wg). Indeed,

J(TM,w) is also a homogeneous space,

J(TM,w) =~ Psynr)/ U(n) (2.107)

poJoop !l «— p-Un) (2.108)

In other words, the conjugation action of Sp(n,R) on J(R?", w) of Proposition 40 can be lifted to
the symplectic frame bundle J(T'M,w) fiberwise.
Another observation worth making is that the symplectic frame bundle Pgp(, g) has an R2"-

valued 1-form called the soldering form

0 e Ql (PSp(n,R); RZn)

GP(X) = p_l(TTI'(X)), pe Sp(M,UJ), T PSp(n,R) — M
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To understand this form, consider the vertical bundle of P, r),
V Psp(n ) = ker Tm — M

Then V Pg,, gy = ker. A horizontal 1-form is one which vanishes on V Py, g), and we note
that the components of 6 are therefore horizontal forms. Given X € sp(n,R), we may define the

vertical vector field X on Pspn,r) by

- d

Xp = p7 L (poexp(tX))

and from this we obtain the trivialization of the vertical bundle,

PSp(n,]R) X 5p(n7 R) = VPSp(n,R)

(p, X) = X,

This is a standard construction, of course, and applies to any principal G-bundle Pz — M. Note
that the pullback bundle 7*T'M is also trivial, via (p, X) + (p,p~1X), so 6 imay be viewed as a

map

0 TPsp(nz) = Pop(n) X R

0p(X) = (p,p~  (T(X)))

We also get an exact sequence of bundles,

0 Psp(nr) ¥ 5p(n,R) — TPsp(,r) — Pop(n,r) X R*" 0

Splitting this exact sequence trivializes the tangent bundle of Pgy(, r)- |

Proposition 50 Let M be a 2n-dimensional manifold.

(1) For each nondegenerate 2-form w € Q%(M) there exsits an w-compatible almost complex
structure J € I'(J(T'M,w)), and moreover the space I'(J(T'M,w)) is path connected and

contractible.
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(2) For each almost complex structure J € T'(J(TM)) there exists a nondegenerate 2-form
w € Q2(M) which is compatible with J, i.e. J € T(J(TM,w)). The space Q;(M) of such

forms is path connected and contractible.

Proof: This is just a special case of Theorem 48 with £ =TM. |

Remark 32 As a result of this proposition, we see that an even dimensional manifold M admits
an almost complex structure iff it carries a nondegenerate 2-form (not necessarily closed). That is,
M is an almost complex manifold iff it is an almost symplectic manifold. The former condition,
however, does not hold for certain even dimensional manifolds. For example, the connected sum
CP?#CP? does not admit any almost complex structure by a result due to Taubes and Wu (see
[12, Proposition 1.5.1, Ex. 1.5.2] and [76, Ex. 4.7]). Less exotic examples are even-dimensional
spheres S*" for n € N\{1,3}, a result known since the early 1950s (see Borel and Serre [19], and
Wu [111]). Of course, since H3%(5*";R) = 0, by we know Proposition 49 that no even-dimensional
spheres S?" for n > 2 carries a symplectic structure, though by the Borel and Serre result we know
that S?" carries no nondegenerate 2-form whatsoever. For the cases S? and S% see Examples 13

and 9 below. [ |

Remark 33 In his doctoral dissertation [46] of 1969, Mikhail Gromov proved that any open
(boundaryless and containing no compact component) even dimensional almost symplectic (equiv-
alently almost complex) manifold M is actually symplectic. The precise statement is: Any open
almost complex manifold (M, J) (equivalently almost symplectic manifold (M,w)) admits a sym-
plectic structure w which belongs to any prescribed cohomology class a € H?(M) and such that
J € [Jo] where [J,] is the homotopy class of almost complex structures compatible with w. The
situation for closed (compact without boundary) manifolds was rather different, and Gromov’s
h-principle could not be applied. Taubes, in his 1994-5 papers [98] and [99] showed by means of
Seiberg-Witten invariants that in the case of closed almost symplectc/almost complex manifolds the

situation was different. He produced the example of CP?#CP?#CP?, an almost complex/almost
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symplectic manifold carrying a cohomology class a € H?(M) such that a™ # 0 and yet having no

symplectic structure. [ |

Thus, if we are given a symplectic manifold (M, w), we automatically have an almost complex
structure J € I'(J(M,w)) compatible with w and giving the tangent bundle T'M the structure of
a complex vector bundle. The obvious questions that arise are: (1) Does J make M a complex
manifold, at least under certain circumstances? Or, to put it differently, does J come from a
complex manifold structure on M? (2) Suppose M has at least one almost complex structure J.
Is M a complex manifold? That is, do any of its almost complex structures come from a complex
manifold structure? (3) If M is a complex manifold, under what conditions is it symplectic or
Kahler?

There is a relatively easy answer to (1), namely (M, J) is complex precisely when J’s Nijenhuis
tensor N; vanishes. This is the Newlander-Nirenberg theorem, which we describe below. However,
the Newlander-Nirenberg theorem is not enough to answer (2), which seems to be an open question.
The example of SO is the most likely to produce an instance of an almost complex manifold without
a complex manifold structure, but is currently unresolved (see Example 9 below). (3) has been
answered many times over, there are many non-Kahler symplectic and complex manifolds (see

Example below).

Definition 12 An almost complex manifold (M, J) is a real 2n-dimensional smooth manifold
M equipped with an almost complex structure J € I'(J (7'M )). By the previous proposition such
manifolds always possess a nondegenerate 2-form w which is compatible with J. If w were closed,

this would make (M,w) a symplectic manifold. [

Definition 13 A complex manifold of complex dimension n is a real 2n-dimensional real smooth
manifold equipped with a holomorphic structure, an equivalence class of holomorphic atlases.

A holomorphic atlas is an atlas {(U;, ¢;) }ier on M with each ¢; a homoemorphism onto an open



121

set p(U;) in C", usually taken to be the open unit disk, and such that the transition functions
- -1,
pij =piop; 1 pi(UinUj) — (Ui N Uj)

are biholomorphic. Two holomorphic atlases {(U;, ¢;) bier and {(V}, ;) }ies are called equivalent if
all maps ¢; o wj_l (Ui NV;) = ¢i(U; N'V;) are holomorphic.

Define the differential operators

o .19 9 9 o ;9
aZj 2 aﬂj‘j Oyj ’ 8§j 2 8l'j 8y]~

on C*(C™,C), and their associated dual forms,
dzj = dx; +idy;, dz;j = dxj — idy;

If U C C", then by Huybrechts [59, Proposition 1.3.1] the complexified tangent bundle TU® :=

TU @r C := |_|peU T,U @R C splits as
TU® =170 @ T%'U

where T is the +1-eigenbundle and 7% is the —1-eigenbundle of the natural complex structure
i on TU® (see Section 2.3.1 for the algebraic necessaries), with (9/9z1,...,0/0z,) a global frame
for T4 and (9/0%1,...,0/0%,) a global frame for T%!. The complexified cotangent bundle T*U®
splits analogously,

T*U(C _ (T*U)I,O o (T*U)O’l

and (dz1,...,dz,) is a global frame for (T*U)'? and (dz1,...,dz,) is a global frame for (T*U)%!.
Let

QL) =T1(U, /\k TU)

denote the space of complex k-forms on U, which splits as

QU) = P )

ptq=k
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where QP4(U) = T(U, (NP(T*U)0) @ (AY(T*U)™)). Let 177 : QE(U) — QP9(U) be the (p, q)th
projection, and note that the ordinary real exterior derivative d : Q®*(U) — Q*+(U) extends to the
complexification Q2 (U) by d(a ® z) := (da) ® z, and satisfies

d: o~ fH o
r+s=p+q+1

do = Z II"° o dox
r+s=p+q+1

By means of the complexified d we may define the Dolbeault operators,

9 :=IPH1 o d : WEI(U) — WETH(U)

9=t o(: w(U) — w(p:’qul(U)

which satisfy (Huybrechts [59, Lemma 1.3.6])

IaAB)=0aAB+ (=1)PTa AdB

IaAB)=0anB+ (—-1)PTa ndp

If H is the standard Hermitian inner product on TU = U x C", then letting g = %(H + H)
and w := %(H — H) be the induced Riemannian metric and symplectic form, respectively, so that
H = g — iw, then w may be expressed in complex coordinates as
P
w= 3 Z H;jdz; N\ dz;
ij=1

where H;; = H(a%i, aiyj), and dw = 0 iff for any point z € U there exist a neighbourhood U’ of
0 € C" and a local biholomorphic map f : U’ = f(U’') C U with f(0) = z and such that f*g
osculates in the origin to order two to the standard metric (Huybrechts [59, Proposition 1.3.12]).

To put all of this on the complex manifold M we need to define the holomorphic tangent

bundle. Let ¢;; : U;NU; — GL(n, C) be the cocycle gotten from the transition map ¢;; = ¢; o<p;1



123

ok
( aij )k,z:

by application of the Jacobian of ¢;; at the point ¢;(z) € ¢;(U;NU;) C C, Jpi;i(p;(2)) =
wij :U; N Uj — GL(’I’L, C)
Yij(p5(2)) == Jpij(p;(2))
These cocycles glue together to form a holomorphic vector bundle T3; — M, called the holomorphic
tangent bundle. It is (complex-)isomorphic to T1M (Voisin [106, Proposition 2.13], Huybrechts
[59, Proposition 2.6.4]), and in fact equal to it as a subbundle of T'M Cif we view TM'O as a
complex vector bundle with complex structure J the natural complex structure ¢ coming from the
complexification of TM. For this reason, TM'0 is sometimes itself called the holomorphic tangent
bundle. The realification of Ty is clearly real-isomorphic to the real tangent bundle T'M of the

underlying real manifold M:

Toar &c TMYWY = TM

Given a complex manifold M with holomorphic tangent bundle T3 ¢ TMY, we know that TM !0
locally, over a chart domain U, possesses complex coordinates (0/0z1,...,0/0z,), and so over U we
can apply the whole algebraic apparatus we constructed over U C C": forms, complexified forms,
their bi-grading, and the operators d, 9, 9, as well as the form w. All of these glue together over
M, but some of the conditions on d, 0, 9, J, and w may fail to hold globally. We will describe

these below. The main interest will be the condition on w that it be closed, for in that case (M, w)

will also be symplectic. u

Definition 14 A complex structure J € I'(J(T'M)) on a 2n-dimensional real smooth manifold M
is called integrable if it is induced by a holomorphic structure on M, that is if J is multiplication
by i coordinate-wise in a way compatible with changes of coordinates. This is the case precisely

when M is equipped with an atlas {(U;, ¢;)}ier such that J is represented by Jy € J(R?") locally,
Typio Jy = JooTypi: T,M — R*™

(Salamon and McDuff [76, p. 123]). In this case, the almost complex manifold (M, .J) acquires the

structure of a complex manifold, and J is called a complex structure. [ |
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In order to understand this integrability condition, we need to define an ancillary tool, the

Nijenhuis tensor.

Definition 15 Let J € I'(J(T'M)) be an almost complex structure on M. The Nijenhuis tensor

Ny is a (1,2)-tensor field, given in terms of the Lie bracket on I'(T'M),

Ny € T/ (M) = D(TM & T*M @ T*M) = Homuo ) (TM; TM)

N;(X,)Y):=[JX,JY] - JJX, Y] - J[X,JY]| - [X,Y]
More generally, given any A € End T'M we may define N4 as
NA(X,Y) :=[AX,AY] — A[AX,Y] — A[X,AY] + A%[X,Y]
which is one-half of the Frolicher-Nijenhuis bracket, Na = %[A, AlpN. [ |

The following proposition characterizes the integrability condition. It’s proof may be found
in Propositions 2.6.15 and 2.6.17, Corollary 2.6.18 of Huybrechts [59], except for the Newlander-
Nirenberg (the equivalence of statements (1) and (5)), whose proof may be found in the original

1957 article of Newlander and Nirenberg [84], with a more modern proof in, e.g. Webster [108].

Proposition 51 Let J € T'(J(TM)) be an almost complex structure on an even-dimensional real

smooth manifold M. Then the following are equivalent:

(1) J is integrable.

(2) d=09+ 9 on Q&(M).

(3) %2 0d =0 on QYO(M).

(4) [TMYO, TMYWO) C TMO, that is the Lie bracket preserves the bundle TM°.

(5) Ny =0. (Newlander-Nirenberg Theorem,)

Moreover, if 9 = 0, then J is integrable. Conversely, if J is integrable, then 0% = 9 =0 and

Dod=—000. [ |
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Example 9 It is well known that the 6-sphere S° carries a non-integrable almost complex structure
J (Calabi [23], Steenrod [96, Remark 41.21, p. 217]), but it remains an open question whether all
J € T(J(TS%)) are non-integrable. We know, of course, that S® admits no symplectic structure
(Proposition 49), so in any case (S9,.J) is an example of an almost complex manifold, possibly a
complex manifold, which is not a symplectic manifold. A recent paper of Gabor Etesi [31] claiming
to prove the existence of a an integrable complex structure on S® has an erratum pending review

at the time of this writing. |

Definition 16 A Ké&hler manifold is a symplectic manifold (M,w) which is also a complex
manifold (M, J) with J € I'(J(TM,w)) an integrable and compatible almost complex structure.
Alternatively, a K&hler manifold is a complex manifold M endowed with a K&hler structure: a
Riemannian metric g, which is compatible with the induced complex structure J € I'(J(T'M)),
multiplication by ¢, meaning that the fundamental form w is compatible, w := g(J-, -), and closed
dw = 0. The Riemannian metric g is here called a hermitian structure, and (M, g) a hermitian

manifold. In this case g = w(+, J-), too, by compatibility. |

Example 10 There are many examples of complex manifolds which are symplectic yet not Kéhler,
beginning with those in Thurston’s article [101]. Gompf [41] has examples of compact symplectic
non-Kéhler manifolds for every dimension > 4, and Guan [49] has constructed examples of compact
simply connected symplectic and complex but non-Kéhler manifolds. Angella’s recent book [2]
contains many more, along with the cohomological theory underlying the production of many of

these examples. |

2.4.2.2 Examples of Symplectic Manifolds

Example 11 The standard vector space (R?",wg) of Section 2.3.3 can be viewed as a symplectic
manifold with trivial tangent bundle TR?" = R?” x R?". Here, we think of wg not merely as an

element of A\?(R2")* = HomﬁSkeW(RQ”; R) 2 Skews, (R), but as a section of the bundle A? T*R2" =
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Homg, gie, (TR?™; R) — R?", iLe.
2
wo € Q2(R™) = r( A T*R2”>
In other words, wy sends a point x € R?" to a symplectic form in T4R?" = {x} x R?*"
n
Wo, = (Xv WO) = <X7 ZdQJ A dpj)
7=1
as an element of {x} x A%(R?")* = \? T*R?". Notice that wy is closed, since the exterior derivative
of each dg; A dp; is 0.
Considering R?" as a manifold rather than just a vector space already introduces new features.

For example, the class of morphisms is much larger. Let us identify T} R?" with R?" to simplify

notation, and consider the following example of a nonlinear symplectic morphism:

f:R? —» R?

flzy) = (@ +x+y, 2°+y)

Its tangent map is

20 +1 1
Df(z,y) =
2z 1
which is easily seen to be symplectic on R2—it satisfies D f(x,y)T JoD f(z,y) = Jo (see Proposition

19). It is, of course, not a symplectomorphism because it fails to be injective. An example of a

symplectomorphism is
fiR* =R’
flay) = (" +a+y, e +y)

whose tangent map is

e +1 1
Df(x,y) =
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which is easily verified to be an element of Sp(1,R) for all (z,y) € R2. It is, moreover, invertible,

v

for we can solve the equations u =e* +z+y, v =€e"4+y, namely z=u—vand y=v —e“7", so

fHu,v) = (u—v,v— ")

» 1 -1
D(f™")(u,v) =
_eUTU ] et
which is also easily seen to be symplectic. This shows that the symplectomorphism group
Sp(R?,wp) = {f € Diff(R?) | Df(x) € Sp(n,R), Vx € R?}

is strictly larger than the linear symplectomorphism group Sp(1,R). |

Example 12 More generally, any symplectic vector space (V,w) can be viewed as a symplectic
manifold with trivial tangent bundle TV = VxV andw € Q(V) = T(A? T*V) = HomﬁySkeW(T*V; R),
v wy = {v} xw € T,V = {v} x V, and as with R??, to which V is linearly symplectomorphic,
we will have a much larger class of morphisms in the manifold category over the vector space cat-

egory. |

Example 13 The 2-sphere S? may be endowed with a symplectic form w as follows. View S? as
embedded in R3, so that the tangent space Tp5’2 above a point p € S? may be identified with the
subspace of the tangent space Tp]R3 = {p} x R3, whereby we also get the subsapce normal to TpSQ,

NpS? := (Tp5?)*, which can be identified with the span of the vector (p,p) in {p} x R3, as

NpS? = {p} x span(p)

Then, given any two vectors in (p,u), (p,v) € TpS?, we have that (p,u x v) € NpS?, and we can

take the (standard R3) inner product of this vector with (p,p),

(P, P), (P,uxV)), = (p,uxv)
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which is positive whenever u and v are nonzero and linearly independent, and represents the volume
of the parallelpiped P(p,u,v) spanned by p, u and v—in fact it equals the absolute value of the

determinant of the 3 x 3 matrix Ap with columns are these three vectors,

(p,ux v) =Vol(P(p,u,v)) = |det Ap| = det \/ ALAp = |[u x v|| = Area(u, V)

which, since p L span(u,v) and ||p|| = 1, also gives the area of the parallelogram spanned by u

and v. Using this inner product we define the symplectic form

w € N%(S?)
wp((P,p), (P,uxV)):={((p,p),(P,uxv)), =|det((p u v))|=[uxv]|

and we notice that the skew-symmetry of the cross product ensures the skew-symmetry of w, while
nondegeneracy can be shown by choosing a symplectic basis: let u € p be any unit vector, and
define v = u x p. Then, w(u,u) = w(v,v) =0, while w(u,v) = (p,u x (u x p)) = (p,—p) = —1,

whence [w](u’v) = Jy. Note that w is just the standard area form, whose integral gives the surface

/ w=4m
5‘2

For if we choose u latitudinal, that is tangent to the latitudinal circles and so represented by the

area of the sphere,

vector field dy, then v = u x p is the tangent vector to a longitudinal great circles and so represented
by 0,, where (6, ) are the standard spherical coordinates, 0 < 6 < 27, 0 < ¢ < 7. Of course, the
collection of points (sin ¢, 0, cos ) for 0 < ¢ < 7 are not covered by this chart, but this is a set of
measure zero so does not affect the integral.

Now, consider a symplectomorphism ¢ € Sp(S?,w). The requirement ¢*w = w means
Wy (p) (Tpp(u), Tpp(v)) = wp(u, v), which is equivalent to the area of the parallelogram spanned by

Tpp(u) and Tpe(v) being the same as the area of the parallelogram spanned u and v. Thus,
Sp(S?,w) = {area- and orientation-preserving ¢ € Diff(S?)}

Of course, SO(3) C Sp(S?,w), since any special orthogonal matrix A is just a rotation matrix, so
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is its own derivative and therefore preserves areas and orientation. Indeed, since

TpA : TpS? — TapS?

TPA(p7 ll) = (Ap7 Au)
and A preserves the dot product, and therefore angles and lengths, we have

A'wp(u, v) = wap(Au, Av) = [[(Au) x (Av)]

= [[Aull[|Av]|sin 6 = [[u[[lufsind = [ux v]| = wp(u,v)

However, the group Sp(S2,w) is strictly larger than SO(3). |

Example 14 The sphere was an example of an orientable surface. More generally, any oriented
surface S is a symplectic manifold (S, dA), with symplectic form its area form dA. For dA € Q?(S)
is trivially closed by dimension count, and it is nondegenerate by reason of orientability, which
requires the area form to be a nonvanishing top-form. This produces a large class of 2-dimensional

examples. [

Example 15 Consider the 2-torus T? = R?/Z2. We know from the previous example that it is a
symplectic manifold, being an orientable surface, whether we view it as a quotient R?/Z2, a product
S1 x S, or an embedding into R3. But viewing it as a quotient gives an explicit description of the
symplectic form w. Namely, take the standard symplectic form wy on R? and note that it descends
to the quotient because it is translation-invariant on R?, which has trivial tangent bundle on which
wo is constant, by Example 11. Alternatively, viewing T? as S x S, we may define w = df A dy" ,
though note that this expression suffers from the restrictions on 6 and ¢ which require them to lie
in (0,27) and so not covering the points (1,e*), (e??,1) € T2.

The same constructions work to make the 2n-torus T?" = R?"/Z?" ~ S x - - - x S! symplectic.

Viewing it as a lattice, we let wy descend from R?" to the quotient, while viewing it as the product

7 Strictly speaking, W(eib civ) = ((ew, e'?), df A dy)
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of 2n circles, T2" = (T2)", we let w = mf(dfy A dpy) + -+~ + (A0, A dipy), where ; : T2 — T2 is
the projection onto the jth factor. This is a general type of construction for products of symplectic

manifolds, which we describe next. |

Example 16 Let (M,wys) and (V,wy) be symplectic manifolds of dimensions 2m and 2n, re-
specively. Then their product M x N is also a symplectic manifold, with product symplectic
form

Wy B wN = Wi + TowN

where m : M x N — M and 7wy : M x N — N are the projections onto each factor. Skew-symmetry

is clear, and nondegeneracy follows from the observation that

e

and this latter form is nondegenerate because each of (7jwys)™ and (miwy)™ are.

We also have a twisted product symplectic form
WM O WN 1= TjWap — ToWN

which will be needed in the study of symplectomorphisms of a symplectic manifold.
These forms allows us to construct new symplectic manifolds out of old. For example, S? x T?

and S? x S§? x T? are symplectic manifolds. |

Example 17 Not every complex manifold M is a symplectic manifold. If M is complex, then
it is also Hermitian (Remark 29), so 7'M has a Hermitian inner product H from which we get a
Riemannian metric g := %(H + H) and a nondegenerate skew-symmetric 2-form w := —%(H —H),
called the fundamental form, and clearly satisfying H = ¢ + iw. However, w is not necessarily

closed.
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Example 18 (The Cotangent Bundle) The canonical example of a symplectic manifold is the
cotangent bundle T* M of an n-manifold M. Consider the projection map 7 : T*M — M and it’s
tangent map T'r : T(T*M) — TM. Define a 1-form € Q!(T* M), called the tautological 1-form
(or canonical or symplectic or Liouville or Poincaré 1-form), as follows: if £ € T(T*M) and
o € T*M is a 'point’ in the cotangent bundle, then &, € To(T*M), and Tom : To(T* M) — Tr(o)yM,
so let 1 act on &, as

Na(€a) = (T7)a(€a) = (Tum(8a))

If (U,p) be a chart on M, with ¢ = (q1,...,qn) in components (we think of the ¢; as position
coordinates), then ® = (q1,...,qn,P1,-..,Pn) is a chart on T*M. A point o € T*M then looks

locally like o = (a,b) := Y _." | aiqi+bip;, where a;,b; € R, and a tangent vector &, € T,,(T* M) then

is expressed locally as §&, = (4,B) := > ", Aia%i + B, a‘;. Consequently, Tom(€a) = D iy Aia%m

and so, since p; = dq*, we have

Na(a) = a(Z Aiaqi> = (ajq; + bjdg’) (Z Aiaql.> = bid;
=1 =1 =1

i=1 j
Therefore,
n
n=pdg:= p;dg
i=1
is the coordinate expression of the tautological 1-form. |

2.4.3 Darboux’s Theorem

Recall Proposition 32, which says that all symplectic vector spaces (V,w) of dimension 2n are
linearly symplectomorphic to (R?",wg). Our first major result is a generalization of this statement
to manifolds: all symplectic manifolds are locally symplectomorphic to the symplectic manifold
(R?", wg). This means that about every point p in M there are canonical or symplectic coordinates,
i.e. there is a chart (U, ) with ¢ = (21,..., 20, Y1,...,yn) : U = @©(U) C R?™ such that w has the
local expression w = Y i, dz’ Ady’ in these coordinates, and moreover ¢ is a symplectomorphism,

i.e. ¢*wg = w. This is the content of Darboux’s theorem.
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Lemma 6 Let M and N be smooth manifolds and let {F;, : M — N |t € R} be a smooth 1-
parameter family of diffeomeorphisms (F : M x R — N is a smooth map). Let Xy € Xp, (M) be the

tangent field along Fy, that is find X; making the following diagram commute,
TN

y

M — N
F

TN

That is, Xi(p) is the tangent vector to the curve ¢ : R — N given by c(s) := Fs(p) at the point

q = Fi(p) in N. Then, if (ct)ier € QN) X R is a 1-parameter family of differential forms on N,

we have
d, ., . [ da . .
%(Ft o) = F; (dtt + thdat) + d(F} (ix, o))
d
= F;(;:—l-(’ixtod-i-doixt)at)

When M = N, Fy is the flow of X € X(M), and oy is independent of t, i.e. ay = o € Q(M), the
last equality at t = 0 may be formulated in terms of the Lie derivative as Cartan’s magic formula,
%}tZO(Ft*a) =Lxa=(ixod+doix)a.

Proof: This is Lemma 2.3, Berndt [16]. |

Theorem 17 (Darboux’s Theorem) Let M be a 2n-dimensional smooth manifold and let wy, w1 €
O2(M) be symplectic forms agreeing at some point p € M. Then there is a neighborhood U of p
and a diffeomorphism F : U — F(U) fizing p and satisfying F*w; = wg on U.

Proof: Define w; := (1 — t)wp + tw for all t € I = [0,1], and note that it is closed since wy and
wy are. Define 0 := wg —wy = —%wt. Since o is also closed, Poincaré’s Lemma implies that it is
locally exact, i.e. there exists a neighborhood U; of p and a 1-form o € Q' (Uy) such that da = o
on Uy. Since wi(p) = wo(p) for all t € I and wy is nondegenerate, so is wy on a neighborhood Uy of
p, which we may suppose lies inside U;. Use the nondegeneracy of wy on Uy to obtain the vector
field Y; := wf (), which means iy,w; = o on Uy. Then the flows F; of the vector fields Y; exist on

a neighborhood U C Uy of p, and satisfy F;(U) C Uy and Fi(p) = p. Moreover, by construction we
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have % + d(iy,wt) = % +da = % + 0 = 0 and by the closedness of w; and Lemma 6 applied to

the F; and w; we see that

d dw; : "
%(Ft*wt) =F; (dtt + iy, (dwy) + d(Zy;wt)) =F0=0
Consequently, since Fy = idyr, we have that Fy'w; = Fjwo = wo for all ¢, including ¢ = 1. |

Corollary 9 If (M,w) is a symplectic manifold, then each point p € M has an open neighborhood
U which is symplectomorphic to an open subset of (R*" wg). This means that about every point

p € M there is a chart (U, @) with ¢ = (T1,...,Tn, Y1, -+, Yn) : U — o(U) C R?™ such that

w= Zn: dz’ A dy
i=1
Proof: If (U, p) is a chart about p, then define 1 := ¢! and define the symplectic form w; := ¥*w,
on U := ¢(U) C R?". By applying a linear transformation if necessary we may assume that Uj is
a neighborhood of 0 in R?" and w1 (0) = wp(0). Then use Darboux’s theorem to get a neighborhood
Up of 0 € R?™ and diffeomorphism Fy : Uy — F(Up) C Uy such that Fjw; = wp and Fp(0) = 0.
Finally, set F := (¢p o Fy)~t : V — F(V) = Uy, where V = 9(Fy(Up)), which is the desired

symplectomorphism and chart (V, F'). |

2.4.4 The Poisson Bracket

Let (M,w) be a symplectic manifold. Recall the isomorphisms w’ : (M) — Q'(M) and
wh = (W)~ QY (M) — X(M), given, as in the linear case, by w’(X) := ixyw = w(X, ), which we
also denote by X”, and we also write of for wf(a). Using these, we define the Poisson bracket of

two 1-forms o, 3 € Q'(M) by
{o, B} = —[0*, B = —ifs o (2.109)

where [-, -] is the Lie bracket on X(M). As a consequence, {-,-} is a Lie bracket on Q*(M).
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Theorem 18 For all a, 3 € QY (M) we have the following characterization of the Poisson bracket

in terms of the Lie, exterior, and interior derivatives:

{Oé, /8} = _‘Cwﬂ(a)ﬁ + ‘Cwﬁ(ﬁ)a + d(iwﬁ(a)iwﬁ(ﬂ)w) (2110)
Proof: This follows from the fact that w is closed, so that for X, Xo, X3 € X(M)
3
0 = dw(X1, X2, X3) = Y (1)1 X; (w(. D)+ (D) (X5, X;), Xe)
i=1 1<J

Taking X = of := wi(a), Xy = B* := w(3), we get that
0 = (- X (w(X2, X3) + (—1)* 1 Xo (w(X1, X3)) + (—1)* ' X3 (w(X1, X2))
+ (=)' 2w ([X1, Xo], X3) + (=) FPw([X1, X3], X2) + (1) Pw([Xa, X3], X1)
= Lo (igpw(Xs)) — Lt (iasw(X3)) = L, (iasigew)
—w([of, B, X3) — w (B, [0, X)) — w([X1, Xo], X3) — w([6, Xs), o)
= Lot (B(X5)) = Loz (X)) = Lox, (lasigiw)
Ha, BH(X3) — B(Las X3) + (L X3)

= L (8(X3) — L (a(X3)) + {a, BHX3) — d(igrigw)(X3)

since, e.g. i sw = W (o) = W’ (wh(a)) = . This is true for all Xs. [ |
«

2.4.4.1 The Poisson Bracket on Smooth Functions on (R?", wy)

Let us now look at the special case of (R?",wp). Let f € C®(R?*") = C°°(T*R"), which in
this context we call an observable (cf. Folland [34]). Then df € Q!(R?"), so we can use wg to get

a vector field Xy € X(R?"),
=wh(df),  sothat df = —ix,wo (2.111)

and therefore, for all Y € X(M), df (Y) = —iyix,wo = W (X ) (Y) = wo(Y, Xt). We can also define
the Poisson bracket {f,g} of two functions/observables f,g € C®(R?") = C®(T*R"), as

follows,

{f,9} = —ix,ix,wo = wo(Xy, Xg) (2.112)
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Let us see what X and {f, g} looks like in symplectic coordinates, (21,...,Zn,Y1,--.,%n).

Proposition 52 If f € C*°(R?") then in canonical symplectic coordinates we have

of 0 af o
= - 2.113
I~ 9r oyt Oy* Oz’ ( )
where we used Einstein summation notation.
Proof: If we write X; = X'32- 4+ X" % and Y = Y’ ;2 + Y™ 2 then
of of , d 7] Of of
df (Y Yy — 4 ynti =Y +ynti L
) = <(9$Z Dy >< 0a 8y3> D Dy
On the other hand,
A . 9 ! o o A A .y
Y, X)) = (da' Ady?) [ VI— + Y™ — Xk _—_ 4 xntk_—_ ) —yixnti _yrtixi
WO( ) f) ( Z Y )( O + 8yj’ oxk + 6yk

These two expressions are equal, since df (Y) = wo(Y, X), so comparing components we see that

X' =L and X" = L. u
T

Corollary 10 For all f,g € C*®(R?") we have the coordinate expression in symplectic coordinates

of dg  0f 9y
ox' Oyt Oyt Ozt

{f,9} = wo(Xy, Xg) = (2.114)

Proof: This follows from the previous corollary, using the coordinate expressions for X; and

Y = X, and the formula wy(X¢, Xy) = y? ggl + YnJrZ 5‘f -

Remark 34 Let 2%,3/ € (R?")* be the dual vectors of the symplectic basis vectors of R?". Then,
2,y € C®(R?) as well, so we may consider their Poisson bracket, {2',y’} = wo(X,i,Y,) =

wo(wi, yj). Then, clearly, the z* and y’ satisfy the following relations:

{xiaxj} =0
oy} =0 (2.115)
{z',97} = 6y

We shall return to these relations later. [ |
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2.4.4.2 The Poisson Bracket on Smooth Functions on (M,w)

Let us now consider the general case of an arbitrary symplectic manifold (M, w). We remark
first that a smooth function f € C'*°(M) is also here called an observable sometimes. The Poisson
bracket of two functions/observables f,g € C°°(M) is then given as in the real case, namely
by

{f, g} = —ix,ix,w = w(Xy, Xy) (2.116)

where X; € X(M) is the vector field associated to f given by
Xy =wh(df), andso  df = —ix,w (2.117)

Since by Darboux’s theorem any symplectic manifold (M, w) is locally symplectomorphic to (R??, wy),
the above local expressions (2.113) and (2.114) are also true for f,g € C*(M).
We refer to Berndt [16] for proofs of the following facts, which are straightforward, if tedious,

calculations.

Proposition 53 Let (M,w) be a symplectic manifold. If f,g € C*°(M), then
{f,9y = —Lx;9=Lx,f (2.118)
[

Corollary 11 Let (M,w) be a symplectic manifold. If f,g € C°(M), then {f,g} = 0 iff f is

constant on the integral curves of Xy iff g is constant on the integral curves of X;. |
Proposition 54 Let (M,w) be a symplectic manifold. If f,g € C*°(M), then

d{f,g} = {df,dg} (2.119)

|

The Jacobi identity in the next proposition may be checked in local coordinates, or using the

Lie derivative expressions introduced above (Proposition 53).
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Proposition 55 Let (M,w) be a symplectic manifold. The Poisson bracket {-,-} on C°°(M) makes

C>(M) into a Lie algebra. Moreover, if f,g € C°°(M), we have
Xirgy = —1X5, Xy m

Theorem 19 Let (M,wyr) and (N,wy) be symplectic manifolds. If F : M — N is a dif-
feomeorphism, then F is symplectic, i.e. F*wy = wyr iff the pullback F* : Q(N) — Q(M),
F*a=ao(TFx---xTF), is a Lie algebra homomorphism, iff the pullback F* : C*°(N) — C*(M),

F*f = folF, is a Lie algebra homomorphsm. Here the Lie brackets are the Poisson brackets. W

2.4.5 Hamiltonian Vector Fields

Let (M,w) be a symplectic manifold. We saw in the last section that to each smooth function
f € C°°(M) there is an associated vector field Xy € X(M), called the Hamiltonian vector field

associated to f, given by X; = w®(df), so that i x;w = df, and in local canonical/symplectic

of o of @
T 0z' 9yt Oyt 9zt

coordinates X, = (Theorem 52 and the corollary to Darboux’s Theorem, 9).

Definition 17 Fix a function H € C*°(M) and call it the energy function, and consider the
associated vector field Xy € X(M). Then the triple (M,w, X§) is called a Hamiltonian system,
and Xz is called the Hamiltonian vector field of the system. The terminology comes from
classical mechanics, and in that setting symplectic coordinates are denoted with p’s and ¢’s (as
in Section 2.3.3, especially equation (2.37)), with the ¢; being the position coordinates and the
pj being the momentum coordinates. With this terminology and notation, locally we know by

Darboux’s theorem that w has coordinate expression

OH 0 O0H 0
Z

w = Z dq' N\ dp and 3¢ oy 8p g

i=1
The last expression can be summarized in what are called Hamilton’s or the Hamiltonian equa-

tions for the system (M,w,Xp). Let v : I — M be an integral curve of Xy which has local
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coordinate expression 4(t) = (¢(t),p(t)) in canonical coordinates. Then, Hamilton’s equations

OH . dqi
opt AT
(2.120)
OH _ . _
aqt LT
are just a restatement of the coordinate expression of Xy given above. |

Theorem 20 (Conservation of Energy) If (M,w, H) is a Hamiltonian system, then the energy

function H is constant on any integral curve of its associated Hamiltonian vector field Xpg.
Proof: If  is an integral curve of Xy, then 7/(t) = Xg(y(t)) for all ¢ in the domain of ~, and
so Hamilton’s equations (2.120) hold in local canonical coordinates. But dH (v/(t)) :=+/(t)(H) :=
(H o) (t), and

(Hoy)(t) = dH(+'(t)) = dH ((X1)y )

= i) @ (X)) = W((Xi)y (0 (X)) = 0
so H(v(t)) is constant. [ ]
Theorem 21 (Liouville) If (M,w, H) is a Hamiltonian system, then the flow F of the Hamil-

tonian wvector field Xy forms a one parameter family of symplecticomorphisms of M, that is

F, € Sp(M) for all t in the flow domain.

Proof: Since w is closed and w; = w for all ¢, so that dw/dt = 0, we have by Lemma 6 that

D (Fro) = F*(ixpdw + dlix,w)) = F*(d(dH))) = 0

dt
so Ffw is independent of t. But Fy = idps, because it is the flow of Xy, so we must have
Ffw = Fjw = w for all ¢, which shows that F; € Sp(M). [

Corollary 12 The symplectomorphisms F; of the flow of Xy preserve the volume form 7, =

(—1)[m/2]

n!

w™. [ |
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Definition 18 Let

Ham(M)

denote the vector subspace of X(M) consisting of Hamiltonian vector fields on (M,w). We call a
vector field X locally Hamiltonian if for each p € M there is a neighborhood U of p such that

X|y € Ham(U). The space of all locally Hamiltonian vector fields is denoted
Ham® (M)

We say that a vector field X € X(M) is a symplectic vector field if its flow F' gives a 1-parameter
family of symplectomorphisms, i.e. Fy € Sp(M) for all t. We thus have, by Liouville’s theorem that

all Hamiltonian vector fields are symplectic. |

With this terminology, we can state the following;:

Theorem 22 Let (M,w) be a symplectic manifold. Then, for any vector field X € X(M) the
following are equivalent:

(1) X € Ham®(M).

(2) ixw is closed.

(3) X is symplectic.

(4) Lxw =0.
Proof: (1) = (2) is simply d(ixw) = d(dH) = 0. (1) = (3) is Liouville’s theorem, and
(1) = (4) is found in the proof of Liouville’s theorem, since %’t:o (Ffw) =0. 3) = (4)
is the observation that Ffw = w implies Lxw = %‘t:o (Ft*w) = %|t:0w = 0, while conversely
Lxw = 0 means F{w is a constant, which, since Fy = idys, implies that Ffw = Fjw = w.
(2) = (1) Poincaré’s lemma says that ixw being closed implies that it is locally exact, which
means that around each point p € M there is a neighborhood U and a function H € C*°(U) such
that ixw|y = dH|y, i.e. that X € Ham®(M). (4) = (2) Suppose Lxw = 0. Then, by Cartan’s

formula 0 = d(ixw) + ix(dw) = d(ixw) since w is closed by assumption. [
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Corollary 13 Ham®(M) is a Lie subalgebra of X(M).

Proof: This follows from Lyw = 0 and Lixy| = [Lx, Ly]. |

Remark 35 Ham(M) = Ham®(M) iff H'(M,R) = 0, since that is exactly the statement that
closed 1-forms are globally exact, which is needed to have (2) == (1) in the proof of Theorem

22. |

Remark 36 Let i : R — C°°(M) be the inclusion, i(¢) = ¢, where the right-hand-side is the
constant function ¢ : M — R with value ¢ € R. Let j : C*°(M) — Ham(M) be given by
J(f) == Xy, i.e. j associates to each observable f its Hamiltonian vector field Xy. Then we have

an exact sequence,

0 — R -5 ¢°°(M) -5 Ham(M) — 0 (2.121)
called the fundamental exact sequence. This follows from the fact that
kerj = {X;|X;=0}
= {Xy|df =ix,w=w(0,-) =0}

= {X¢|f=1i(c) for some c € R}

= im1
— (M)
Consequently, we have
Ham(M) = C*(M)/R (2.122)
which is a restatement in terms of the First Isomorphism Theorem. |

2.4.6 Symplectic Connections

This section treats the basic object in the study of symplectic geometry, the symplectic
connection. Though it is the natural analog to the Levi-Civitta connection on a Riemannian

manifold, the symplectic connection is not unique, and in fact the space of symplectic connections is
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an affine space. To have a canonical choice of symplectic connection on (M, w) one needs additional
structure, such as a (pseudo-)Kéhler structure or a symmetric space structure on M. The former
case is equivalent to the condition that V preserves an w-calibrated almost complex structure
J e T(J(TM,w)), VJ = 0. Our treatement follows those of Bieliavsky et al. [17], Vaisman [103],

Habermann [55], [54], and Gel’fand, Ratekh and Shubin [37].

2.4.6.1 Definition and Basic Properties

Definition 19 Let (M,w) be a symplectic manifold. A symplectic connection V : I'(TM) —
D(TM®T*M) on M is one which respects the symplectic form or keep the symplectic form parallel,

meaning that its extension to (M) satisfies
Vw =0 (2.123)
Equivalently, for vector fields X,Y, Z € T'(T'M), this means
X(w(Y,2)) =w(VxY,Z) +w(Y,VxZ) (2.124)

Associated to each symplectic connection are some auxiliary tensors: First, the torsion tensor

T eT(T*M®? @ TM) = Q*(M;TM), the (2,1) tensor given by
TV(X,Y):=VxY - VyX — [X,Y]

If (e1,...,en,f1,...,fn) € T(U, Pspn,r)) is a local symplectic frame over U C M, then, following

Habermann and Habermann [54], we can also define the associated torsion vector field T of V,
n
j=1

Remark 37 Some authors, e.g. [17], also require a symplectic connection to be torsion-free, in
which case the connection with torsion is called an almost symplectic connection. Following Haber-
mann and Habermann [54] we prefer to use the term symplectic for connections only satisfying

Vw = 0. [ |
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Remark 38 Recall Remark 31 on the trivialization of the vertical bundle of the symplectic frame
bundle, Py, r) X 5p(n, R) = V Py, ). A principal connection in Py, gy is an sp(n, R)-valued
1-form o € Q( Py, r); 5p(n, R)) which satisfies a(X) = X and S*a = Adg « for all X € sp(n,R)
and S € Sp(n, R), and has ker o = H Pgp,(, r), the complementary horizontal bundle to the vertical

bundle V Pgy(,, r), that is
Pspnr) = HPspmr) ® V Pspnr) = kera @ ker T'w

where 7 : Py, gy = M. Now, a determines and is determined by a symplectic connection V as
follows: Over a trivializing open subset U of M for Py, r), take a section s : U — Pgp, ) (2 local
frame) and note that for any fixed u € R™ the vector su is a vector field on U, su € I'(U,TM),
and s*a € QY(U;sp(n,R)), and these are related by

Vx(su) = s((s*a)(X)u), ie. s 'Vs=s"a

Moreover, the components of a and the soldering form 6 are linearly independent and sapne the
cotangent spaces of Ps,,r) at each point, making Pg,,r) parallelizable. This makes Py, r)
simpler to work with than M for many purposes. See Bieliavsky et al. [17] for applications of this

observation. [
To see the equivalence of the two conditions (2.123) and (2.124) in the definition above we
need to unravel the definition of Vw.

Definition 20 As a map V : Q*(M) — Q°*(M), the extension of a connection V : I'(T'M) —

IN(T*M ® TM) is defined as follows:
(1) On functions, or 0-forms f € Q°(M) = C>°(M), we define V : Q°(M) — QL (M) by

(VHX) =Vxf:=df(X)=Xf
(2) On 1-forms a € Q' (M), we define V : QY(M) — Q%(M) by
(Va)(X,Y) = Vx(aY)) - a(VxY)
= d((Y)(X) —a(VxY)

— X((Y)) ~ a(VyY)
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(3) Then we extend V to all other forms by requiring V to be a derivation with respect to the
wedge product:

V(iaAB):=(Va)AB+an(VP)

Then we extend V linearly over all Q°(M). [

For example, on simple 2-forms a A 8 € Q?(M), where o, 3 € Q1(M), we have

V(e Aw)(X,Y,Z2) = ((Va)AB+an(VA))(X,Y,2Z)
= ((Vx(a(Y)) = a(VxY)) A B(2)
+a(Y) A (Vx(B(2)) — B(VxZ2)))
= X(a(Y)) 8(Z) = a(VxY) - B(Z)

+a(Y) - (XB(2)) —aY) - B(Vx Z)

Remark 39 Let us explain the second of the conditions, the behavior of V on 1-forms, for then
we will see how to calculate the covariant derivative of a 2-form like w as a function on vector
fields. First, recall that for any connection V on M the principled way to extend it to tensor fields

[(TM®™) is by requiring it to behave as a derivation with respect to the tensor product,
n
V1Y@ 0Y,) =) V1@ - (Vx¥)e Y,
j=1

To extend it to forms, or covectors, we additionally require it to commute with contraction. So let

us explain contraction: Contraction or trace is a pairing function,
tr: T(T*"M)@T(TM) — C*(M)
tr(a® X) = a(X)
This coordinate-free definition of contraction/trace is just the usual trace on square matrices, via the

isomorphism EndV 2 V* @V, a® v+ a(-)v. Given any a € QY(M) =T(T*M) and X € ['(TM)

we thus require of V that

dla(Y))=V(tr(a®Y))=tr(V(a®Y)=tr(Va) Y + a® (VY)) = (Va)(Y) + a(VY)
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from which we get an expression of Vo as a 2-form:
(Va)(X,Y) = d(a(Y))(X) —a(VxY) = X(a(Y)) — a(VxY)
which is precisely condition (2) in the definition of V on 1-forms above.

Proof of the equivalence of (2.123) and (2.124): Consider w € Q?(M), and let X,Y €

[(TM). Then w(X,-), w(-,Y) € Q1 (M), and we write
trj(w® X) = w(X,")

tra(w®Y) == w(+,Y)

Then,

wlV,Z)=triotre(w®Z®Y) =trygotrj(w®yY ® Z)

Therefore

dw(Y,Z)) = V(triotra(w®Z®Y)
= triotr(Vw® Z®Y))
= trotr(Vw)® Z0Y +w® (VZ)®Y +w® Z® (VY))

= (Vw)(Y,Z2)+w(Y,VZ)+w(VY, 2)
That is, as a 3-form, Vw is given by

(Vw)(X,Y,Z) = (Vxw)(Y,2)

= X(w(,Z2)) —w(VxY,Z2) —w(Y,VxZ)
The condition (2.123) on a symplectic for w, that Vw = 0, therefore means
X(w(Y,2)) =w(VxY,Z) +w(Y,VxZ)

which completes the proof. |
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Notation 3 Let us introduce the following notation for the different spaces of connections we are

likely to encounter. Let

C(M) = {connections on M} (2.125)

Co(M) = {torsion-free connections on M} (2.126)

denote the space of all connections on M, an affine space modelled on the vector space Q' (M; End TM),

i.e. C(M) =V + QYM;EndTM). Let

C(M,g)={V e€C(M)|Vg=0} (2.127)

Co(M,g) =C(M,g) NCo(M) = { Levi-Civita connection} (2.128)

denote, respectively, the space of metric connections and torsion-free metric connections, that
is those V € C(M) preserving the metric g (equivalently, satisfying Xg(Y,Z) = g(VxY,Z) +
g(Y,VxZ) for oll X,Y,Z € T(TM)), the former an affine space modelled on the vector space

ENM,g) ={A € EndTM | g(A(X)Y, Z) = —g(A(X)Z,Y)},
C(M,g) =V +E'(M,qg)
The affine map
U :C(M) — Q*(M;TM), U(V) =1V
sending a connection to its torsion tensor has an underlying linear map
®: QY M;EndTM) — w*(M;TM), P(A)(X,Y) := AX)Y — AYV)X

It is well-known (c¢f Lemma 2.1 and Corollary 2.2 of Habermann [55]) that the restriction of the

linear map ® to EY(M, g) is an isomorphism onto Q?(M;TM),
® € GL(EY(M, g), w*(M;TM))

and the associated affine map V is injective. In particular, the preimage of 0 under W is the
Levi-Civita connection,

U H0) = VEC  (Levi-Civita connection)
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Next, we introduce the following subspaces of C(M) needed in the symplectic category: Let

(M,w) be a symplectic space, and let
C(M,w) = {V € C(M) | Vw = 0} (2.129)

denote the space of symplectic connections (we will see below that it is a nonempty affine space

modelled on a certain vector space). Let
Co(M,w) :={VeC(M)|Vw=T" =0} (2.130)

denote the space of torsion-free symplectic connections. If J € I'(J(T'M,w)) is an w-compatible

almost complex structure, let
C(M,w,J)={V eC(M,w)|VJ =0} (2.131)

denote the space of symplectic connections preserving the almost complex structure J. The torsion-

free analog of C(M,w, J) is denoted

Co(M,w, J) = {V € Co(M,w) | V.J = 0} (2.132)

Proposition 56 Let (M,w) be a symplectic manifold. The space C(M,w) of symplectic connections
is a nonempty affine subspace of C(M) modelled on the vector space of (1,2)-tensors E1(M,w) =

{SeT(T*M*? @ TM)|w(S(X,Y),Z) =w(S(X,Z2),Y)},
C(M,w) =V + EH(M,w) (2.133)

for any given symplectic connection V € C(M,w). The space Co(M,w) of torsion-free symplectic
connections is a nonempty affine space modelled on the vector space of symmetric (0,3)-tensor
[(T*M®3),

Co(M,w) =V +T(T*M®?) (2.134)



147

Proof: (1) Let us show existence first. Choose any connection V° € C(M), which we may suppose
to be torsion-free so that we cover both cases, for instance the Levi-Civita connection, and use the

nondegeneracy of w to define the (1,2)-tensor N on M by
(Vxw)(Y,2) = w(N(X,Y), Z)
In other words N(X,Y) = w*(V&w)(Y,+)). Now, the skew-symmetry of w implies

w(N(X,Z),Y) = (VX)(Z,)Y) =X (w(Z,Y)) —w(VXZY) - w(Z,V&Y)

= -X(w(Y,2)) +w(V&Y, 2) + w(Y, V4 2Z) = —(V&w) (Y, Z) = —w(N(X,Y), Z)
while the closedness of w implies that

w(N(X,Y),Z) +w(N(Y, Z), X) + w(N(Z,X),Y)
= (VXw)(Y,2) + (Viw)(Z, X) + (VZw)(X,Y)
= X(w(Y,2)) ~w(VXY, Z) - w(Y,VXZ)
+Y(w(Z,X)) - w(VYZ,X) - w(Z,V)X)
+ Z(w(X,Y)) —w(VYX,Y) —w(X,VyY)
= Xw(Y,2)) —w(VLY - V)X, Z)
+Y(w(Z, X)) —w(VyZ - V%Y, X)
+ Z(w(X,Y)) —w(VYX - V% Z,Y)
= X(w(Y,2)) - w(lX,Y],2)
—Y(w(X, 2)) —w([Z,Y], X)

+Z(w(X,Y)) +w(X,Z],Y)

= dw(X,Y,Z)
=0
Now, define V € C(M) by
0o 1 1
VY = VoY + -N(X,Y) + - N(Y, X) (2.135)

3 3
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and notice that 7V = TV’ = 0 since in the expression for TV the N terms cancel and V° is

torsion-free. Moreover, V is symplectic:

(Vx)(¥,2) = X(@(¥,2)) - w(VxY,2) (Y, Vx2)
= [(Vh)(¥.2) + w(V§Y. 2) + (Y, V} 2)|
~[W(VRY 2) + Sw(N(X,Y), 2) + Su(N(Y, X), 2)]
- [w(Y, V% Z) + éw(Y, N(X,2)) + %w(Y, N(Z, X)]
= (VR)(Y.2) ~ Sw(N(X,Y),2) ~ Sw(N(Y, X),2)

_%W(Y,N(X, 7)) — %w(Y, N(Z, X))

the last equality following from

(a) (Viw)(Y, Z) = w(N(X,Y), Z)
(b) —w(Y,N(X,Z)) =w(N(X,Z),Y) = —w(N(X,Y), Z)
(©) —w(N(Y,X),Z) —w(Y,N(Z X)) = w(N(Y, Z),X)) +w(N(Z X),Y)

= —w(N(X,Y),Z)

(2) V' =V + S is symplectic iff V' —V = S is symplectic, which means that for all XY, Z €

I['(T'M) we have

0 = Xw(,Z) - Xw(Y,Z)
- (w(V'XY, Z) + w(, V’XZ)) - (w(VXY, Z) + wl(y, VXZ))
= w(VyY —VxY, Z) +w(Y, VxZ - VxZ2)
= w(S(X,Y),2)+w(Y,S(X,Z2))

= w(S(X,Y),2)—w(S(X,2),Y)
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(3) If additionally TV = 0, then the requirement that TV = 0 means

0=TY(X,Y)=VyY - VyX — [X,Y]
=VxY -VyX+S5X,Y)-SY,X)—[X,Y]=S5(X,Y) - S(Y, X)
or S(X,Y) = S(Y,X), so that S € T'(T*M®? @ TM). Since also w(S(X,Y),Z) = w(S(X, 2),Y),

we have that w(S(X,Y), Z) is totally symmetric. Thus, we can view w(S(X,Y), Z), and hence 5,

as an element of T* M3, [ |

Remark 40 For any symplectic connection V € C(M,w), the fact that dw = 0 implies

0 = dw(X,Y,2)
= X, 2)) -Y(w(X, 2)) + Z(w(X,Y))
—w([X,Y],2) +w([X, Z],Y) - w([Y, Z], X)
= Ww(VxY,Z) +w(Y,VxZ) —w(VyX,Z) - w(X,VyZ) + w(VzX,Y) + w(X,V;Y)
—w([X,Y],Z2) +w([X, Z],Y) - w([Y, Z], X)
= Ww(VxY = VyX —[X,Y],Z) +w(VyZ — VY —[Y, Z], X)
+w(VzX —VxZ —[Z,X],Y)

= w(IV(XY),Z) +w(TV(Y,2),X) +w(TV(Z,X),Y)
That is, the sum over a cyclic permutation is zero:

> w(TV(Xo1, Xo2), Xo3) = 0
o=(1 2 3)eSs

If we are given a torsion-free connection V? € C(M), we can alternatively define the (1,2)-tensor
N by

w<N(X7Y)’Z): (V%w)(Y,Z)%—(V%w)(X,Z)

W =

then the connection V + N € C(M) is also torsion free (since the Ns cancel in the expressin for

TV) and satisfies

X(w(Y, Z)) = w(VxY, Z) — (Y, Vi Z) = %dw(X, Y. 7)
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which is symplectic if w is a symplectic form, since the right-hand side vanishes. This is an

alternative construction of a symplectic connection, [55, Proposition 2.5]. |

Corollary 14 Let (M,w) be a symplectic manifold. If we define the maps
d:C(M,w) = Q*(M;TM), ®(V):=TV
and

U:T(TM @ T*M®?) — Q*(M;TM), ¥(N)(X,Y):=N(X,Y)— N(Y,X)
then
(1) U(N) =0 iff w(N(,+),) € T(T*M®3)

(2) U(EYM,w)) = {A € Q*(M;TM) | w(A(X,Y),Z) + w(A(Y,Z),X) + w(A(Z,X),Y) =

0, VX,Y,Z € I(TM)}

(3) @ is neither injective nor bijective, and the preimage ®1(A) of any A € Q*(M;TM) is

either empty or infinite-dimensional.

Proposition 57 Let (M,w) be a symplectic manifold, let J € J(M,w), and let g5 := w(+,J-) be
the induced Riemannian metric. If VO € C(M, g;) UC(M,w) is either metric or symplectic, then

the connection V € C(M) defined by
1
VxY :=V,Y + 5(V%J)(JY)

satisfies

Vw=Vgy=VJ =0

i.e. V€C(M,gy)NC(M,w) and VJ = 0. In this case, moreover, J commutes with V,

J(VxY) =Vx(JY)
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Proof: (1) Let us write g for g; in what follows, to avoid cumbersome notation. Recall that if
J € End(T' M), then

(VX )(Y) = VX (JY) = J(VXY)

which follows from the requirement that V% commute with trace:

V% (J(Y)) = V& (tr(J @ Y)) = tr(V4(J @ Y))

=tr(V&J) @Y 4+ J @ (V&Y)) = (V& I)(Y) + J(V&Y)

Also, since J € J(M,w) we must have J*g = g, J*w = w, and J skew-adjoint with respect to g

(Proposition 28), so

W(VxY,Z) = w(V)Y,Z) + su((V3)(IY), 2)
= W(VRY.2) 4 (V& (V). 2) — Sl J(V% (V). 2)
= WV} 2) — (VR 2) + 5(Z, V% (V)
= Se(VYY.2) + 59(Z, V4 (IY))

1 1
= —50(VXY,J2) + 59(Z, VX (JY))
Thus also
wlY,VxZ) = —-w(VxZY)

1 1
= S9(V%Z,TY) = J9(Y, V% (12))

1 1
= 9(JY.Vx2) = 59(Vk(/2),Y)
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(2) Suppose now that V°g = 0. Then, by (1)

W(VxY, Z)+w(Y,VxZ) = —%Q(V%YJZ)‘F%Q(Z?V%(JY))
+%g(JY, v Z) - %g(V%(JZ),Y)
_ %X(g(JY, 7)) — %X(Q(Y, JZ))
= lx(ev.z) - Lxraz)
S )
= X(g(JY, 2))

= X(w(Y,2))
which shows that Vw = 0. To see that Vg = VJ = 0 as well, note that

Vx(JY) = Vg((JY)Jr%(V%J)(JQY)
= V% (JY) - %V‘}((JY) + %J(V(}(Y)

1 1
= ivg((JY) + §J(V9(Y)

and
VXYY = JVRY) + ST (V3)IY))
= J(V&Y) + %J(v&(ﬂy) — J(V%(JY)))
= J(VRY) - SI(VAY) + SV (IY)
= %J(V&Y)—I—%V&(JY)
Therefore,

(Vx)Y) = Vx(JY)—J(VxY)
- %V(}((JY) + %J(V%Y)} - [%J(V‘}(Y) + %V(}((JY)]

= 0
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Moreover, since J is w-compatible and VJ = 0, we have J(VxY) = Vx(JY) — (VxJ)(Y) =

Vx(JY), showing that J commutes with V. As a result,

g(VxY,Z)+g(Y,Vx.,Z) = w(VxY,JZ)+w(Y,J(VxZ))
= w(VxY,JZ) +w(Y,Vx(JZ))
= X(w(Y,J2))

= X(9(Y,2))

i,e. Vg=0.

(3) If V% = 0, then by an analogous procedure we conclude that Vg =Vw =VJ=0. B

Corollary 15 Let V € Co(M,w) be a torsion-free symplectic connection and let J € J(M,w).
Then VJ = 0 iff V is the unique Levi-Civita connection on (M,gy). If J € J(TM) only, then

VJ = 0 iff V is the unique Levi-Civita connection associated to the pseudo-Riemannian metric

gJ- [ |

2.4.6.2 Divergence

Definition 21 If V € C(M) is any connection, we can define the trace of the endomorphism
VY € EndTM, (VY)(X) := VxY. By means of this trace we can define the divergence of a
vector field X € I'(T'M),

div(X) = tr(VX)

In local coordinates 9, the divergence takes the form div(X) =37, dzi (Vy, X). [

Lemma 7 If X € T'(T'M), then locally, with respect to a local symplectic frame (e, ..., en,f1,...,f) €

L(U, Psp(n,r)), the divergence may be expressed as

n

diV(X) = Z(W(Vera f]) - w(ijX, ej))
j=1
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Proof: This follows from the relations (2.35), which here appear as
w(ei, e]') = w(fi,fj) =0 and w(ei,fj) = 5ij
If we denote by e} and f; the duals basis vectors, then

e (X) = w(X,f)) and f7(X) = w(ey, X) = —w(X, &)

so div(X) = tr(VX) =371, " (Ve, X) + (Ve X) =370, (W(Ve, X, fj) —w(Vg, X, ¢5)). [ |

Notation 4 Let us write X’ := w’(X) = w(X,-) € QY(M) for any X € T(TM), and denote the
volume form on M induced by w by

dV = —w" [ |

Proposition 58 For any symplectic connection V € C(M,w) and any vector field X € T'(TM),
we have

d(X° A" =2 (n— l)l(div(X) +w(X, ‘E))dV

Proof: Let 8 = (e1,f1,... e, fn) € I'(U, Pspnr)) be a local symplectic frame and note that
dV(B) = 1. Since w is closed, d(X* Aw" 1) = dX° Aw"!, and since there are (n—1)! permutations

of (n — 1) of the n pairs (ej, f;) and 2 (signed) permuations of each remaining pair, we have

dX* AW (B) = sen(o)dX" Aw™ N (B) =2 (n— 1)1 dX’(e),f))
0ESH 7j=1

Now, for any Y, Z € I'(T M),
dX’(Y,Z) = Y(X"(2)) - 2(X"(Y)) - X*([Y, Z])
— Y(W(X,2)) - Z(w(X,Y)) - w(X,[Y, Z])
= w(VyX, Z) —i—w(X, VyZ) - w(VZX, Y) —w(X, V2Y) - w(X, [Y, Z])
= wVyX,Z2)—w(VzX,Y)+w(X,VyZ -VzY - [Y, Z])

= w(VyX,Z2)—w(VzX,Y)+w(X,TV(Y, Z))
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SO

n n n

S ax’(ejf) = D (wl(Ve, X)) - w(Vi,X,e))) +w(X, 3 T (e, )
j=1 j=1 j=1
= div(X) +w(X,%)

Corollary 16 For any symplectic connection V € C(M,w) and any compactly supported vector

field X e T.(TM) we have
/ (div(X) +w(X, z))dv ~0
M
Proof: By Stokes’ Theorem, the previous proposition, and the compact support of X we have

1 1
div(X) + w(X, T )dV: / AX°N" = [ XA l=0 =
2.4.6.3 Curvature Tensor of a Symplectic Connection

If (M, w) is a symplectic manifold of dimension 2n and V € C(M,w) is a symplectic connection

on M, then we have the usual curvature tensor of V,

RY € Q*(M;End TM)

RY(X,Y)Z = ([Vx,Vy] - Vixy)Z
and the usual Ricci tensor
ricY or r¥ € I(T*M®?)
ricY (X,Y) :==tr RV (-, X)Y

the symmetry of ricY following from the Bianchi identities,

RY(X,Y)Z+RY(Y,Z)X + RV (Z,X)Y =0 (Bianchi I)

(VxR)Y, Z)+ (VyRY)(Z,X)+ (VZRV)(X,Y) =0 (Bianchi IT)
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Since the Ricci tensor is symmetric and our only natural tensor on M is the skew-symmetric Poisson
2-tensor, we conclude that symplectic manifolds have no ’scalar curvature’ (see Bieliavsky et al.
[17]), though we will introduce something with that name which will nevertheless be useful for our

purposes. We thus introduce the symplectic counterparts of the curvature and Ricci tensors.

Definition 22 The symplectic curvature tensor is the (0, 4)-tensor
SV e I(T*M®%)
SV(X,Y,Z,W) :=w(RY(X,Y)Z,W)
and the (0, 2)-tensor symplectic Ricci tensor (see Habermann and Habermann [54])

sricY € I'(T*M®?)
sticY (X,Y) := > SV (e;, f;, X,Y)
j=1

in a local symplectic frame (e, ..., e, f1,...,f,). Finally, the symplectic scalar curvature of V

with respect to an w-compatible almost complex structure J € J(M,w) is
2n
sRY := Zsricv(ej, &)
j=1

in a local unitary frame (eq,...,e2,) € Py for M. [ |

To see the first Bianchi identity for the symplectic curvature tensor, recall the Koszul long

exact sequence for any vector space V (see Bieliavsky et al. [17]):
08V BZVRSTVILEA VRS2V EL . SN IVeV S AV =0
where a is the skew-symmetrization operator

a:N'VeSV s NTVess1y

S
a(@' A AR W @ ow)) =) (WA AV AW R W O 0 @ 0w
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and satisfies a> = 0. The associated symmetrization operator s is given by

s:N VRSV N THves—1y
s((WPA- AV ® (W @O w)) ::Z(vl/\---/\f)j/\-u/\vr/\wj)@(vj®w1®--'®ws)
j=1

Then s> =0 and (aos+so a)|/\r VoSV = (r + s)id, and the first Bianchi identity for SV

at a point pe M
SY(X,Y,Z, W)+ Sy (Y, Z,X, W)+ Sy (Z,X,Y,W) =0 (2.136)
becomes
\% 2 s 2
S, €kera C A TyM @ STy M
and the space of 4-tensors satisfying this relation is isomorphic to (T,M ® S3T,M)/S*T,M, as

can be seen by the action of Sp(T,M,w) on T,M ® S3T,M. If dimT,M = 2n > 4, this action

decomposes into three irreducible subspaces
SYT,M & S T,M & W
where ST, M = a(s(w, ® S*T,M)) ~ S?T,M, so that
Sy =& @W,

The decomposition of the symplectic curvature tensor into its £,-component, denoted sEpV and its
W,-component, denoted stv ,

V_ .pV v
S, =sk) +sW,

p

is given by

sEV(X,Y,Z,W) = [2wp(X, Yricy (Z, W) + wp(X, Z)ricy (Y, W)

2(n+1)
+ wp(X, W)ricY (Y, Z) — wy(Y, Z)ricY (X, W) — w, (Y, W)ricY (X, Z)

The corresonding curvature tensor then has the form

vV _ VvV v
Rp _Ep +WP
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where
EV(X,Y)Z
= 2(n1+1) [Qw(X,Y)pVZ + w(X, Z)pvy — w(Y, Z)va +w(X, va)Y (Y, pVZ)X

with pV € T(End TM) is given by

w(X,pVY) =ricV(X,Y)

For the next lemma we refer to Habermann and Habermann [54].

Lemma 8 For any X,Y,Z € T'(TM) and any connection V € C(M), the relation between curva-
ture and torsion is:
RY(X,Y)Z+RY(Y,Z)X + RV (Z, X)Y
= (VxTV)Y, Z) + (VyTV)(Z, X) + (VZTV)(X,Y)

TV(TV(X,Y),Z) + TV (TV (Y, 2), X) + TV (TV(Z,X),Y)

|
Lemma 9 In a local symplectic frame (e1,...,epn,f1,...,f,) we have
n
AcY (X,Y) =Y SV(ej, X, Y, f) — SV(f;, X, Y, e;)
j=1

That is, the Ricci tensor is obtained by contracting the symplectic curvature tensor SY with respect

to w.

Proof: We have
ricY(X,Y) = tr(RY(-,X)Y
N IR (e X)Y IR (6. X)Y
j=1
= iw(Rv(ej,X)Y,fj)_W(Rv(fij)Yvej)
j=1

= st(e]avafj) - Sv(fj?X7Y>ej)
j=1

which proves the claim. |
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For the next proposition, we follow the proofs of Vaisman [103] and Habermann and Haber-

mann [54].

Proposition 59 Let (M,w) and let V € C(M) be any connection. Then,

(1) If V € C(M) is any connection, then S is skew-symmetric in its first two terms,
SV(X,Y,Z,W)=-SY(Y, X, Z,W)
(2) If V € C(M,w) is symplectic, then S is symmetric in its last two terms,
SV(X,Y,Z,W)=SY(X,Y,W,2)

(3) If V € Co(M,w) is symplectic and torsion-free, then the sum of S with values cyclically

permuted s zero:
SV(X,Y,Z, W)+ SV(Y,Z,W,X)+SY(Z,W,X,Y)+SY(W,X,Y,Z) =0
(4) If Ve C(M,w) and VJ =0 for some J € J(M,w), then
SV(X,Y,JZ,JW) =SV (X,Y,Z,W) and SY(X,Y,JZ,W)=-SY(X,Y,JW,Z)

(5) If V € C(M,w), the sricY is symmetric.

(6) If V € Co(M,w), then

v v

ricY = sric

v

in which case sricY is symmetric.
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Proof: (1) This follows from the corresponding property of RV. (2) If V € C(M,w) is symplectic,
then
0=XY(w(ZW)) -YX(w(ZW)) - [X,Y](w(Z,W))
= X(w(VyZ, W) +w(Z,VyW)) =Y (w(VxZ, W) +w(Z,VxW))
— Y (w(Vixy)Z, W) = w(Z,Vixy)W))
= Ww(VxVyZ, W) +w(Z,VxVyW) —w(VyVxZ,W)
—w(X,VyVxW) —w(Vixy1Z, W) = w(Z,Vx y1W)
= w(RYV(X,Y)Z,W)+w(Z,RY(X,Y)W)
= SVY(X,Y,Z,W) - SV(X,Y,W, Z)

(3) If additionally V € Cy(M,w), then by Bianchi I
SV(X,Y,Z, W)+ SY(Y,Z,X, W)+ SY(Z,X,Y,W) =0,
SV(X,Z,W,Y)+SY(Z,W,X,Y)+SY(W,X,Z,Y) =0
Then, applying (2),
SV(X,Y,Z, W)+ SY(Y,Z,W,X)=-SV(Z,X,Y,W),
SV(Z, W, X, Y)+SY(W,X,Y,Z)=-SY(X,Z,Y,W)

Together with (1) this yields (3). (4) VJ = 0 implies that J commutes with V, so we immediately

have RV(X,Y)oJ = Jo RY(X,Y) for all X,Y € T'(TM), and therefore
SY(X,Y,JZ,JW) = w(RY(X,Y)(JZ),JW)
= w(J(RV(X,Y)Z),JW)
= w(RY(X,Y)Z),W)
= SY(X,Y,Z,W)
Consequently, by (2),

SY(X,Y,JZ,W) = =SV(X,Y, Z,JW) = =SV (X,Y, JW, Z)
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(5) This follows from (2) and the last lemma. (6) Again, by the last lemma and Bianchi I,

ricY = — Z(SV(X, e f;, V) — SV (f;, X, ej,Y)) =3 8V, X,Y) =sicV(X,Y) W
j=1 j=1

Thus the symplectic curvature tensor SV is an element of T(A\* T* M@T* M©2?) = Q2 (T*M©?).



Chapter s

Self-Adjoint and Elliptic Operators

3.1 Function Spaces and Differential Operators on Manifolds

We review, in this section, the definitions and basic properties of Sobolev spaces and distribu-
tions on manifolds, as well as (pseudo-)differential operators on these spaces and their symbols. We
begin with a review of the situation in R™ before looking at the sheaf-theoretic extension to man-
ifolds and vector bundles. The main sources for the standard theory of distributions and Sobolev
spaces on Euclidean space were Leoni [74], Treves [102], Duistermaat and Kolk [29] and Adams [1].
For distributions and Sobolev spaces on manifolds, we used Ban and Crainic [104] and Shubin [95].
For differential operators and elliptic theory the major sources were Liviu Nicolaescu [85], Ban and

Crainic [104] and Michael Taylor [100].
3.1.1 Function Spaces in the Euclidean Space Setting

We will give a brief review of the constructions and basic properties of distributions and
Sobolev spaces in open sets €2 of R", referring to the sources mentioned above for detailed proofs.

3.1.1.1 Distributions

Let © C R™ be an open subset, and let us consider the spaces C2°(§2) and C*°(Q2). C2°(2), for
example, may be given various topologies, such as the uniform norm topology generated by ||+ ||, Or
the norm topology generated by the L?-norm induced by the L2-inner product (f, g) 2 := Jo fadu.

The first topology is not complete, because, for example, it is dense in C.(€2) with the uniform



163

topology, while the second is not complete because it is dense in L?(£2). Similar problems arise
with C*°(2). What is needed is a topology on these spaces that makes them complete. This is the
motivation for introducing locally convex topologies and inductive limit topologies. After reviewing

this basic theory, we consider the dual spaces of these spaces, the spaces of distributions.

Definition 23 Given an open set 2 in R”, let K denote the set of all compact subsets K of €.

For fixed K € Kgq, define

D () == {f € C°(Q) | supp(f) € K} (3.1)
and define a countable family of seminorms || - ||k ; on Dk () indexed by j € Ny,
Ifllk = sup [D%f(x)] (3.2)
z€K |al<j

Equipped with the locally convex topology generated by these seminorms, D (£2) becomes a Fréchet
space, a locally convex space that is a complete metric spaces, with metric

L = gl > 1( 1f = gllicy )
dg(f,g) :=max — | ———— | or — |
x(f,9) jeNow(mf—guK,j 2 5\ T -l

J€No

(see Reed and Simon [89, Theorem V.5], Leoni [74, p. 257]). Taking the union over all K € Kq we
get C2°(Q2) as a set, wheih we denote by

D)= |J Dk(Q) (3.3)
KeKq

because we put a different topology on it, the inductive limit topology on it (Reed and Simon [89,
Theorem V.15, p. 146]). With this topology D(2) becomes complete but not metrizable, hence
not Fréchet, space, though it is a Montel space (Leoni [74, Theorem 9.8|, Treves [102, Proposition

34.4]). m

Definition 24 Putting the same seminorms | « || ; directly on C>°(Q) we get a locally convex
topology that makes C*°(2) a locally convex space which is also complete, hence metrizable (Treves

[102, pp. 85-89]). The space C*°(Q2) equipped with this topology is denoted

£(Q) (3.4)
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It is also a Montel space (Treves [102, Proposition 34.4]). We remark that, while D(Q2) was con-
structed as a union of the spaces D (), £() is not such a union, though it is the intersection of
all C*(Q), where k € N. The spaces C*(2) can also be given the locally convex topology generated
by the seminorms || « ||x,; where j < k, which will make them Fréchet spaces (Treves [102, pp.

85-89]), and by letting C*°(£2) = [,en, C*(Q) we get the completeness of C*(f2). [

Definition 25 When 2 = R", there is a locally convex function space lying between the space
E(R™) of smooth functions (whose derivatives may be unbounded at infinity) and the space D(R™)
of smooth functions that are identically zero outside of a compact set. This space is the Schwartz
space or space of rapidly decreasing functions, which is a subspace of C*°(R™) defined as

follows: for all «, 8 € Njj, define the (extended-real valued) seminorms || - ||4,8 on C*°(R") by

I fllas == sup [x*D" f(x)| (3.5)
xcR"™

Then the Schwartz space is defined to be the subset of smooth functions f € C*°(R") for which

|| flla,p is finite for all o, § € N,
SR") :={f € C*R) [ |flla,p < 00, Ve, 5 € Ny} (3.6)

Thus, like the compactly supported smooth functions, Schwartz functions decay at infinity, though
they are not necessarily identically zero there. They decay only polynomially at infinity. The family
of seminorms || + ||, makes S(R™) a locally convex space, and since this collection is countable,
S(R™) is metrizable, and in fact complete with respect to the metric, making it a Fréchet space

(Theorems V.5 and V.9, Reed and Simon [89]). [

Remark 41 Clearly we have C2°(R) € S(R") € C*(R"), so as sets
DR") c S(R") c ER™)

Now, C.(R™) is dense in LP(R™) for all p € [1,00) (Theorem 7.9, Folland [35]), and CZ°(R™)

is dense in C.(R™) (Theorem 8.14 (b), Folland [34]). As a result C>°(R") is dense in LP(R™)
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(Proposition 8.17, Folland [34], though the denseness of C2°(R") can also be shown directly by
means of convolution with bump function). Since C°(R") C S(R™), we must have that S(R") is
dense in LP(R™) as well, once we know that S(R™) C LP(R™) for all p € [1,00) (in fact, p € [1, c0]).
To see this, consider the cases p = 1, p = oo and p € (1,00), separately. For p = oo, take

a=p3=(0,...,0), then (R™). For p = 1, note that 1/(1 —l—x2)

is in L'(R) (being the derivative of tan™!, which is improper-Riemann integrable), so Fubini’s

theorem gives for any f € S(R™) that

= [ o= [ (To+11) (M 52)
< (f[lllfllooﬂlx?flloo) (11 1 )

=1
_ (H oo+ ||x?f|roo)7r” < o0

i=1

dp

which shows that f € LY(R™). For p € (1,00) and f € S(R™) we have

1/p 1/p
= ([ 1ran) " = ([ qnoa=mp an)

1/p
s(/ (If!l/p\lflliol/p)pdu> = A1 AR <
]Rn

so f € LP(R™). u

Remark 42 The importance of the denseness of S(R") in L2(R") lies in the fact that the Fourier
transform, which is continuous and invertible on S(R"), extends to a unitary operator on L?(R™),

which we will describe below. [ |

Definition 26 Now that we have the spaces of test functions D(R™) C S(R™) C &(R™), with
D(R™) ¢ S(R™) ¢ LP(R™) for all p € [1,00), so in particular for p = 2, with appropriate locally
convex topologies making them complete spaces, we can consider their continuous duals, which are

the different spaces of distributions: The continuous dual
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of the compactly supported smooth test functions is called the space of distributions or gener-

alized functions, and we put the w*-topology of pointwise convergence on D’'(2),
o(D(2)",D(2)) (3.8)

which is the weak topology on D(Q2)* generated by the double dual D(Q)** of D(Q2). This topology
has the property that, if (fa)aca is a net in D(Q)*, then f, v, f, le. fo w*-converges to f, iff
falp) = f(p) for all ¢ € D(Q2). This w*-convergence is called convergence in the sense of
distributions.

Next, consider the continuous dual of the Schwartz space, called the space of tempered
distributions,

S'(R") := B(S(R™),C) (3.9)
which is also given the w*-topology. Finally, the continuous dual of £(€2),
E'(Q) = B(E(Q),C) (3.10)

is called the space of compactly supported distributions. Since dualizing inverts the inclusions,

we have

D(R") C S(R") C £(R) (3.11)

E'R™) c S'(R™) c D'(R™) (3.12)
Moreover, there are inclusions £(Q2) < D'(Q2) and D(Q2) < &'(), given by

[ Ty= /Rn(-)f dp

Combined with the inclusions D(Q2) — £(2) and &£'(2) — D’'(2), we have the following commuta-

tive diagram:

D(Q) — &()
fl—>Tf gb—>Tg

£'(Q) ——D'(Q)
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The arrows are continuous algebraic inclusions, and the spaces on the left are topologically the
compactly supported version of the spaces on the right (see van den Ban and Crainic [104, p.

27)). n

The following theorem is proved in Leoni, [74, Theorems 9.8, 9.10].

Theorem 23 The inductive limit topology on C°(2) defining D(2) has the following equivalent
properties for any (not necessarily bounded/continuous) linear functional u : D(Q2) — C:

(1) w is continuous, i.e. u € D(2)*.

(2) u is bounded, i.e. u sends topologically bounded sets to topologically bounded sets (a subset

E of a topological vector space V is topologically bounded if for every neighborhood U of 0

there is a t > 0 such that E C tU ).
(3) If on, — @ in D(Q), then u(py) — u(p), i.e. u preserves limits.
(4) ulp,(q) is continuous for all K € Kq.

(5) For every K € Kq there is a j € Ny and a constant Cx > 0 such that

lu(p)| < Ckllellk,y Ve € Dr(Q)

That is, u 1s equivalently continuous, bounded, and convergence-preserving in a way compatible with
restriction to each Di(Q) for all K € Kq. Furthermore, a sequence o, in D(§2) converges in the
inductive limit topology to ¢ € D(Q) iff the following two conditions hold:

(a) There exists a K € Kq such that supp(e,) C K for all n € N.

(b) D%p,, — D¢ uniformly for all « € N{}'.

Remark 43 The assignment 2 — D'(Q) defines a sheaf, for if {€2;};c; is an open cover of Q and
u; € D'(Q;) are distributions on 2; satisfying u,| Q,nQ; = Ujl;nq;, then by using partition of unity
{pi}icr subordinate to the open cover there exists a unique distribution on € such that u|q, = u;,

namely v = ), ;u;(p;+), by which we mean u(p) := > ,c;ui(pip). Now, as with any sheaf,
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one can talk about sections with compact support. Note that u € D'(Q2) has compact support
supp(u) € Kq iff u(y) = 0 for ¢ with support outside of the compact set supp(u). This is equivalent
(see Knapp [67, Theorem 5.1]) to u being an element of £'(Q2), or equivalently in the image of the

inclusion £'(2) — D'(£2), hence the name ’compactly supported distributions’ for £'(2). [ ]

Remark 44 D'() is an £(2)-module,
E(Q) xD'(Q2) - D'(Q)
(f,u) > fui=uof

that is, (fu)(¢) := u(fp) for all ¢ € D(9). [

Definition 27 Let us now introduce the derivative of a distribution, also called the distribu-
tional or weak derivative. To motivate the definition, note that the partial derivative D; = 0/0x;
operator is skew-symmetric on L?(R™), with domain D(D;) := C2°(R™)! | which follows from inte-
gration by parts,

(D; f, 9)L2(Rn) =—(f, ng)L?(Rn)
for all f,g € C°(R™). Consequently, for all multi-indices o € N} we have

(D*f,9) r2(rny = (—=1)1*/(f, D) 12y

on C°(R™). Now, if u € D'(2) is a distribution, then we emulate this identity, taking it as the

definition of D%u:
D% := (—1)l°lT o D* (3.13)
that is,

(D) () = (=1)"lu(D%), Vi € D(Q) (3.14)

! Dj is, in fact, sekw-adjoint, since iD; is self-adjoint (see Theorem 37 below), on an appropriate enlargement of
C(R™).
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. 1
Since L;_ .

(Q) embeds into D'(Q) via f — Ty := [,(-)f du, we can adapt this notion of a
derivative to locally integrable functions. This time, however, we do not simply say that D% f :=

Ty o D*, but require the extra condition that there be a function g € LL () such that

D f = g weakly (3.15)
or g is the ath weak derivative of f, meaning, by definition,

Dof := (-1)T; 0 D* =T, € D'(Q) (3.16)
as distributions. In full, this means

(f; D) r2mny = (_1)‘a|(ga¢)L2(R")> Vi € D(Q) (3.17)

That is, the weak derivative of f can be interpreted in terms of the adjoint of D%, which is thought
of as an operator on L?(§2) with core or perhaps initial domain D($2). We thus say that f € Li. ()

is weakly differentiable if f lies in the domain D((D%)*) of (D%)*, in which case the weak ath

derivative g of f is the image of f under the adjoint (D®)*,
g:=(D*)*f

(see Section 3.2 for a fuller description of adjoints and self-adjointness). Since iD; is self-adjoint
(see Theorem 37 below), D; is skew-adjoint, and D;?‘ is either self-adjoint or skew-adjoint depending
on the parity of ||, since by taking the Fourier transform of D7 we get a multiplication operator
times (—i)l®l (Proposition 60 below), and any multiplication operator by a real-valued map f is
self-adjoint (Proposition 1, p. 259, Reed and Simon [89]), while if is skew-adjoint. Thus, on
the domain of D®, viewed as an unbounded operator acting on L?(Q), there always exist weak

derivatives, namely all the functions in the extended domain of D%, |

The Schwartz representation theorem characterizes distributions in terms of weak derivatives.
It ways that any distribution is the weak derivative of some continuous function. Its proof may be

found in Leoni [74, Theorem 9.21].
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Theorem 24 (Schwartz Representation Theorem) Let Q C R" be open. For any u € D'(Q)
and any K € Kq there is an f € C(Q) and a multi-indexr o € Nij such that
u= DTy = (=D)I*(D*(-), ) 12(0)
on Dk (). That is,
ulg) = (<1 [ D% dy

for all p € D (). [

Let us now define the tensor product of distributions, and state the Schwartz kernel theo-
rem, before we move on to Sobolev spaces. There are, of course, many other constructions with
distributions, such as convolution and Fourier transform on distributions, but we do not need all

of these for our purposes.

Definition 28 Let X C R" and Y C R™ be open sets, and consider distributions u € D’(X) and
v € D'(Y). If we had just continuous functions v € C(X) and v € C(Y), then we could define their
tensor product u @ v € C(X xY) by (u®v)(x,y) := u(x)v(y). This idea works for distributions
as well: by Theorem 5.5.1 in Hérmander [57], for each u € D'(X) and v € D'(Y) there is a unique

distribution w € D'(X x Y') such that
w(f ®g) = u(f)v(g)
for all f € D(X) and g € D(Y). On an arbitrary ¢ € D(X x Y) we have
w(p) =uovop=vouoyp

ie. u(v(p(,-)) = v(ule(-,-)))- "

Consider the open sets X C R™ and Y C R™ again. Given any K € C.(X x Y), we can

define an (integral) linear operator

K:C(Y) = Cu(X)

/Kﬂ;y



171

If we embed Ky into D(X), by K¢ — Ti,, then for any ¢ € D(X) we can write

(Ko, t) = /X /Y K (2, y)o(y)e(x) dy dz = (K, © 1))

by Fubini’s theorem. Thus, given a K, we get the above pairing equality. There are two questions
that arise: (1) Can we generalize this to distributions, that is can we let K € D'(X x Y)? (2) If
we start with £ : D(Y) — D/(Y), is there a K € D'(X x Y) for which the pairing equality holds?
The answers to both these questions are "Yes’, and they are the content of the Schwartz Kernel
Theorem (see Theorems 5.2.1, pp. 128-130, Héormander [57], or Theorem 6.1, p. 345, Taylor [100]).

The distribution K is called an integral kernel, hence the term ’kernel’ in the name of the theorem.

Theorem 25 (Schwartz Kernel Theorem) Let X C R" and Y C R™ be open sets. Given a
continuous map K : DY) — D'(Y) there exists a unique K € D'(X xY), called the Schwartz

kernel of IC, such that
(K, ) = (K, @) (3.18)

and conversely, given K € D'(X xY'), there is a unique continuous K : D(Y') — D'(Y') giving the

pairing equality above. |

3.1.1.2 The Fourier Transform

Definition 29 We define the Fourier transform of a Schwartz function f € S(R™) to be the

function Ff = f: R" — C given by

FNEQ = HE) = g [ @) da (319)

2m)"/? Jr
and we define the inverse Fourier transform of a Schwartz function f € S(R™) to be the function

Flf = f:R" — C given by

(F' (@) = fla) =

e L o€ de (3.20)

By the Fourier Inversion Theorem (Reed and Simon [89, Theorem IX.1, p. 320], F is a bicontinous

bijection of S(R™) onto itself, and its inverse map is the inverse Fourier transform F~!, and by the
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Parseval theorem (the Corollary to Theorem IX.1 in Reed and Simon [89]), for any f € S(R") we
have || F f|z2n) = | fllz2(rn)- By the Plancherel theorem (Theorem IX.6, p. 327, Reed and Simon

[89]) F extends to a unitary map of L?(R™),
F € U(LXR™) (3.21)
This is proved by first extending F to the space S'(R™) of tempered distributions by

F: S8R = S'(RY) (3.22)

Fu:=wuoF, ie. (Fu)(p):=u(Fyp), Yo € S(R") (3.23)

then showing that resulting map is a linear bijection of S'(R™) into itself (Theorem IX.2, p. 322,
Reed and Simon [89]) and S(R") is w*-dense in §’'(R™) (Corollary 1, p. 144, Reed and Simon [89])
and dense in L?(R") in the L? Hilbert space topology (which follows from the denseness of C°(R")
and the fact that C°(R") C S(R™) C L*(R")), so since F is an isometry when restricted to the

dense set S(R™) the result follows.

Proposition 60 The Fourier transform is an intertwining operator between the position and mo-
mentum operators Q;f = x;f and Pjf = —idf/0x; on S(R™), and so on the intersection of the

domains of Q; and Pj in L*(R™) (see Section 3.2.2 below),

PioF=-Fo@Q; and QjoF =—-PjoF

that is
0 0
ia—gjo}':]:o:vj and ifo}':}"oa—xj
As a result, if P(D) is a constant-coefficient differential operator, a polynomial in Dj = —i0/0x;,

7=1,....n, then
P(D)oF =FoP(—x)
and

P(x)o F =FoP(—D)
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Proof: If f € S(R"), then

0 0 .
CigeFNO) = cigmnae [ e @i
0

1
T (2m)n? Jgn O€;
1

CORE /Rn zje " f(z) do
= —F(z;f)(€)

e f(x) da

Similarly,

1

SENE = G [ i) de
0

1 —4ix.
CORE /Rn@wj(e (@) de

- —f((f@f) ©)

which completes the proof. |

3.1.1.3 Sobolev Spaces

Let Q@ C R™ be an open set, and let p € [1,00]. Recall the distributional derivative, which

can potentially work on LP(f) just as well as Li (Q): if u € LP(Q), then we say that D = g

loc

weakly, for some g € LP(9) if for all ¢ € D(Q2) we have

(1, D0)12(0) = (—1)1*!(g,0) 12(0
i.e.

/uD"w duz(—l)'“/gsodu
Q Q

Definition 30 The Sobolev space W!P() is defined to be the space of all u € LP(Q) such that

Dju € LP(Q) for all i = 1,...,n, where D; = 9/0z; and D;u is the weak derivative,

WhHP(Q) = {u e LP(Q) | Diju € LP(Q), Vi=1,...,n} (3.24)
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Given u € WP(Q) we define its distributional gradient

gradu := < Ou 8u>

oz Bz
and using it we may define recursively the other Sobolev spaces WP (). First, let
WIP(Q,RY) == {u = (uy,...,uqg) € LP(Q,RY) |u; € WHP(Q), Vi=1,...,d} (3.25)
then define, recursively,
WEP(Q) = {u € LP(Q) | gradu € WF1P(Q,R")} (3.26)

Alternatively,

WEP(Q) = {u € LP(Q) | D%u € LP(Q), V|a| < k} (3.27)

When p = 2, we use the standard notation
H*(Q) := WF(Q) = {u € LP(Q) | D*u € L*(Q), V|a| < k} (3.28)
For p € [1,00) we have the following equivalent norms on W1?(Q),
(1) Nullwre) = llullze) + [l grad ul| Lo (o,r)-
(2) Nullwrr) = llullze) + 2 1 Diull Lo (q)-
1/p

3) Nullwroy = (ullZpq + S5y 1Dl )

while for p = oo we have

ullyw1.00 (@) = max{||ul| Lo (), [[D1ullLoe()s - - -5 [[Dntl| Lo (o) }

For k£ > 1 we have, analogously, the equivalent norms
(1) Nullwrr@y = >t 1Dl o ()

n fe% 1
2) [ulwir@ = (S0 1D poey) ”
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For p € [1,00) these norms make W*P(Q) into Banach spaces (Theorem 10.5, Leoni [74], Theorem
3.2, Adams [1]) which are separable and reflexive (Theorem 3.5, Adams [1]), while for p = 2 they

are even Hilbert spaces, with inner product

(1, v) e () Z / (D%u) (D) (3.29)

The Sobolev spaces W*P(R™) and H*(R") were defined for only positive integers k. However,
we can extend the definitions to W*P(R™) and H*(R") for all s € R.

Since the Fourier transform is a unitary operator on L?(R"), and Do Ff = Fo (—x)%f, we
have for any f € W52(R") = H¥(R") and k an even integer

n k/2
(L+ el 0 Ff(e) = (1 +Z@) o Ff(§) =—Fo (1+3_D2) " f(e)
j=1

since (1 + 3%, D?)k/Qf € L*(R") because the operator (1 + Y7, DJQ-)”“/2 has order k and f €

HF(R™). Thus, we see that for all || < k
DE((1+ Il 0 F(£)) € L(RY)

whence (14 /€]|2)%/20 Ff € H¥(R™). Conversely, if (14 ||€]|?)*/20 Ff € H*(R™), then applying the
Fourier transform to (1+ %, D?)k/Qf shows that (1 + 377, Djz)k/Qf € L*(R", so in particular

FoDof = (=)o Ff, whence
D((L+ [EP)*2 0 Ff)(€) = D (1 + IIEIP)*/2) o FF(&) + (1 + €)% 0 DEFf € L*(R)
which implies that f € H¥(R"). Thus,
feHNRY) = (1+][¢|)*? o Ff e L*(R (3.30)

Recalling that the Laplacian Ag = > 7, g—é =-> (—z’%f =->7 DJQ-, or —Ag =0 D?

we can rephrase this condition as

feHYRY) <« Fo(l—AF2fand F'o(1+|€]?)*?0Ff e L*(R") (3.31)
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Since A is self-adjoint (its Fourier transform is a multiplication operator, which is self-adjoint), we

can define

(I — A2
for any real k. This is our definition of H*(R"™), s € R (see Shubin [95] for a fuller account):
Definition 31 For any s € R, define the Sobolev space of real order s € R to be
H*R):={f € L*(R") | Fo (I - A)*?f e L*(R")} (3.32)
More generally, for p # 2 and s € R, we define
WEP(R™) := {f € LP(R") | Fo (I — A)*/?f € LP(R")} (3.33)

These spaces are sometimes called Bessel potential spaces, since the operator (I — A)S/ 2 on
L?(R™) is also called a Bessel potential of order s. These spaces are also Banach spaces, with

norm
I llwen@ny = |IF o (I = 8)2 ] o) (3.34)

The spaces H*(R) are Hilbert spaces, with inner product
(u,v) == (J%u, J*0) g2 () (3.35)

where J* = F o (I — A)*/2. We thus have

H*(R™) = (I — A)*2L%(R") (3.36)

and
WSP(R™) = (I — A)*/2LP(R") (3.37)
These are sometimes taken as the definitions of H® and WP, [ |

Remark 45 The condition that f € L?(R") in the definition of H?(R™) can be weakened substan-
tially. For exaple, Taylor [100, p. 316] takes f € S’(R™), while van den Ban and Crainic [104, p.

39] take f € D/(R™). ]
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Remark 46 Clearly we have D; : H*(R") — H*"Y(R"), in fact f € H*(R") iff D;f € H*"}(R"),
so in general we have
D* : H*(R") — H*lel(R™)

and therefore f € H*(R") iff D* € H*~lel(R™). [

We also have the following special Sobolev space, which is a type of local version of WP,
Definition 32 Let p € [1,00), © C R™ an open set, and define the Sobolev space
LY(Q) := {u € LL.(Q) | gradu € LP(Q,R")} (3.38)
When 2 is connected, then fixing a nonempty open subset Q' € 2 we can define a norm on L7(£2)
by
ull ey = llullLrony + I grad ul| Ly orn) (3.39)

which makes L'"*(2) a Banach space, and clearly W'*(Q) C L'P(Q). [

Definition 33 For an open set Q in R", consider the space C*(Q) consisting, by definition, of
bounded C* functions f € CF(2) whose derivatives are bounded and uniformly continuous on €
for all |o| <k,

CH(Q) = {f € Cy(Q) | D*f € UCH(Q), V|o] <k} (3.40)

It is a Banach space under the norm

Il @ = max sup [ D f ()] (3.41)

o<
(Adams [1, p. 9]). By the recent results of Fefferman [33], which extends those of Whitney [109],

we may also define C*(Q) to be those f € C*(Q) which can be extended to f € C*(R"),
CF(Q) := {f € CF(Q) | f can be extended to f € C*(R™)} (3.42)
The space C°°(12) is similarly defined to be the space
C®(Q) := {f € C®(Q) | f can be extended to f € C*°(R™)} (3.43)

(see Leoni [74, pp. 560-564]). [
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To see the relationship between C°(Q), C*(Q2), and W*P(9), consider the following Sobolev

spaces:

Definition 34 Let €2 be an open subset of R", and define the space

H*?(Q) = C=(Q) N Wkr(Q) (3.44)

where the closure is in WP (Q) with respect to the norm || - [wr.p(q), or equivalently (see Adams
[1]) to be the completion of the subset {f € C*(Q) | | fllww.r@) < 0o} with respect to the Sobolev
norm || - [lyxp(q)- Define also

WP (Q) == Cx(Q) (3.45)

the closure being in W*P(Q) with respect to the norm || - lwer () [ ]

By Corollary 3.4, Adams [1], we know that H*P(Q) C W¥*P(Q). The Meyers and Serrin
theorem [78] says that, for p € [1,00) the space C®(Q) N W*P(Q) is dense in WFP(Q), and
therefore

H*P(Q) = WhP(Q) (3.46)

with no conditions on the boundary 092! When dealing with C2°(€2), however, we do need to worry
about boundary conditions (called the segment property or the class C' property, see Adams [1, p.
54], Leoni [74, p. 286-287]). Under these extra conditions, we also have (Adams [1, Theorem 3.18],
Leoni [74, Theorem 10.29]) that, if rq g~ is the restriction map to €2, then rq rn (C*°(R")) is dense

in WkP(Q), i.e.

WHEP(Q) = rqrn (C=(R")) (3.47)
the closure being in W*P(Q) with respect to the norm || - [ wrr(q)- As a corollary, we have
WP (R™) = Whe(R™) (3.48)

Let us now describe the embedding theorems. There are, of course, many variations on the

basic themes, but we do not need the full power of the theory. Our interest in the Sobolev and
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Rellich embedding theorems is mainly as a tool for reaching elliptic regularity. The simplest version
of a Sobolev embedding theorem is the following (found in Taylor [100, Prop. 1.3, Cor. 1.4]). It

says that for sufficiently large s, the elements of H*(R") are C* in the classical sense:

Theorem 26 (Sobolev Embedding I) If s > n/2, then all functions f in H*(R™) are bounded
and continuous, i.e.

H?(R™) C Cyp(R™)

If s >n/2+k, then

H*(R") C C*(R™)
and consequently

() H*(R") = C=(R") ]
seR

More enerally (Nicolaescu [85, Theorem 10.2.21]),

Theorem 27 (Sobolev Embedding II) Ifr < s andr —n/p=s—n/q <0, then W"P(R") C

W#4(R™), and the inclusion is continuous, which follows from the inequality

[ fllwsa@ny < Clfllwsarn)

for all f € WHP(R™), for some C > 0 depending on r, s, p, ¢ and n. |

Finally, we have the Rellich-Kondrachov compactness theorem,

Theorem 28 (Rellich-Kondrachov) Let Q be an open bounded Lipschitz domain in R™ (i.e. 09

is of class C, see Leoni [7}]). If r < s and s —n/p > r —n/q, the inclusion
WHP(Q) — WI(Q)
is compact, in the sense of operator theory. In particular,
H*(Q) — H"(Q)

18 compact. [
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3.1.2 Function Spaces in the Manifold Setting

We wish to define analogs of the locally convex spaces of test functions D(Q2), £(£2), and
their continuous duals, the space of distributions D'(Q2) and the space of compactly supported
distributions £'(2), to spaces of sections I'(F) of complex vector bundles E — M. Then we would

like to define analogs Sobolev spaces of such sections, as well. We begin with the first task.

3.1.2.1 Test Functions and Distributions on Manifolds

Let E be a complex (or real) rank p smooth vector bundle over a smooth n-manifold M.
We want to think of the space of smooth sections I'(F) in the same way as we do the space of
smooth functions C*°(2), 2 an open subset of R™, namely equipped with a locally convex topology
generated by a family of seminorms, giving the test functions £(2). We can proceed locally, over

chart domains (Uj, ;) trivializing E.

Definition 35 (Locally Convex Topology on I'(E)) Let {(Uj, ¢;j)}jcs be a vector bundle at-

las for M, that is, an atlas which also gives local trivializations for F,
7 Ely;, — U; x CP

then let

v:= (4,1, K,r), where j€J, ¢<{l<p, K€K, w,, r€No

Here the notation Ky denotes the set of compact subsets K of any open set V in R™. If s € ['(EF),

let s; := s|y, denote its restriction to Uy, let m; : CP — C denote the (th projection, and then define

the seminorm || - ||, by
[I8lly := llme(sj)l . (3.49)
where || « || is the seminorm on C*°(Q2), @ C R™ open,
1fllrg = sup  [Df(x)|

zeK |a|<j
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Equipped with this locally convex topology, the space I'(E) becomes a locally convex space, which
we denote by

E(E) (3.50)

It is an easy check that the locally convex topology does not depend on the choices involved in the
construction of the seminorms, and basically boils down to taking a refinement of any two different
trivializing covers of M. Also, as in the Euclidean case, £(E) becomes a Fréchet space, since the

cover can always be chosen to be countable. |

Remark 47 We observe that a sequence (sy,)nen in E(F) converges to s in this topology iff, for any

open set U in the domain of a chart (Uj, ¢;), and for any compact K C U, writing s, = (sL,...,sh)

and s = (s!,...,sP) in a local frame, we have that all the derivatives D%s! converge uniformly in

K to D%s' in the local coordinates ¢;. This is just a local coordinate description of the Euclidean

case, which is applied componentwise. [

Definition 36 (Test Sections: Locally Convex Topology on I'.(E)) For each compact sub-
set K of M, define

Ex(E):={se€T.(F)]| supp(s) C K} (3.51)

with the locally convex topology induced from £(E), i.e. generated by the same seminorms || - |, as
in the noncompact case £(F). Letting Iy be the set of all compact subsets of M, we then define

the space of test sections

D(E):= |J €&x(B) (3.52)
KeKy

endowed with the inductive limit topology, as in the Euclidean case. This is just I'.(F) endowed

with a complete topology. |

Definition 37 To define the duals of £(F) and D(F), we employ the integral over M. If M is

orientable, we may suppose this integral to be with respect to some volume/top form (this will be
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the situation for us, on a symplectic manifold, since these are always orientable), otherwise we must
define the integral with respect to some density of a density bundle. Let us suppose our manifold
M orientable for simplicity. Then, the integral defines a linear functional on the space of compactly

supported top forms Q?(M) =T (A" T*M), taking a top form and integrating it:
/ . (M) - C (3.53)
M
a / a (3.54)
M
Let us denote by EV the ”functional dual”,
EY = E* @ Q! (M) = Homgeo (3 (E; Q7 (M) (3.55)
From EV we get a pairing map
I'(EY) x T(E) — QM) (3.56)
(0" ®@a,T)— o (1) (3.57)
and from this we get the canonical pairing
[,-] : T(EY) x T(E) = C (3.58)
[0" @ a, 1] := / (c"®a,1)= / o (1) (3.59)
M M
Using this pairing, we define the space of distributional or generalized sections of E to be
the continuous dual of D(EV),
D'(E) :=D(EY)* (3.60)
endowed with the strong topology. By the way EV was constructed we have the canonical inclusion
E(E) — D'(E), namely via s — T, := [-,s]. And as in the Euclidean case, D'(F) is an E(E)-

module, via (sa)(f) = a(sf). [

Definition 38 The space of compactly supported distributional or generalized sections

of E, is similarly defined bo be the continuous dual of E(EY),

E'(E):=EEY)* (3.61)
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and in the same way we get the inclusion D(E) «— £'(E), s — [+, s]. [

3.1.2.2 Generalized Function Spaces on Manifolds

Before we introduce Sobolev spaces on manifolds, we want to explain the general principle.
This principle is observed in most texts on analysis on manifolds, but is most clearly articulated in

the book by van den Ban and Crainic [104], and it is this treatement that we follow here.

Definition 39 In the Euclidean case we have seen a variety of function spaces, from Schwartz
functions to Sobolev spaces to distributions. Some are locally convex only, some are Fréchet, some
are Banach spaces, and some are Hilbert spaces. In all these cases, the function space, call it F,
sits between the test functions and the distributions, D(R™) C F C D'(R™). Since all these spaces
are in particular locally convex topological vector spaces, we begin with this as our notion of a
function space on R". We add only the mild requirement that, in addition to F being a locally
convex TVS (topological vector space), the multiplication-by-test-function map, m, : F — F,
my(f) := ¢f, be continuous. Explicitly, then, a general function space 7 on R" satisfies

(1) F is a locally convex TVS, with generating family I" of seminorms.
(2) D(R™) C F CD'(R")
(3) my : F = F, my(f) := ¢f, is continuous for all ¢ € D(R").

Let us also introduce some variations and notation. Recall that for any topological space X the

notation Kx means the set of all compact subsets of X.
(1) Fg :={u € F| supp(u) C K} for any K € Kgn, with the topology induced from F.
(2) Fk = Ugkeryn FK> with the inductive limit topology.

(3) Fioc :=={u € D'(R") | pu € F, Vo € D(R™)}, with the locally convex topology induced
by the seminorms ¢, , := p(pu), where p € I'. That is, the weakest topology making the

multiplication map m,, : Floc — F continuous.
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Example 19
(1) D= D(R") = De(R") = £x(R").
(2) € = E(RY) = Dioe(R") = Eioe (RY).
(3) & = S(R) = Sie(R")

4) D = D'(R") =D,

loc

(R") = &

100<Rn>'
(5) € = &'(RM) = EL.(R") = Dj(R)

The Sobolev spaces satisfy only the strict inclusions
Hg(R") € H*(R") C Hi,.(R")

Here, H} = H} (R") = {u € D' | pu € H*(R"), V¢ € D} is equipped with the seminorms

q-llo,0(f) = ¥ flls, where || - [|5 is the Sobolev norm induced by the innder product on H®.

To put such a function space on a complex (or real) vector bundle FE over a manifold M
which is not necessarily compact, we require extra structure of our function spaces F on R”, which
we take as axioms, in the sense that some or all of these axioms will be satisfied by the function
spaces we are most interested in.

(1) (Banach Axiom) We say that F is Banach if its topology is a Banach topology. Oth-
erwise, we say that F is locally Banach if for each K € Kgn the topology of Fx is

Banach.

(2) (Fréchet Axiom) We similarly say that F is Fréchet if its topology is a Fréchet topology,

and we say F is locally Fréchet if each Fx is Fréchet.

(3) (Hilbert Axiom) We say that F is Hilbert if its topology is a Hilbert space topology.
Otherwise, we say that F is locally Hilbert if for each K € Kgn the topology of Fx is

Hilbert.

(4) (Diffeomorphism Invariance Axiom) If x € Diff(R"), we require that x, : D' — D/,

X (u)p := u(pox™1), restrict to a topological isomorphism on F. We say that F is locally
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invariant if for all x € Diff(R™) the map x. restricts to a topological isomorphism on Fg
for all K € Kgn,

Xs 0 FK — F(K)

(5) (Density Axiom) We that F is normal if D is dense in F, and we say that F is locally
normal if Fx C D C F for all K € Krn, where the closure is in F. This axiom becomes
significant when we consider dualizing. Indeed, it follows that the duality between JFj,. and
Fx becomes

(Fioce)” = (F)x and  (Fi)™ = (F o

(6) (Locality Axiom) We say that F is local if, as a locally convex TVS we have F = Fiq.

Remark 48 If F is locally Banach or locally Fréchet, the Fi is a complete locally convex TVS
which is not Fréchet. This follows from the properties of the inductive limit topology, which require

it to restrict to the topologies on each Fi. |

Example 20 £ is Fréchet, but not Banach or even locally Banach. D is not Fréchet, but it is
locally Fréchet. The Sobolev spaces H® are Hilbert, and so Banach, but their local versions H}
are just Fréchet and locally Hilbert. S is Fréchet but not Banach. All the standard spaces D, &, S,
D', &', and S’ are diffeomorphism invariant, but the Sobolev spaces H*® are not, though they are
locally diffeomorphism invariant (a non-trivial result which requires pseud-differential operators to
prove, Theorem 9.2.3, van den Ban and Crainic [104]). The spaces D, &£, S, D', &', and &’ are
normal, as is H®, though H*() not so for arbitrary open sets  C R", though these are locally
normal. £ and D’ are local, but D and £ are not. Nor is H?® local, which is why we introduced

HS

loc®

The usefulness of these notions is nicely captured in the following Theorem, see van den Ban

and Crainic [104, Theorem 3.5.4] for a proof.
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Theorem 29 If F = Fio., then F is locally Fréchet iff it is Fréchet, locally invariant iff it is
tmwvariant, and locally normal iff it is normal. On the other hand, if F is locally Fréchet, then it is

local iff the following two test conditions are satisfied:

(1) Let w e D'. Then u € F iff pu € F for all ¢ € D.

(2) up — win F iff pu, — pu for all ¢ € D.

Now, in order that F be transferrable to a manifold, we need compatibility with restricitons
to open sets and with local diffeomorphisms. The localization axiom implies that we can restrict

distributions to opens, for the restriction map
rQRn C*®(R"™) = C*(Q)
dualizes to the inclusion
iorn : E'(Q) — E'(R™) — D'(R")

which may be thought of as ’extension by zero’. Given a local function space F = Fic, therefore,

we define, for each open 2 C R"™ the space
FQ):={ueD Q)| pueF, Vo D)} (3.62)

endowed with the topology generated by the family of seminorms I'o = {g,, [P € T'r, ¢ € D(Q)}.
By Theorem 3.6.2, van den Ban and Crainic [104], we have that F(2) is invariant, normal, or
locally Banach/Hilbert/Fréchet if F is. Moreover, since F is local, so is F(£2), and for such a local
function space the assignment

Q' F(Q) (3.63)

defines a sheaf, called the sheaf of distributions, which has the diffeomorphism invariance prop-
erty

x ot F(Q1) = F(Q)

for all x € Diff (Qq,Q2).
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Definition 40 Fix, now, a local invariant function space F, and let £ — M be a rank p smooth
complex vector bundle over a smooth n-manifold M, and consider a trivializing atlas {(U;, ¢;) }ier

for E, with local trivializations 7; : E|y, — U; x CP. From these trivializations we get isomorphisms
heyr + D'(Ui, Ely,) = D' (0(U))

and similarly with D, £, £ and the others. Using these, we define a function space of sections

of a vector bundle by
F(E) = {u € D(E) | hpu(ulv) € Fe(U)), YU € U} (3.64)

where U = {U,}icr is the open cover by the chart domains. Note that by locality u € F(FE)
iff uly, € F(U;, E|y,) for all i € I. By Theorem 3.7.4, van den Ban and Crainic [104], we have
that F(E) = Foc(F) is local, and is locally Banach/Fréchet/Hilbert if F is, and normal if F
is. Moreover, any isomorphism h : £ — F of vector bundles over M induces an isomorphism
h«F(E) — F(F) of function spaces. As a consequence, if F is locally Banach or Hilber, and M is

compact, then F(FE) is Banach or Hilbert, respectively, and D(F) is dense in F(E).

Remark 49 Consider now H?

loc

= H}

loc

(R") = {u € D' | pu € H*(R"), Vo € D}. It is locally
Hilbert, invariant (as mentioned above), and normal, with

£:=ER") = (] Hio(R")

seR

Thus, H{ (E) is Fréchet, locally Hilbert (and Hilbert if M is compact), D(E) is dense in H; (F),

and

() Hio(E) = £(E) (3.65)

seR
since any u € D'(E) such that v € H{ (F) for all s > 0 lies in £. Moreover, the Rellich-Kondrachov

theorem extends to the compact setting: if r < s and M is compact, then the inclusion
Hio(E) = Hio(E) (3.66)

is compact, which follows from a partition of unity argument. [
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3.1.3 Differential Operators on Manifolds

A linear differential operator in Euclidean space with variable coefficients is a polynomial in
D> = % with smooth matrix-valued coefficients,

P(z,D) : C®(R",R™) — C°(R",R")

P(z,D)f = Y A*(x)D°f

|| <k
where
1 D* f
D~ =
Im D frm,

and the coefficient matrices

A% i R" 5 M, (R) = Homg (R™, R")

« a
app - Gy
A%(z) =
« a
8] Arm

act on each D®f by multiplication.
Remark 50 Of course, we could generalize this definition to complex-valued functions,

P(z,D): C*(R",C™) — C®(R",C")

P(z,D)f = Y A*(x)D*f

|| <k
where the D* act on the real and imaginary parts of f = f1 + ifa,

Daf = Dafl + iDafg [ |

The following well-known examples illustrate this definition, though in some sense they are

simpler, because the coefficient matrices are constant.
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Example 21 The gradient is a differential operator on R",
grad : C*°(R",R) — C*°(R",R")

which is given by

1 0 of
of o oo o
grad f := —f+-+ —f= :
of
0 1 On
It is a first order operator. [

Example 22 The divergence is a differential operator on R",

div : C®°(R", R") = C°(R", R)

given by
fi
divf = div
fm
h fi
_ 2 I 2
=110 --- 0 oz, | o --- 01 o,
fm fm
afl afn
N 8$1+ +8xn
It is a first order operator. |

Example 23 The Laplacian on real-valued functions is a second order differential operator
A: C*[R"R) - C*(R",R)
given by

Af

I
=
Q
N
[y
+
+
=
Q
S
-



190

It is a second order operator. The coefficient matrices A = (1) are 1 x 1 identity matrices. Note

that the Laplacian is the composition of the divergence and gradient operators,

A
C*(R™,R) C*°(R"™,R)
grk\ div
C*(R™,R")
ie. Af =div(grad f). |

Example 24 The Laplacian on vector-valued functions is a second order differential operator,
A™ = I,A: C*R",R™) - C®(R",R™)

where I, is the identity matrix in M,,(R), and so A™ is given by

fi
AT = AT
fm
) h , bil
Imaaa:% N T Im&i%
Jm fm
L+ 50 0 0
0 0 8;£%”+-"+a;fg
Afi 0
= 0
0 - Afy
We will usually omit the superscript m and simply write A. [

Let us try to reformulate the definition of P(x, D) in terms of manifolds and vector bundles.

First, we may view R" as a manifold equipped with the trivial vector bundle £ = R" x R™ — R"
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and similarly with /' = R” x R" - R" (or E = R" x C"™ — R"” and £ = R" x C" — R” in the
complex case). The space of smooth functions C*°(R"™, R™) is then identically the space of sections
of E, and similarly with C*°(R"™,R"),

[(F) = C*(R",R™),

I(F)=C>*[R",R")
Then, a linear differential operator P(x, D) is a map of sections,
P(z,D):T(E) - T(F)

where z € R"” is an element of the base manifold and the derivatives D% act on sections of the vector
bundle E componentwise, the differentiation being with respect to the base coordinates x. The
coefficient matrices A® : R® — M, ,,(R) = Homg(R™,R") act on the result of D* by multiplication.

Thus, in full, if f € T'(E),

olel
ary a’(lxm 856‘{1
P(z,D)f =Y A*@)D*f= )
ol <k ol <k el
a’?l a;}m &Cam

Abstracting the above construction to real or complex vector bundles £ — M and F' — M involves
two changes: (1) The base manifold R™ is changed to a smooth manifold M which is only locally
like R™, though it may possess different local and global topological properties, and (2) The vector
bundles E' and F' are no longer globally trivial, but only locally trivial. Thus, the generalization
to manifolds involves adding additional topological structure to M, which manifests itself also in
the twisting of the vector bundles attached to M. As it turns out, however, this extra structure
doesn’t affect the definition of a differential operator, though, as we will see, certain differential
operators (the elliptic self-adjoint operators particularly) are affected by the topology of M. This

is the content of the index theorems.

Definition 41 (Local Definition) The simplest generalization of a linear differential operator to

manifolds is the local coordinate definition, and may be found in Hérmander’s book [57, p. 151].
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Let E and F be real or complex smooth vector bundles over a smooth manifold M, of rank m
and r, respectively. A linear differential operator is an R- or C-linear operator (depending on

whether the vector bundles are real or complex) map of sections
P:T(E)—TI'(F)

which is locally a differential operator from C°°(Q,R™) to C*(Q,R¥), where 2 C R" is an open
subset. That is, in any trivializing charts (U, ¢) for E and (V,v) for F about any point s(p) € E,

and Ps(p) € Fy(,) we have that ¢ o P o ¢~ is of the form > jaj<k A% (@)D [ |

Definition 42 (Sheaf Morphism Definition) Closely connected to the local definition is the
sheaf-theoretic definition. Let E and F' be real or complex smooth vector bundles over a smooth
manifold M, of rank m and r, respectively, and define a linear differential operator to be an

R- or C-linear map of sections

P:T(E) = I'(F)

which is support decreasing,
supp(Ps) C supp(s)

for all compactly supported sections s € I'.(E). If we consider the restriction map ryy : U =V,
where V' C U are open sets of M, then we can rephrase this condition as commutation with
restriction 7y : a linear differential operator is an R- or C-linear map of sections commutig with
restriction,

Poryy=rypyolP

i.e. (Ply)s = (Ps)|y for all local sections s € I'(U, E). [

Remark 51 The equivalence of these two definitions is known as Peetre’s Theorem [88]. The order
of the operator P is the integer k in its local description, P(z, D)s = 3 <, A%(2)D%s. It must
be checked that this order is invariant under chart transitions, though this is intuitively clear, since

chart transitions are elements of GL(n,R) or GL(n, C). [ |
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A more invariant, global definition is the following, found in, for example, Guillemin and
Sternberg [48]. Its form is similar to that of the universal enveloping algebra of a Lie algebra, and

likely has that as a model for its construction.

Definition 43 We define the space of linear differential operators simultaneously with the linear
differential operators themselves, and we do this inductively over k, the order of the operator. This
has the advantage of telling us how to view differential operators globally and invariantly, and also
provides a mechanism for defining and calculating the symbol of an operator. Towards this end, let
FE and F be real or complex smooth vector bundles over a smooth manifold M. A zeroth order

linear differential operator is defined to be a bundle map, P: E — F,

Now, a bundle morphism is by definition a C°°(M)-linear smooth map from E to F which is
fiberwise R- or C-linear, as the case may be. In other words, P is a section of the bundle
Hom(E, F) — M, or, what is equivalent since they are isomorphic, a C°°(M)-linear homomor-

phism from the sections I'(E) to the sections I'(F'),
P e T'(Hom(E, F)) = Homgeo (p) (D(E), T(F)) (3.67)

(recall that I'(Hom(FE, F')) is a C°°(M)-module). The C°°(M)-linearity can be expressed in terms

of commutators: If s € I'(E) and f € C*°(M), then
P(fs)=fP(s) <= [P fl(s):=(Pof—foP)(s)=0 (3.68)

Here f means multiplication by f. Then define the space of zeroth order linear differential

operators to be the space of bundle maps,
DY(B, F) := Homw (u)(D(E), I(F)) = {P € Hom(I(E), [(F))| [P, f] = 0, Vf € C*(M)} (3.69)
Analogously, we define the space of differential operators of order at most one to be

DYE, F) := {Hom(I'(E),T(F)) | [P, f] € D°(E, F), ¥Vf € C®(M)} (3.70)
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and, continuing inductively, we define the space of linear differential operators of order at

most k£ + 1 by
DMYE, F) := {Hom(I'(E),I(F)) | [P, f] € D*(E, F), Yf € C*°(M)} (3.71)

Then we define the space of all linear differential operators from E to F' to be the union of

these spaces,

D(E,F) := G DME, F) (3.72)
k=0

We follow the discussion in Nicolaescu [85] for the rest of this section.

Remark 52 The appearance of the commutator here is analogous to the situation of the adjoint
representation of a Lie algebra, ad : g — End(g), which satisfies ad,(v) = [u,v]. Let us use this

notation in this context, as

ad : C*°(M) — Endc (Home(D(E), T(F)))

adf = ['7 .ﬂ
where we insert a map P € Homc(I'(E),T'(F)) into the open slot
ads(P) = [P, f]

Here C may be replaced with R, if £ and F' are real vector bundles. Then we can see that the

zeroth order linear differential operators are the kernel of this adjoint map,
DY(E,F) = kerad (3.73)

Similarly, if adf(P) = [P, f] € D°(E, F) = kerad for all f € C*°(M), then P € D'(E, F). But this
is equivalent to saying

P € ker ad?
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where ad? : C>°(M)? — Endc (Homg(T'(E),T'(F))) is given by
ad’(f,9)(P) 1= ady oady(P) = ad[P, g] = [[P, g], ]

Thus,

DY(E, F) = ker ad? (3.74)

More generally, if we define, for all k € N,

ad® : C>°(M)* — Endc (Home(T'(E),T(F))) (3.75)
ad®(fi,..., fi)(P) = adg o---oads (P) = [--- [P, fil, fer] -+, fi (3.76)
Then we have
D*(E, F) := ker ad®*! (3.77)
for all k£ € N, and we no longer require recursion to define D*(E, F). [

By the following proposition, the local and global definitions 42 and 43 are equivalent. We

follow the proof in Nicolaescu [85, Lemma 10.1.3].

Proposition 61 Any P € D(E, F) is support decreasing, supp(Ps) C supp(s) for all s € T'(E),
and conversely.

Proof: The proof is by induction over k, the order of P. If k = 0, this is clear since P is a bundle
map. Now suppose that P € D**1(E, F) and that the result holds for all L € D"(E,F), 0 < r < k.

Then, for all f € C>®°(M) and all s e T'.(U, E)

P(fs) =[P, fl(s) + fP(s)

so since supp(P(fs)) C supp(f) Usupp(s), by choosing f to be a bump function with support
containing supp(s) and zero outside any open set V' containing supp(s), with fs = s, the result
follows from the induction hypothesis, since [P, f] € D¥(E, F). Conversely, if supp(Ps) C supp(s),
the by Peetre’s theorem we know that P is a local linear differential operator of some order k. Any
such operator satisfies P € ker ad®*! locally, and hence, by use of a partition of unity subordinate

to an open cover by trivializing charts, globally on M. |
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Proposition 62 ad® is symmetric in the entries fj e C®(M),

adk(fcr(l)7"')f0(k))(P) = a’dk(flavfk)(P)

for all permutations o € S, on k letters.

Proof: Since any permutation o € Si decomposes into transpositions, it is enough to prove it for
transpositions 7(i j). First, note that on C°° (M), viewed as embedded in D°(E, F) as multiplication

operators, we have [f, g] = 0, so by the Jacobi identity

(L, £, 9] = [L, [f, 9]l + [[L, 91, 1 = [[L 9], /]

whence, for all f,g,h € C*(M),

[[L, £, 9], bl = [[[L, g, f1, bl = [[[L, gl, B, £1 = [[[L, k], 9], £] = [[[L, k], g], £ = [[[L; k], £1, 9]

and so on. The general result follows by induction and the application of transpositions. |

Proposition 63 Let E, F, and G be complex (or real) smooth vector bundles over M. If P €

D™(F,G) and Q € D(E, F), then P o Q € D""(E,G).

Proof: The proof is by induction over m + n. For m +n = 0 we have m = n = 0, so the result
follows from the fact that bundle maps compose to form bundle maps. Suppose the result true for

some m + n > 0, then, and consider the case m 4+ n + 1. For all f € C°°(M) we have

[PoQ,f] = PoQof—foPoQ+PofoQ—PofoQ
= (Pof—foP)oQ+Po(Qof—foQ)
= [P floQ+Po[Q.f]

But the operators [P, f] o @ and P o [Q, f] have orders < m + n, so by the induction hypothesis
[PoQ,f] € D™"™(E,F). But since this is true for all f, we must have P o Q € D" Y(E F),

and by induction we conclude that the statement holds for all m,n € Ny. |



197

The discussion so far has centered on linear differential operators defined as maps of smooth
sections. However, we would like to think of differential operators as densely defined operators on a
Hilbert space generally, and we really need this generality in order to be able to use the techniques
of functional analysis and PDE theory. Indeed, we need the full framework of distributions and

Sobolev spaces to be able to do this. Let us describe this generalization now.

Definition 44 Let E and F be complex (or real) smooth vector bundles over a smooth manifold
M, and let D(E) and D(F’) be the spaces of smooth sections I'( E') and I'(F'), respectively, considered
as locally convex spaces endowed with the inductive limiti topology induced from the locally convex
spaces Di (E) and Dk (F'), as explained in the previous section. A generalized linear differential

operator is then a continuous C-linear map
P:D(E) — D'(F) (3.78)

Letting Fy, F € {D,&,D', &', H{ .} be among the local invariant function spaces on R™, which we
transfer to the bundles E and F, the inclusion of D in each F; implies that P extends to a C-linear
operator

P: A (E) — .FQ(F) (3.79)

and conversely this operator induces the former by the denseness of D in the other spaces. By
Proposition 3.8.4, van den Ban and Crainic [104]) any operator P € D*(E, F), thought of as

P :D(E) — D(F), extends uniquely to an operator

P:H (E)— H FF)

loc

for any s > k > 0. But by viewing D(F) as contained in D'(F'), we can extend P to any local
invariant function space, in fact. The idea here is that a generalized operator P takes smooth
sections and gives generalized sections, possibly non-smooth. Our main interest will by in Sobolev
spaces and L2, for our symplectic Dirac operators.

A smoothing operator, by contrast, should take generalized sections to smooth sections,
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and so we define it as a continuous C-linear map
P:E&(E)— E(F) (3.80)

A smoothing operator, then, is generalized operator taking values in £(F') which extends to a

continuous/bounded operator on £'(E). The space of all smoothing operators is denoted

UV"®°(E,F) = {P:D(F)— D'(F)|P extends to &'(E) — £(F)} (3.81)
= B(E'(E),E(F)) (3.82)

C B(D(E),D'(F)) (3.83)

u

Remark 53 Recalling the Schwartz Kernel Theorem 25, we can begin to see the significance
of these definitions, and their relationship. In the manifold setting, this takes the form of an
isomorphism of locally convex topological vector spaces. Let E — M and F — N be complex (or
real) smooth vector bundles, and consider the bundle : EY = E*@Q%(M) — M. If 1y : NxM — N

and my : N X M — M are the projections onto each component, define
FREY =7 (F)®m(EY)
Then, the Schwartz Kernel Theorem then takes the form
D'(N x M,FRE") = B(D(E),D'(F)) (3.84)

as in the Euclidean case (Theorem 2.4.5, van den Ban and Crainic [104]). The subspace U™°°(E, F)
of B(D(E),D'(F)) therefore has a corresponding subspace in D'(N x M,F ® EV) to which it is

isomorphic, called the space of generalized sections of F' X EY, namely £(N x M, FX EV),
E(N x M,FREY) = v~=(E, F) (3.85)
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3.1.3.1 The Symbol of a Differential Operator

We now describe the principal symbol of a differential operator, which gives, roughly, a coarse
estimate of the behavior of the operator in by isolating its highest order terms. To get an invariant,
non-local analog of this quantity, we observe that in the Euclidean setting, the highest order terms
2 jaj=k A%(x)D* of an operator P(z,D) =, < A%(x)D® are captured by the adjoint operator

ad given above,

%adk(f,...,f)(P) = 3 Ae()Dof

laf=k
As we can see, this quantity depends only on the value of df (xz¢) = E?:l ngj dx’, and therefore
describes the fiberwise behavior of P, encoded in terms of an element of (R™)*. This gives us an

invariant, coordinate-free way to define the symbol of any operator P € D¥(E, F). When this

quantity is a linear isomorphism of the fibers E*

o> the operator is called elliptic. Elliptic operators

are such nicely behaved operators that they occupy a special place in PDE and operator theory.
For example, an elliptic operator is 'regular’, in the sense that, even when it satisfies an equality
Pu = v weakly, if we know that v has a certain amount of smoothness, then we can conclude
that so, too, does u. A symmetric elliptic operator also has very good spectral properties, with
discrete spectrum consisting only of real eigenvalues, while elliptic regularity guarantees that the
corresponding eigenspaces, which are finite-dimensional, consist of smooth functions. We study
elliptic operators more closely in the following section. In this section we follow the treatement in

Nicolaescu [85].

Our first task is to show that the symbol, whose definition we have only sketched, only depends
on the value of df at a point pg, so that if we take two functions f and ¢ whose differentials agree

at pg, then the symbol will agree if evaluated at f and g.
Lemma 10 Let pg € M and define the ideals

mp, i={f € C*(M) | f(po) = 0}

Tpo :=A{f € CF(M) | f(po) = df (po) = 0}



200

in C°(M). Then,
jpo = m22?0

which means that each f € Jp, can be written as a finite sum f =Y., figi for fi,gi € my,.

Proof: Since df = 3", 2L da7| we see that df (pg) = 0 iff 8—Jc,|p0 = 0 for all ¢, in which case we

j=1 0x;

can write f(p f df for any path v: 1 — M from pg to p. In particular,

Z/ax]dlz/ 837] ) dt

n 1 o 1
=Z/O W2 ontt)gieon

i=1
for any chart (U, ) about ~(t). Now, if we choose 7 carefully, for example so that (¢ o v)(t) =

t(p(p) — ¢(po)) + #(po), i-e.
¥(t) = o7 (t(e(p) — @(po)) + P(po))
then

Y (t) = %(so 0 y)(t) = ¢(p) — ¢(po) = (z' (p) — =" (po), - .., 2" (p) — 2" (p0))

and therefore

fp) = f(p)— f(po)
= )) — f(~(0))

[
[
[

i

= Y0 o) [ S e a
=1 1

= Zfz'(p)gi(p)
=1

where f;(p) = 2(p) — 2% (po) and g;(p) = gi(7(t)) = 01 g—i(v(t)) dt, which clearly vanish at py. W
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Proposition 64 Let P € DF(E, F) be a kth order linear differential operator. If there are functions

fisgi € C®(M), i=1,...,k, such that df;(p) = dg;(p) for all i at a point py € M, then

ad®(f1,..., fi)(P)lp, = ad®(g1, .., g) (P)p,

as zeroth order operators at pg, i.e. as C-linear maps of vector spaces Ep, to Fj.

Proof: Since ad.(P) = [P,c] = 0 for any constant ¢ € C, by the C-linearity of P, we may assme,
by adding constants to the f; and g;, that fi(po) = g¢i(po) for all i. Then, let ¢ := fi — g1 and
let Q = ad* " (fa,..., fr)(P) € DY(E, F) and note that ady(Q)|p, = 0 in Hom(E,,, F,,): since
¥ € J)po, we must have ¢ = Z;'l:1 a;b; for a;,b; € my,,, which means

n n n

ady(Q)lpy = Y aday (@, = > [@.ajb] = Z(%‘[Q,by‘] + [Qﬂj]bj)‘po =0

J=1 J=1 J=1

since the a; and b; belong to m,,. Letting 1; = f; — g; and repeating the above procedure for all 4

shows that ad® (v, .. ., V) (P)|p, = 0. "

Definition 45 If P € D¥(E, F) and fi,..., fr € C®(M), then at any point pg € M we have a
linear map

%adk(fh s S (P)lpe =

1

k! adf o0 adfk(P)|Po € HomC(Epo’Fpo)

which dependes on the values of the differentials df;(pg) € T, oM at po. If § € T, M are 1-forms
evaluated at pg, then locally, in a neighborhood about pg, the Poincaré lemma says & = df; near

po, and by the above proposition the choice of such f; is immaterial so long as two choices agree at

po. Thus, for any P € D¥(E, F) we get a unique map,
o(P)(&1, ..., &) € Home(Ey,, Fp,) (3.86)

which is, moreover, symmetric in the & by Proposition 62. Since for any vector space V we have
the isomorphisms Homﬁsym(v; R) = (V*)9k = Ry[z1,. .., 2,], and for any such symmetric form f
we have the polarization formula (Nicolaescu [85, p. 329])

1 ok

f(’l)l...,’Uk) = Hiatl-”atk

f(tl’l)l—i-"-—i-tkvk,...,tl’l)l—I—'--—i-tkvk)
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because the right-hand-side equals % S %Ui and f is a polynomial. By means of this polar-
ization formula we see that o(P) may just as well be defined, not in terms of k different f;, but in

terms of a single f, which gives a single { = df (po) € T, M,
a(P)(&,...,&) € Homc(Ey,, Fp,) (3.87)
This is the principal symbol of P. Clearly, then o(P) induces a map
o(P) : (T*M)®* — Hom(E, F) (3.88)
which we call the symbol map. We can describe this in terms of a short exact sequence,
0 — DFYEB,F) - D*E,F) % (7" (Hom(E, F)) — S*M®%) — 0 (3.89)

where the space on the right is the space of all sections of 7*(Hom(E, F')) restricted to the cosphere
bundle (meaning the nonzero, unit-length £ in T*M), the pullback being via the projection = :
T*M — M. For since 7*(F) C T*M x E, we can view the symbol map as taking nonzero (hence,
why not unit-length) elements £ ® - -- ® & of (T*M)®* into Hom(E, F), viewed as pulled back over

T*M by . |

Definition 46 If the symbol o(P) of an operator P € D*(E, F) is invertible for all nonzero ¢,

then we say that P is elliptic. |
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3.2 Essentially Self-Adjoint Operators

3.2.1 The General Theory of Essential Self-Adjointness on a Hilbert Space

Given a symmetric unbounded operator (7, D(T')) on a Hilbert space H, where D(T) C H
is the dense domain of 7" and T' C T*, that is D(T) C D(T*), we are interested to know the
conditions under which T is self-adjoint, 7' = T™, or at least under which 7" admits a unique self-
adjoint extension T = T > T; in the language of functional analysis, such a T is called essentially
self-adjoint. A major reason for this interest is the spectral theorem (Theorem VIIL.6 Reed and
Simon [89]), which says that if 7" is self-adjoint, then it has an integral representation 7' = [, AdP%,
where P is a spectral measure, or projection-valued measure, on H, and this allows us to define g(T")
for any real-valued Borel measurable function g on R, by letting ¢(T') = [ g(A)dPy. In particular,
iz

applying this to the real and imaginary parts of g(z) = € we can define the exponential e’

T

Indeed, we can do more: for any t € R we can define ¢”T, and it is rather immediate that this

operator behaves much like the usual exponential: (1) e/HIT = 15T o T for all 5.t € R, (2)

itT

e is continuous and even differentiable in t. Moreover, T

is a unitary operator, an element
of U(H), and by Stone’s Theorem (Theorems VIIL.7-VIII.8 Reed and Simon Vol.1 [89]) any such
unitary operator-valued map U : R — U(H) satisfying U(s +t) = U(s) o U(t) and lim;_, U(t) =
Ul(to) is generated by a self-adjoint operator T, so U(t) = e’. Thus, self-adjoint operators,
spectral measures, and exponentials are intimately connected. And the distinction between merely
symmetric operators, which only satisfy T' C T™*, and self-adjoint operators becomes apparent here.
The spectrum of a self-adjoint operator is a subset of the reals, and it is from this spectrum that we
can construct our spectral measures and the functional calculus which gives us the one-parameter
group of unitary operators e*’. Symmetric operators, by contrast, generally have spectra lying
outside of the reals, and it is impossible to construct their integral representations and the functional
calculus. However, in certain cases it is possible to extend a given symmetric operator to a unique

self-adjoint operator, and we will look for means of achieving this in our case, for our symmetric

symplectic Dirac operators D and D.
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From our point of view, and from the point of view of index theory generally, the relevance
of self-adjointness lies in the connection between the index of a certain self-adjoint first order
differential operator (the Dirac operator acting on the L2-closure of the space of spinors) and its
exponential, which is used to construct an integral kernel called the heat kernel. The first few
terms in the asymptotic expansion this heat kernel yield highly interesting topological information
about the underlying spin manifold over which the spinors lie, and this information is related back
to the purely analytic index of the Dirac operator by the famous Atiyah-Singer Index Theorem.
This, at least, is the case for the Dirac operator on a Riemannian spin manifold. Our interest is
in a similar idea, which concerns a slightly different, though neighboring, area, that of symplectic
geometry. Over any symplectic manifold (M,w) we have two symplectic Dirac operators D and D
acting on the L2-closure of the space of symplectic spinors sitting over M. If we wish to proceed
along similar lines to the Riemannian case, we need to first assure ourselves of the self-adjointness

of our Dirac operators, and that is the purpose of these notes.

In this section we review the theory of unbounded symmetric operators and essentially self-
adjoint operators on a Hilbert space, culminating in the theorems of von Neumann characterizing
the domain of an essentially self-adjoint symmetric operator. We will use these theorems below in

our proof of the essential self-adjointness of the symplectic Dirac operators D and D.

Notation 5 Throughout this section we denote an abstract Hilbert space by H and the innner
product on H by (-,+), unless there is a need to be specific about the Hilbert space to which (-,-)

belongs, in which case we will indicate the dependence by (+,+)3. |

Definition 47 Let T be a densely defined unbounded linear operator on a Hilbert space H, with

dense domain D(T'). Now, H @ H is also a Hilbert space, with inner product

((mhyl)? (x27y2))7-¢@7-[ = (‘Tlvx?)ﬂ + (y17y2)’H

and norm

1/2
(@, ) lmen = (ll® + ly]?) "
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The graph of T is the subspace of H & H
P(T) == {(z,T) |z € D(T)}

and we say that T is closed if I'(T) is closed in ‘H @ H. By the Closed Graph Theorem (Reed
and Simon [89, Theorem II1.2, p. 83]) we know that when D(T) = H, the operator T is closed iff
it is bounded. Therefore a closed operator T is undbounded iff D(T) C H. An extension of T
is an operator T} with domain D(T1) O D(T') and agreeing with 7' on D(T"), which makes T' the

restriction of 7. We denote this relationship by
TCT

An example of an extension of 7T is its closure T, which, when it exists, is by definition the operator
obtained from T by taking the closure of its graph. Since closedness can be interpreted in terms of

limits of sequences, if we take a Cauchy sequence (2, Tn)nen in I'(T'), then its limit lies in I'(T).

By the definition of the norm on H @ H, this means

lim (z,,T(z,)) =: (z,y) e (T) <—

lim
n—oo n—oo

1/2
(120 — 2| + | T(za) — y[?)/* = 0

— [2n —2f =0 and  lim ||T(z,) - y[ =0

lim
n—oo
so if we define T'(x) := lim, o, T'(7,), then we see that

T(lim z,) =T(z) = lim T(z,)

n—o0 n—o0

That is, T is the operator whose domain is precisely the set of limits = lim,,_,o 2,, which are

preserved by T,

D(T) = { li_>m Zn € H | (xn)nen is Cauchy in D(T') and (Txy,)nen is Cauchy in H}

= {reH|z= lim z, for some (z,)nen in D(T) and lim Tz, exists in H}
n—oo n—oo

It is one of the basic facts of life that unbounded operators do not preserve all limits, else they

would be continuous and bounded. Closed operators at least preserve some limits, the ones which
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can exist, namely those for which (T'(x,))nen converges whenever (z,),cn does. Of course, the
closure of I'(T") need not produce an operator whose graph is W, since, as we will see, this can
only happen of the adjoint of T" has a dense domain, and there are cases where this fails (see Reed
and Simon [89, Ex. 4, p. 252]). In the case that I'(T) is the graph of an operator T, we say that
T is closable. A core for a closable operator T is a subset C' of D(T') such that T|c = T. This is

a useful notion, since we may know something about C' though not much about D(T'), and this is

sometimes enough to begin studying 7. |

To understand closed and closable operators, then, we need to understand the other object

to which these notions are attached, the adjoint operator T of an operator 1.

Definition 48 Let T be a densely defined unbounded operator on a Hilber space ‘H with dense
domain D(T'). The adjoint T of T is the (not necessarily densely defined) linear operator on H
with domain

D(T*)={yeH|IzeHst. (Tx,y) = (x,z) Vo € D(T)}

It is not immediately obvious that we can define T*y to be this z € H, because z may not be
unique. However, the following proposition shows that the denseness of D(T') in H guarantees the
uniqueness of z, as a simple consequence of the the Riesz Representation Theorem. We remark

that D(T™) may not be dense even if D(T') is, as mentioned above. [

Proposition 65 The denseness of D(T) in H implies the uniqueness of the element z € H for
each y € D(T*), making T* a well-defined operator. As a byproduct, we have the following char-
acterization of D(T*): An element y € H belongs to D(T™) iff the associated linear functional
(T-,y) is bounded/continuous on D(T), meaning that there exists a constant C > 0 such that

|(Tx,y)| < C|x| for all x € D(T).

Proof: First, we observe that y € D(T*) iff the linear functional (T-,y) is bounded on D(T).

For suppose that for some y € H we know that (T-,y) € D(T)*, i.e. is bounded on D(T). Then
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the denseness of D(T') in ‘H means we can extend (7T-,y) to a unique bounded linear extension
1 € H* on all of H (without denseness we would have to use the Hahn-Banach Extension Theorem,
Reed and Simon [89, Corollary 1, p. 77], Kadison and Ringrose [62, p. 10], which would give the
existence but not the uniqueness of 7). By the Riesz Representation Theorem (Reed and Simon

[89, Lemma I1.2, p. 42]) there is a unique element z € H such that
n(z) = (x,2), Ve e H
Restricting n to D(T') then gives
(Tz,y) =n(x) = (x,2), Yr €H

But then y € D(T*) by the definition of D(T™). Conversely, suppose that y € D(T*). Then there
is a z € H such that for all x € D(T) we have (T'z,y) = (z,z). The Cauchy-Schwarz inequality

gives the boundedness of (T-,y),
(T, y)| = [(z, 2)| < [[2[[[[«] = Cllz]l, where C = [|z]]

This proves our claim that y € D(T™) iff (T-,y) € D(T)*.
Now we can prove that z is unique. If z and 2’ are two such elements of H for a given y, i.e.
satisfying

(+2) = (T-,y) = (-,7) € D(T)"

then by this assumption their associated bounded functionals agree on the dense space D(T'), and
this bounded functional extends by continuity to a unique bounded linear functional n on H, so
using the Riesz Representation Theorem we know that n can be represented by a unique vector
w € H, ie n(x) = (r,w) for all z € H. Restricting n to D(T) we then conclude that z = w = 2’

by the uniqueness of w. |

The following theorem characterizes closability, and our proof follows those in Reed and

Simon [89, Theorem VIIL.1, p. 252] and Kadison and Ringrose [62, 2.7.8].



208

Theorem 30 Let T be a densely defined unbounded linear operator on a Hilbert space H. Then
the following hold:

(1) T* is closed.
(2) If T is closable, then (T)* = T*.
(3) T is closable iff D(T*) is dense. In this case, T = T**.

(4) Let V:HSH — HSH be given by V(z,y) = (—y,x). Then

D(T*) = V(I(T))*

Proof: We start by proving (4), since we will use the map V to prove the other assertions.

I = Iy )2 = | = ylI* + =l = ()l

for all z,y € H. To prove the first assertion, note first that if £ is a subspace of H @ H, then

First note that the map V is unitary: ||V (z,y)

V(EY) = V(E)*, because V is unitary. Taking E = I'(T), we see that V(I'(T)*) = V(I'(T))+, so

for any (z,Tx) € I'(T), i.e. for all z € D(T), and any (k,h) € H & H we have that

(k,h) LV (2, Tz) = (—Tz,x) ((k,h), (—Tx,a:))H@H =0

=
e —(k,Tz)+ (h,x) =0
e (x.h) = (Tx,k)

=

(k,h) = (k, T"k) e T(T™)
which shows that (k, h) € I'(T*) iff (k,h) € V(I'(T))*, and thus
D(T*) = V(ID(T))*

(1) Now, V(['(T))* is closed in H @ H (the orthogonal complement of any subset S of H is
always closed, since the inner product (-,-) is continuous in each variable by the Cauchy-Schwarz
inequality and S+ = (,cq(s,-)7*(0) is the intersection of the closed spaces (s,-)~'(0) for each
s € 5), so we conclude that T* is closed.

(2) Suppose T is closable, and observe that T C T implies (T)* C T*, so we need only

prove the reverse inclusion. Let y € D(T%), so that (Tx,y) = (x,z) for some z =: T*y € H
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and all z € D(T). To show that y € D(T") we must show that for all z € D(T) we have
(Tx,y) = (v,z) for some unique z € H depending on y. By definition of T as the closure of
[(T), any x € D(T) is the limit of a sequence (2, )nen in D(T) for which the sequence (T(xy,))nen
converges to Tz := lim, o T(7,). Moreover, since y € D(T*), Proposition 65 tells us that

(T-,y) = (+,T*y) is bounded/continuous on D(T'), and extends to a bounded linear functional on

H, so it preserves limits of sequences in D(T'). Thus, we have for our x = lim,,_, o, x,, that

(Tz,y) = (lim Tan,y) = lim (Tan,y) = lm (2., T"y) = ( lim 2, T"y) = (2, T"y)

which shows that y € D(T).
Alternatively, (2) follows from (3) by noting that if T is closable, then T = T**, so T* =

(3) Since I'(T") is a subspace of H & H, we have by (4) that

If D(T*) is dense, then (4) applies again to give T'(T) = V(F(T*))J‘ = I'(T**), which shows that
T = T**, and since T** is an operator, we see that 7 is closable with closure T**. We will prove the
converse, T is closable implies D(T*) is dense, by proving its contrapositive: Suppose that D(7%)
is not dense. Then D(T*)* is nontrivial and H = D(T*) @ D(T*)*, so we may take a nonzero

y € D(T*)*. Then (y,0) € T(T*)*, since for all x € D(T*) we have z | y, which means
((w,T*J:), (y,O)) = (z,y)+ (T"z,0) =0

But then (0,y) € V(F(T*))J‘, yet (0,y) clearly cannot be in the graph of any linear operator since

y # 0. In particular (0,y) ¢ I'(T), and since V(F(T*))J' = I'(T), this shows that T does not exist

as a linear operator. [ |

Definition 49 A densely defined operator T' on a Hilbert space H with domain D(T') is called
symmetric or formally self-adjoint if 7' C T*, that is if D(T') € D(T*) and T*|p(ry = T. By

the previous proposition we see that all symmetric operators are closable, with one closed extension
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being T*, since the denseness of D(T) implies the denseness of D(T™*). Since T is the smallest closed
extension of T, we have

TCcT=T"CT"

If additionally T' D T, so that T =T, then we say that T is self-adjoint. In this case, the above
inclusions become equalities,

T=T=T"=T"*

Thus, self-adjoint operators are necessarily closed. Finally, a symmetric operator T C T™ is called
essentially self-adjoint if its closure T is self-adjoint, T = (T)*. The importance of this idea lies
in the fact that we do not always know the domain D(T') of T', whereas sometimes we can at least

say something about a core C for T on which 7" is symmetric, i.e. T|c C T'|¢. [ |

Lemma 11 T is symmetric iff (T'z,x) is real for all z € D(T).

Proof: If T is symmetric, then (T'z,z) = (z,Tz) = (T'z,z), so (Tz,z) € R for all x € D(T).

Conversely, if (T'z,x) € R for all z € D(T'), then by the polarization identity in the form
ATz, y)=T(x+y),z+y) — (T(x—vy),z—y)+i(T(z+iy),z+iy) —i(T(x —iy), z — iy)

(which is proved by computing the right-hand-side, see Schmiidgen [94, p. 5]), we have for all

x,y € D(T) that

ATzy) = (Tw+y)e+y) —T(x-y),r—y)
+i(T(x + iy), x + iy) — i(T(x — iy), © — iy)

= (@+yT@+y)—(z-yT(-y))
+i(x + iy, T(x + iy)) —i(x — iy, T(z — iy))

= 4(z,Ty)

and T is symmetric. [ |
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Lemma 12 Let T C T™* be a symmetric operator on a Hilbert space H. Then im(T +iI) is closed

m H.

Proof: Let (z)nen be a sequence in D(T') such that ((T'+41)(zy)) converges to y € H, so by

neN

the previous lemma we have that (T'z, ) is real for all x € D(T'), and therefore

l2]? = ((z,2)%) " < (Ta,2)? + (z,2)%) "/

= [Tz, z) iz, )| = |(T £ il)z,2)| < [(T +il)z||||z|

which implies |[z|| < |[(T" £+ iI)x|. Consequently, ||z, — x| < |[(T £ iI)(xy — zm)|| — 0 which
shows that (x,,)nen is Cauchy and therefore convergent, say with limit € H. Since by assumption
(T'(zn))nen converges to y F ix because (T +il)x, — y, and by assumption T is closed, we must

have x € D(T) and y F iz = Tz, so (T +il)x =y, and T £ il have closed ranges. [

The following theorem and its corollary give the basic criterion for essential self-adjointness
of a symmetric operator. It was first proved by von Neumann in the foundational 1929-1930 paper
[107], and may now be found in every standard textbook on functional analysis, for example Reed

and Simon [89, Theorem VIIL.3, p. 256], or Kadison and Ringrose [62, 2.7.10].

Theorem 31 Let T be a closed symmetric operator on a Hilbert space H. Then the following are

equivalent:
(1) T is self-adjoint, that is T = T*.
(2) im(T £4il) = H.
(3) Im(T i) = 1.
(4) ker(T* +4l) = {0}
Proof: (1) = (4): Suppose T' = T*. If x € D(T) = D(T*) also lies in ker(T™* £ iI), then

Tx =T*xr = Fix, S0

Fillz|? = Fi(z,2) = (Fiz,2) = (Tz,2) = (2,T2) = (z, Fiz) = +i(z, ) = +i]z]?
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which shows that [|z|| = 0 and therefore x = 0.

(4) = (2) < (3): Suppose ker(T* £il) = {0}. By Lemma 12, T C T™ implies
that im(T" 4 4[) is closed, hence it suffices to show that it is dense in H, or equivalently that the
orthogonal complement of im(7" + iI) is trivial, since in general M+ = M for any subspace M
of H. Now, if y € im(T £ iI)*, then (T 4 il)z,y) = 0 for all 2 € D(T), which means that
(Tz,y) = Fi(z,y) = (z,Liy), or y € D(T™*) and therefore T*y = +iy, i.e. y € ker(T'£1il) = {0},
or y =0. Thus (4) implies (2).

(2) = (1): Suppose im(T'+il) = H. Since T' C T* and T is closed, I'(T) is closed and

contained in I'(7™). Thus, let V' be the orthogonal complement of I'(T") in I'(T™),
0T =T(T)OV
Then, for all (y,T*y) € V we will have (y,T*y) L (z,Tz) for all x € D(T), so
0= ((y5, T"y), (x,Tx)) = (y,x) + (T"y,Tx)
But by assumption im(7 £ il) = #, so there is some = € D(T) for which
(T*+ Nz =(T+il)o(T—il)z =y
so from this and the previous equality we have
lyl* = (y,9) = (v, (T* + Dz) = (. T%x) + (y,2) = (T*y, Tz) + (y,2) = —(y,2) + (. @) =

Therefore, y =0 and T*y =70 =0, so V = {0} and I'(T") = T'(T™), or T = T*. [

Corollary 17 If T is a symmetric operator on a Hilbert space H, then the following are equivalent:

(1) T is essentially self-adjoint.
(2) ker(T* +4il) = {0}.

(3) im(T £il) = H. ]
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Proof: If T is essentially self-adjoint, then it is closable, so by Proposition 30 we have T = (T)* =

T*, and since the previous theorem applies to T, we get

T=(T)" < ker(T*+il) =ker(T" +il) = {0}

— im(T £il) =ker(T* Fil)* = {0}t =X
which completes the proof. |

To determine whether any (not-necessarily unique) self-adjoint extensions of a given sym-
metric operator T exist, we need a further criterion (which has the additional benefit of giving us a
second criterion for essential self-adjointness). The deficiency subspaces of H for T" are defined

to be

ker(T* — i) = im(T + i)+

ker(T* +iI) = im(T — iI)*
and their dimensions

n4 = dimker (7" — il)

n_ = ker(T™ +iI)

are called the deficiency indices of T. Then, assuming that 7" is closed (which is not a severe

restricition as symmetric operators are always closable), we have:

Theorem 32 IfT is a closed symmetric operator on a Hilbert space H with deficiency indices n4,

then T has self-adjoint extensions iff ny =n_, and T is self-adjoint iff ny =n_ = 0. |

This theorem was first proved by von Neumann in the same 1929-1930 paper [107] cited
above. The proof we follow is found in Reed and Simon Vol.2 [90, p. 141], who credit it to Dunford
and Schwartz [30], and requires the following proposition (Reed and Simon Vol.2 [90, p. 138]),

which we need to preface with some terminology.
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Definition 50 The graph inner product on D(T™), for a given closed symmetric operator T, is
defined by

(@,y)r == (@, )y + (T2, T y)n
where (+,+)y is the inner product on H. We say that vectors u,v € D(T*) are T-orthogonal if
they are so with respect to (+,-)r, and likewise subspaces U and V of D(T™*) are T-orthogonal,
denoted U @7 V, if they are so with respect to (-, ). Analogously, we say that a subspace U of
D(T*) is T-closed in D(T™) if it is so with respect to the metric topology derived from the graph

inner product. We also introduce the sesquilinear form

[xay]T = (T*x7y)7'l - (337T*y)7-[
and we say that a subspace X of D(T*) is T-symmetric if [z,y]r = 0 for all z,y € X. [

With this terminology in hand, we can state the preliminary theorem:

Proposition 66 If T is a closed symmetric operator with dense domain D(T) in a Hilbert space
H, then

D(T") = D(T) &1 ker(T" —il) ®r ker(T™ + il) m

We begin the proofs of Theorems 66 and 32 with some brief observations. From their state-
ments and the statement of Theorem 31 we can see the importance of the kernles ker(T™* +47). Let
us suppose for a minute that one of these was nontrivial, say ker(7* —iI). Then a nonzero element
x of ker(T* — i) satisfies T*x = ix, which shows that i is an eigenvalue of T*. It is, of course,
possible that 4 is also an eigenvalue of T', or, if not an eigenvalue, then perhaps an element of its
continuous or residual spectrum. Were T self-adjoint, this would be impossible, as we are about
to show. In any case, it appears that there is a connection between the spectrum of a symmetric
operator T, the kernels ker(T™ 4 iI), and the possible self-adjoint extensions of 7. The precise
connection will be the content of the proofs of the theorems stated above. Let us first lay down
the necessary terminology concerning spectra and eigenvalues for unbounded operators, as we will

need these later anyway, before we employ them to prove our main theorems.
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Definition 51 Let T be a closed unbounded operator, and define the resolvent set of T' to be

the subset of C
p(T) :={N € C|T — X : D(T) — H is bijective and (T — \I)~* € B(H,D(T))}
and define the spectrum of 7" to be the complement of p(7") in C,
o(T) :=C\p(T) ={A € C|T — A is not a bijection between D(T") and H}

Thus,

C = o(T) L p(T)

By Theorem VIIIL.2, p. 254, in Reed and Simon Vol. I [89] we know that p(7") is an open subset of
C, and therefore o(T") is a closed subset of C. Let us consider the ways in which a complex number
A can lie in o(T"). There are three possibilities: (1) 7" — A is not injective, (2) T'— AI is injective,
not surjective, but has dense image, and (3) 7' — AI is injective, not surjective nor has dense image.
These three possibilities correspond to the three classes of spectral values, the point spectrum
op(T), which consists of eigenvalues of T', the continuous spectrum o.(7), which consists of
spectral values whose associated "resolvent operators” Ry (T) : im(T — M)~ — D(T) (see below)
are densely defined unbounded operators with domains im(7 — AI)~!, and the residual spectrum

or(T) whose spectral values do not give densely defined resolvent operators at all. Thus,

C = oUup(m)

— 0,(T) Uoo(T) Uon(T) U p(T)

gives the set of all possible spectral and resolvent values for T'. |

Remark 54 The two definitions of o(7") may not at first sight seem to be equivalent, but they
are. To see this, take the second definition of ¢(7'), and consider some A € C\o (7). Then T — A\
is a bijection between D(T) and H, and (T — M)~! : H — D(T) is also a bijection. Since I'(T")

is closed, I'(T' — AI) is closed, too, for if we take a sequence (z,,, Tz,) converging to (z,Tz), then
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(2, (T — N)x,) converges to (z,(T — A )x). Clearly T'((T — AI)~!) is also closed, because if
F € End(H @ H) is the map F(z,y) := (y, ), then F is unitary and I'((T — \I)~1) = F(I'(T — \I))
is the image of a closed set under a unitary map. The Closed Graph Theorem then applies to give
the boundedness of the everywhere-defined closed operator (T — AI)~!. Thus, we have \ € p(T),

and as a corollary, we always have (T'— XI)~! € B(H,D(T)). [ |

Definition 52 From the observation above, we see that to each A € p(T") in the resolvent set of a
closed unbounded operator 7' we may assign the bounded operator (T'— AI)~! € B(H,D(T)), and

this assigment is called the resolvent operator of T

R:p(T)CC— B(H,D(T))

R(\) = R\(T) := (T — M\I)™!

This operator-valued map is readily seen to be analyitic in A on the open set p(T") (Theorem VIII.2,

p. 254, in Reed and Simon Vol. I [89]). [

Notation 6 Let us denote the open upper and lower half planes of the complex plane, respectively,

by
H* ={z€C| Imz > 0}, H ={z€C|Imz <0}
and the closed upper and lower half planes, respectively, by

Ht ={2€C|Imz >0}, H-={:€C|Imz <0}

The proof of the next theorem follows that in Reed and Simon [90, Theorem X.I, p. 136].

Theorem 33 Let T C T* be a closed symmetric unbounded operator on a Hilbert space H. Then,

(1) (a) dimker(T* — XI) is constant on the open upper half plane H™T .
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(b) dimker(T* — X\I) is constant on the open lower half plane H™.
(2) o(T) € {H*, H-, C, some subset X C R}
(3) T=T*iff o(T) CR iff dimker(T* = X\[) =0 on C\R=H" LUH".

Proof: (1) Let A = a + ib, with b # 0, and note that for all x € D(T") the symmetry of 7" implies

(T = A)z|* = (T — Az, (T —\)z)
= (Tz,Tz) — NTz,z) — XNz, Tx) + M\(z, z)
= (Tx,Tz) — A+ N)(Tz,2) + [N (z, )
= (Tz,Tx) —2a(Tx,x) + (a® + b?*)(x, x)
= (T —alz, (T —al)z)) + b*(z, )

= (T = aDz|* + b||=]®

Y

bl

From this inequality and the closedness of T' we get, as in Lemma 12, that im(7" — AI) is closed in
H. Since y € ker(T* — XI) iff T*y = Ay iff for all x € D(T') we have (Tx,y) = (z,T*y) = (z, \y) =

Mz, y) iff (T — M)z,y) =0, we see that
ker(T* — M) = im(T — \I)* (3.90)
With this in mind, we will show that for small enough 7 € C, namely |n| < |b|, we have
dimker(T* — (A +n)I) = dimker(T — \I) (3.91)

We will prove this in two stages, showing <, then >. Towards this end, suppose first that u €
D(T*) Nker(T — (A +n)I), |Jul| = 1, and note that if u L ker(T* — AI), then u € im(T — \I), so

there is an 2 € D(T) for which u = (T — Al )z, and consequently

0=(0,z) = ((T* — (/\+77)I)u,w) = (u, (T — ()\—i—ﬁ)l):v)

= (u, (T = M)z) + n(u, ) = (u,u) + n(u, z)
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or |lul|* = —n(u,x). Now, since b*l|*> < (T — AD)z|* = [lull*, we have [[z] < [ul/[b], so if

In| < |b|, then we reach a contradiction, because

Jull* = —n(u,2) = —n((T = M)z, z) < [n|| (T = )z, z)|

(T = ADalz(l = lllwlllz(l < [bflu] ||

which means ||u|| < |b]||z||, though by supposing u L ker(T™ — AI) we had concluded ||z|| < ||ul|/[b].
Thus, for u € D(T™) Nker(T' — (A +n)I), ||ul]| = 1, if || < |b], we cannot have u L ker(T™ — \I),

i.e. the space ker(T™ — (A 4+ n)I) cannot "stick out” of ker(7* — AI'). We conclude, then, that
dimker(T* — (A +n)I) < dimker(T* — XI)

This is a general sort of conclusion whose proof is as follows: if M and N are closed subspaces of a
separable Hilbert space H, then dim M > dim N implies that there is a unit vector v € M N N,
For since M and N are closed, so is M NN, and M = (M N N)D(M N N)*, where the L is with
respect to the restriction of the inner product of H to M. But (M N N)* is nontrivial, because
dim M > dim N > dim(M N N), which completes the proof of this basic fact. The contrapositive
of this statement is, if there is no unit vector u € N+, then dim M < dim N, which is what we
concluded above for M = ker(T* — (A+n)I) and N = ker(T* — AI). The other inequality follows as
above by supposing |n| < |b|/2, and this shows the equality (3.91). This shows that the dimension
of ker(T* — X\I) is locally constant, and therefore constant in H'. The same proof applies to H™,
though the constants dim ker(T' — AI) may differ for H* and H™.

(2) From the inequality |b]||z| < |[(T'— Al)z||, b # 0, proved above we must have that T"— AI
is left-invertible with bounded inverse, and from the equality ker(7* — A\I) = im(T — A\I)* we can

see that this inverse is everywhere defined iff dim ker(7* — A\I) = 0. We therefore have that
AEp(T), ImA#0 <= dimker(T* —XI) =0

and we see that therefore H* C o(T) or H* C p(T). Since p(T) is open and o(T) is closed, we
must have o(T) = HT, H-, or HT LUH- = C, or the only remaining alternative, a closed subset of

R.



219

In view of (1) and (2), (3) and (4) are restatements of Theorem 31. [

Corollary 18 Let T CT*. If p(T)NR = @, then T = T*.

Proof: Since p(T) is open in C, if there is an z € p(T) "R then we know that p(T') NH* # @, so

o(T) # H*, and therefore o(T) C R, and T = T*. [

The following theorem includes Proposition 66 as a special case. We follow the proof in Reed

and Simon [90, p. 138].

Theorem 34 Let T CT* be a closed symmetric operator on a Hilbert space H. Then,

(1) The closed symmetric extensions of T,
Tcscs*cr*

are the restrictions of T* to T-closed, T-symmetric subspaces of D(T™),

.

D(T)C---CD(S)C---CD(S*)C--- CD(T™)
(2) D(T), ker(T*—iI) and ker(T*+iI) are T-closed, mutually T-orthogonal subspaces of D(T™*),
and

D(T*) =D(T) &7 ker(T* — i) & ker(T* + i)

(3) There is a one-to-one correspondence between T'-closed, T-symmetric subspaces Y of D(T™)
containing D(T') and the T-closed, T-symmetric subspaces Y1 of the direct sum of the

deficiency subspaces ker(T* — il) @ ker(T™* +il), namely

DIT)CY CD(T*) +— Y =DT)ar"
Proof: (1) Recall Definition 50 for the terms 7-closed and T-symmetric. Because T'C S C §* C
T* (which is a basic property of the adjoint: T'C S iff S* C T™*, every symmetric extension of T is

contained in 7™, and this extension is closed iff its domain is T-closed and this extension is symmetric

iff its domain is T-symmetric. For S is closed iff I'(S) is closed in H @ H iff D(S) is closed under
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the graph inner product (+,+)p := (+,+) + (T"*-,T*), since S C T*, and similarly S is symmetric
iff S C S*iff for all z,y € D(S) we have (Sz,y) = (x,Sy) iff [z,ylr = (T*x,y) — (x,T"y) =
(Sz,y) — (z,Sy) = 0.

(2) Since T is closed, D(T') is T-closed, and ker(7™ £ ¢I) are closed since they are closed in
the weaker topology of H. The fact that the three subspaces are T-orthogonal is a straightforward

calculation: if x € D(T') and y € ker(T +iI), then

(z,9)r = (z,y) + (T"z, T*y) = (z,y) + (Tx, tiy) = (z,y) + (z, £T"y) = (z,y) — (v,y) =0

while if € ker(T' —il) and y € ker(T + ¢I), then

(xvy)T = (l’,y) + (T*qu*y) = (l’,y) + (va _’Ly) = (Z’,y) - (Z’,y) =0

To show that D(T*) = D(T') @& ker(T* — iI) @7 ker(T™ + il) we need only show the inclusion C,
since the other inclusion is obvious. Suppose, then, that @ € D(T*). If © Ly D(T) @ ker(T* —
il)®pker(T*+14l), then in particular for each y € D(T) we have 0 = (z,y)r = (x,y)+ (T*z, T*y) =
(z,y) + (T*z, Ty), so that

(y7x> = —(Ty,T*{E) = (Tyv —T*$)

and therefore T*z € D(T*). Moreover, T*T*x = —x, and we find that
(T*+)(TF —il)e=(T"T"+ )z =—2x+2=0

so we conclude that (T*—il)x € ker(T*+iI). Suppose now that y € ker(T*+iI). Then, T*y = —iy,
so that

(T — i)z, y) = (T"z, —iy) + (z,y) = i(T*z, T*y) + (z,y) = (z,y)r =0

Thus, (T* —il)x € ker(T* + ¢I) and (T — il)z L ker(T™ + il), which means (T* — iI)x = 0, or
x € ker(T* —iI). Since z L ker(T* —il), we must have z = 0. Thus, D(T™) is not contained in the
T-orthogonal complement of D(T') @p ker(T™* — il) @ ker(T™* 4 iI), so must be contained inside it.

(3) Let Y7 be a T-closed, T-symmetric subspace of ker(T* — iI) @p ker(T* + il), and let

z,y € D(T) ®Y,. Writing x = xg + 1 and y = yo + y1, where zg,y9 € D(T) and z1,y1 € Y7,
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we have [z9,yo]r = 0 since T' is symmetric, and likewise [zo,y1]r = (T zo,y1) — (0, T*y1) = 0
and [x1,yo]lr = 0. Thus, [z,y]r = 0,s0 Y = D(T) ®&r Y7 is T-symmetric and T-closed since D(T)
and Y] are T-closed and T-orthogonal. Conversely, let Y be a T-closed, T-symmetric subspace of

D(T™), and define Y1 :=Y N (ker(T* —il) &7 ker(T™ 4 iI)). Then clearly Y = D(T) & Yi. [

We are now nearing our main theorem for this section. In fact, that theorem is a corollary of

the following theorem, which contains the key ingredients. Recall, however, the following definition.

Definition 53 An isometry of a Hilbert space H is a (necessarily bounded) linear operator U
on H satisfying ||[Uz|| = ||z|| for all x € H. An isometry is clearly bijective, and thereofre unitary.
A partial isometry is an operator U which is not necessarily bijective, but is an isometry when
restricted to (ker U)*. If U is a partial isometry, then writing H = ker UD(ker U)*, we see that U

is a unitary operator from (ker U)* to im U, which we shall denote by
U € U((kerU)*,imU)

or

U € PUH)

Here, (ker U)* is called the initial subspace of U and im U is called the final subspace of U.
The adjoint U*, which is also the inverse of U, is then a partial isometry with initial subspace im U
and final subspace (ker U)*,

U* € U(imU, (kerU)™) |

Theorem 35 Let T C T™ be a closed symmetric operator on a Hilbert space H. Then, the closed

symmetric extensions of T' are in one-to-one correspondence with the partial isometries of ker(T™ —

il) into ker(T* + iI),

{SOT|SCS* and S is closed } = U(ker(T™* — il), ker(T* + iI))
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Moreover, if U € U(ker(T* —il), ker(T* + i])), write (ker U)L for the initial space of U in
ker(T* — iI), and write Ty for the associated closed symmetric extension of T. Then, Ty has
domain
D(Ty) = D(T) @r (ker U)* @7 im U
={z4z,+U(zxy)|zeDT), x4 € (kerU)*}
and
To(x+ x4y +U(zy)) =Ta +ix — iUz (3.92)
If dim(ker U)* < oo, then the deficiency indices of Ty are related to those of T by
n+(Ty) = ne(T) — dim(ker U)* (3.93)
Proof: If S; C S is a closed symmetric extension of 7', then by (3) of Theorem 34 we know that
D(ST) = D(T) ®r Y; for some T-closed, T-symmetric subspace Y7 of ker(T* —il) @ ker(T™ +¢I).
Thus, any x € D(S]) can be written uniquely as z = xo + x4 + x_ with 29 € D(T), v+ +z_ € Y7,
and x4 € ker(T* —il), v € ker(T™* +iI), and since Y] is T-symmetric, we have
0 = [zy+o_,z4+2_]r
= Ty o wp o) — (2 o, T (s +0)
= (e —z_,oy+o_)tilry +a_, 2y —2_)
= 2i($+¢ :L'+) - 21:(%'7, :L‘*)
— 2l - 2o
s0 [|z+| = ||Jz—]|. Define the map
U:YiNker(T* —iI) — Y1 Nker(T™ + i)
U(ry) i=a—
and note that by the above considerations U is an isometry. If we extend U to all of ker(T™ —iI),

then U is a partial isometry with initial space Y; Nker(T* — il) = (ker U)*,

U € PU(ker(T™ —il), ker(T™ + 1))
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and note that
D(S1) = {zo+ x4+ U(x_) | zo € D(T), 24 € (kerU)*}
and S1(zo+24++U(z4)) = Si(xo)+ixy —iU (x4 ). Conversely, if U € PU(ker(T™* —il), ker(T*+il))
with initial subspace (ker U)*, define S and D(S1) by (3.92) and (3.93), respectively, and note that
D(S1) is a T-closed, T-symmetric subspace of D(T%), so by the previous theorem S is a closed,

symmetric extension of 7.

Finally, to see the statement about the deficiency indices, note that
ny(T) = dim(ker —iI) = dimker U + dimim U = dimker U + dim(ker U)*
= dimker(S; — iI) + dim(ker U)* = n(S;) + dim(ker U)*

and similarly with n_(T). [

Corollary 19 Let T C T* be a closed symmetric operator on a Hilbert space H. If ny =
dimker(T FiI) are the deficiency indices of T, then

(1) T=T" iff ny =0.

(2) T has self-adjoint extensions iff n. = n_, and these extensions are in one-to-one cor-

respondence between self-adjoint extensions of T and unitary maps from ker(T — i) to

ker(T +iI),
{SOT|S=5}=U(ker(T™ —il), ker(T™ +iI))
(3) If either ny = 0 # n_ or n_ = 0 # ny, then T is maximal symmetric, i.e. has no
nontrivial symmetric extensions. |

Proof: (1) If T = T*, then T* is the only symmetric extension of T, and corresponding to it is
the trivial partial isometry between ker(T* — iI) and ker(T™* +iI). The corresponding subspace Y;
of ker(T* — il) ®r ker(T™ 4 iI) is therefore trivial, so we clonclude that ker(T* +il) = {0}, and
therefore ny(T) = 0.

(2) If S is a self-adjoint extension of T, then by (1) we must have ny(S) = 0, so ny(T) =

dimker(Ug)* for the corresponding partial isometry Usg, and conversely. Since this is the case
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for all S, we see that dim(ker Ug)* is the same for all self-adjoint extensions S of 7', and since
dim ker(S* £ iI) = 0 because S = S*, we must have (ker Ug)* = ker(T* —iI), and all such Ug are
in fact unitary, Us € U(ker(T™ — iI), ker(T™ +il)).

(3) If ne(T") = 0 and n_(T) # 0, then by (1) and (2) we see that the associated partial
isometry U to a symmetric extensions S of T is the zero map, and cannot therefore be a unitary
map, so cannot correspond to a self-adjoint operator. Thus, S is not self-adjoint. In fact, S itself
must equal T, for otherwise we would reach a contradiction, with U having nontrivial kernel and
a trivial kernel at the same time. Similarly, if ny (T') # 0 and n_(7T) = 0, then the corresponding
partial isometry must be the zero map and satisfy ker U = ker(T™ — ¢I), which would make S =T.

Thus, T' is maximal symmetric. |

Corollary 20 A symmetric operator T is essentially self-adjoint iff T has exactly one self-adjoint
extension, its closure T. Moreover, a self-adjoint operator T is maximally symmetric, in that it

has no proper symmetric extension.

Proof: Suppose S is a self-adjoint extension of T', that is T' C S = Sx. Then S is closed and
S DT = T* because T is the smallest closed extension of 7. On the other hand, since T is closable

we have (T"*)* = (T')* = T, so taking adjoints of both sides of T' C S and of T** C T, we have

S=8*CT*C(T*)" =T** so S =T*". The converse follows from the previous corollary. |

3.2.2 The Position and Momentum Operators

In this section we give two important applications of the above theorems, by showing that

the position and momentum operators,

(Q;/)(x%) =z f(x)

(Pif)(x) = —iﬁ(x) (weak derivative)
8Ij

are essentially self-adjoint on the Hilbert space L?(R"™) if defined initially on the dense subspace

D(R™) (the space of test functions C2°(R") equipped with the inductive limit topology) or S(R™).
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These results are intrinsically important, of course, but the significance for us is that P; and @); are
the building blocks of our symplectic Dirac operators D and D considered below, at least locally.
The difficulty with the local description of D and D is that, while P; and @); are individually
essentially self-adjoint, compositions and linear combinations of these operators are not necessarily
self-adjoint. The best illustration of this fact is the Harmonic oscillator Hyf = %(A —x-x)f,
which is a linear combination of compositions of the position and momentum operators, and turns
out to be essentially self-adjoint, but the proof of this requires completely different means. This is
similar to our situation, as we will see below. It is at least clearl that not every linear combination
of various compositions of the position and momentum operators is essentially self-adjoint; this is
simply the observation that, when dealing with unbounded operators like P; and Q;, self-adjoint
operators do not form an algebra.

In the process of proving the essential self-adjointness of P; and @;, moreover, we will give
the domains on which they are actually self-adjoint. Our treatment follows that of Moretti [82, pp.

219-224].

Remark 55 Note that these operators differ from those defined above in (4.29)-(4.30) by a factor
of —i. This factor will have the effect of making those earlier operators skew-adjoint instead of

self-adjoint. All of this will be explained clearly in what follows. |

Theorem 36 (Self-Adjointness of the Position Operator) Forj=1,...,n let Q); be the po-

sition operator, the (unbounded) multiplication operator on L?(R™) given by
(Q;f)(x) :=z; f(x)

with domain

DQ)) = {f € I(R")| Qsf € L(R"))
—{re @) [ la il dn < o)

Then the Q; are all self-adjoint. Moreover, D(R™) and S(R™) are cores for the Q; (so that if we
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had defined them initially on these spaces the Q;- would be essentially self-adjoint, with self-adjoint

extensions CZ = Qj on D(Q;) as defined above).

Proof: Since D(R") and S(R™) are dense in L?(R") and contained in D(Q;), we know that Q; is

densely defined. Moreover, if f, g € D(Q;), we have by an integration by parts that

Qo= [ afadn= [ fmgde= 7.0

so that @; is symmetric, Q; C Q;‘». But we can also show that Q; C @Q, since by the definition of the

adjoint, f € D(Q7) iff 3h € L?(R™), coinciding with Q; f by definition, such that for all g € D(Q;)

/nxjgfdMZ (Qjg, f) = (g, h) =/ gh dp

ie.
/ g(x;f —h)dp =0, Vg € D(Qj)
Since D(Q;) is dense in L?(R™), however, we have that f € D(Q3) iff zjf(x) = h(x) a.e. on R",

ie. h=Q;f in L*(R"). Thus,
D(Q;) ={f € I*(R") | Q;f € L*(R")} = D(Qy)

which shows that Q; = Q7.

Restricting @; to D(R™) or S(R™) (or defining them on these spaces initially) we still have
that Q; C @7, but we no longer have equality. We do, however, have ker(Q; & il) = {0}, for if
z;f(x) = (Q; f)(x) = xif(x) on R" for some f € D(Q7]), then clearly we must have f =0 a.e. on
R™, or f =0 ¢ L?(R"), and so f =0 € D(Q73). Thus, we know that Q; is essentially self-adjoint in

this case, and D(R"™) and S(R") are cores for Q);. [

Lemma 13 Let h € L}, (R™). Then its weak partial derivative Oh/Ox; satisfies

oh
— =0 <= h isa.e onR" constant in xj
ij
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Proof: Without loss of generality we may assume j = 1, and we write x = (z,y) for z =21 € R
and y = (29,...,2,) € R*!. By definition of the weak derivative, we have for all g € D(R") that

(h,drg) = (0zh,g) = (0,7) = 0, i.e.
/" h(z,y)0zg(x,y) de ® dy =0 (3.94)

Choose f € D(R™) and a > 0 so large that supp(f) C [—a,a]™ and a bump function £ € D(R) with

supp(&) C [—a,a] and [, £ du = 1, and note that the map

g € D(R")

sey)i= [ swyya- ([ cwrar) [ swy)a

5L = fay) — @) [ fu.y)du

Clearly supp(g) C [—a,a]™, too. Therefore, using this g in (3.94) we get, after an application of

satisfies

Fubini-Tonelli and a relabeling of variables,

0 = / h(z,y)0:g(x,y) dz ® dy

_ /nh(:cy)< /f >d:c®dy

— [ hey)fey)doody - /]R n ( /IR W, y)E(x) dx)f(u,y) du® dy
(

= [ {ren - ([ oy i) by s ay

(R”)

1
6Lloc

Since f € D(R™) was arbitrary, we conclude that h(z,y) fR u) du = 0 a.e. on R™, and

therefore
h(z,y) / h(u,y)&

a.e. on R™. [
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Theorem 37 (Self-Adjointness of the Momentum Operator) Forj=1,...,n let P; be the

momentum operator, the partial differential operator on L*(R™) given by

(Pjf)(x) = —igx];(x) (weak erivative)

with domain
D(Pj) :={f € L*(R") | 0f/0x; € L*(R")}

Then the P; are all self-adjoint. Moreover, D(R™) and S(R™) are cores for the P (so that if we
had defined them initially on these spaces the P; would be essentially self-adjoint, with self-adjoint

extensions P; on D(Q;) as defined above).

Proof: We will first prove that on D(R") we have ker(P; & iI) = {0}, which will show that each

P; essentialy self-adjoint. Now,
ker(PF+il) ={f € L*(R")| P{f+if =0} = {f € L*(R") | 9;f = f =0 weakly}

since the weak derivative 9, f is by definition a function h € L} (R™) such that

loc

| radi=—[ rojgdn

or all g € D(R"). Multiplying any f € ker(P; & il) by an exponential e we get
@-(eixjf) =+t f 4 eixjajf = +et fF et f =0

so by the above lemma we must have f € ker(Pj’»" + 1) iff €™ f is a.e. a constant function in zj,
and therefore must be a function of the form f = e™*ih where h does not depend on x;. Therefore,

by Fubini-Tonelli we have
1y = Wl agunsy [ €72 da
and since €725 ¢ L*(R) but f € L?(R"), we must have [|A|| 2(gn-1) = 0 and therefore || f|| 2(n) = 0,

and so f =0 € L*(R"™). This shows that ker(P# £4I) = {0}.
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A similar argument shows that ker(P; £ 4I) = {0} if instead we first define P; on S(R").
The domain D(P;) given in the statement of the theorem is precisely the domain of P?, however,
as we have demonstrated in the course of this proof, and so on D(P;) D S(R™) D D(R") we have

that P; = P7, completing the proof. |
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Elliptic Differential Operators

In this section we describe an important class of linear differential operators, the elliptic

operators. Let E and F be complex vector bundles over a smooth manifold M. If T'.(EF) is

the space of compactly supported sections of E and I'.(F') the space of compactly supported

sections of F, then the Hermitian strucures on E and F give a natural L? inner product on

these spaces, by (0,7) := [}, hg(o,7) dV on T.(E) for example. An elliptic differential operator

P : L*(E) — L*(F) is an unbounded operator acting on the L2-closure of I'.(E) with fiberwise

invertible symbol o (P)(x,&) € GL(E,, F,) for nonzero £ € T*M. Let EIIF(E, F) denote the space

of all kth order elliptic operators from E to F.

Let us list the extremely nice properties satisfied by elliptic operators:

(1)

Elliptic operators always satisfy a particularly nice condition, which is local in nature,
called elliptic regularity. This says that if u € L?(F) satisfies an equation Pu = v weakly

and v is known to be smooth, then w must be smooth. In particular, ker P C I'(E).

If M is compact, any P € EIIk(E , F) is Fredholm, so the index of P
index P := dim ker P — dim coker P

is well-defined. Once we put a topology on the space EII* (E, F), the index extends to a
continuous map

index : EIF(E,F) - Z

If M is compact and P € EIF(E, F), the spaces L?*(E) and L?(F) acquire orthogonal

decompositions via
L*(E) =ker PQim P* and  L*(F) =ker P*Qim P

which is a kind of analog of the Hodge decomposition.

If M is compact and P € ElIF(E, E) is symmetric (on the core I'.(E) = I'(E), which we

usually take to be its domain), then P is essentially self-adjoint with self-adjoint exten-



231

sion having domain H*(E). Elliptic self-adjoint operators over compact manifolds have

particularly nice spectral properties. Let o(P) denote the spectrum of P. Then,

(a) The spectrum o(P) of P is a closed, discrete, countable and unbounded subsets of R.

(b) o(P) equals the point spectrum o,(P) of P, that is o(P) contains only eigenvalues of
P, each eigenvalue having finite geometric multiplicity, that is dimker(P — AI) < oo
for each A € o(P).

(c) The finite-dimensional, hence closed, eigenspaces ker(P — AI) form an orthogonal
decomposition of L?(E),

L*(B)= @ ker(P -l
A€o (P)

so that we have a particularly simple resolution of the identity

idp = Z P,

A€o (P)

where Py : L?(E) — ker(P — AI) is the orthogonal projection onto the closed M-

eigenspace. Therefore any L?-section o of E may be uniquely expressed as

o= Z oy, where oy := Py\(0)
Ao (P)

Moreover, P also neatly decomposes as

P = Z AP,

A€o (P)
Let us begin with elliptic regularity.
Theorem 38 Let P € ElI*(E, F), thought of as a generalized operator P : D(E) — D'(F). If

Pu = v weakly for u € L (E) and v € L¥

loc loc

(F), p € (1,00), then in fact u € W/IIZCP(E) More
generally, if v € W)P(F), then u € WetkP(E), and we have the following local elliptic estimate:
forall0 <r < R,

[ullwstrr(els,) < CUVlwerrs,) + lullirs)s,))
As a result, if v € E(F), i.e. v is smooth, then u € E(E), i.e. u is smooth. In particular, ker P

consists of smooth sections.
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Proof: Nicolaescu [85], Theorem 10.3.6, Corollaries 10.3.9-10.3.10. [

Theorem 39 Let P € EII*(E, F), thought of as a generalized operator P : D(E) — D'(F). Eu-
tending it to L*(E) — L*(F) as a densely defined operator on a Hilbert space, P is Fredholm, so

has a well-defined index

index P := dim ker P — dim coker P

and the index map

index : ENf(E, F) — Z, P~ index(P)
is continuous, once we put the following metric topology on EIF(E, F): if P,Q € EIN(E, F), let

6(E,F)=  sup X [ Pu — Qullp2(py

u k =
el (s

and let d(P,Q) := max{d(P,Q), 6(P*,Q*)}, then we have that (EI*(E, F),d) is a metric space.

Moreover, the spaces L*(E) and L*(F) acquire orthogonal decompositions via

L*(E) =ker PQim P*  and  L*(F) =ker P*Qim P

Proof: Nicolaescu [85], Theorem 10.4.7, Corollary 10.4.10, Theorem 10.4.13. |

Theorem 40 If M is compact and P € ENF(E, E) is symmetric (on the core I'.(E) = I'(E), which
we usually take to be its domain), then P is essentially self-adjoint with self-adjoint extension
having domain H*(E). Elliptic self-adjoint operators over compact manifolds have particularly
nice spectral properties. Let o(P) denote the spectrum of P. Then,
(1) The spectrum o(P) of P is a closed, discrete, countable and unbounded subsets of R.
(2) The spectrum o(P) equals the point spectrum o,(P) of P, that is o(P) contains only eigen-
values of P, each eigenvalue having finite geometric multiplicity, that is dimker(P — \I) <

oo for each A € o(P).

(3) The finite-dimensional, hence closed, eigenspaces ker(P — XI) form an orthogonal decom-
position of L*(E),

L*(E)= & ker(P -l
A€o (P)
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so that we have a particularly simple resolution of the identity
idp= » P
A€o (P)
where Py : L*(E) — ker(P — X ) is the orthogonal projection onto the closed \-eigenspace.
Therefore any L?-section o of E may be uniquely expressed as
o= Z oy, where oy := Py(0)
A€o (P)
Moreover, P also neatly decomposes as

P = Z AP,

A€o (P)
Proof: Nicolaescu [85], Theorem 10.4.19. [ ]



Chapter 4

The Metaplectic Representation

4.1 The Weyl Algebra

By analogy with the definition of the Clifford algebra C1(V, ¢) on a quadratic space (V,q), we
define the Weyl algebra, or symplectic Clifford algebra, Cl(V,w) on a symplectic space (V,w)

as the solution to a universal problem, namely as the pair (Cl(V,w), j) consisting of
(1) an associative unital R-algebra Cl(V,w)
(2) an R-linear map j € L(V,Cl(V,w)) satisfying

(a) j(u)j(v) —j(v)i(u) = —w(u,v) - loyvw)

(b) (universal property) If A is any other associative unital R-algebra, and f is any real-
linear map f € L(V, A) satisfying f(u)f(v) — f(v)f(u) = —w(u,v) - 14, then there
is a unique R-algebra homomorphism F € Hom(Cl(V7 w),A) making the following

diagram commute:

Remark 56 As with any object satisfying a universal property, if it exists, the Weyl algebra is
unique up to isomorphism, since if (C1,j1) and (Cq, j2) are two solutions to the universal problem
outlined above, then for the first we can take A = C5 and for the second we can take A = C1,

and thus we get unique algebra homomorphisms F} : C; — Cy and Fy : Co — (', satisfying,
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respectively, F1 o j1 = jo and Fy o jo = j;. Combining these we get that Fr o F} : (' — C] and
Fy o Fy : Cy — C9 satisfy Fy o Fy o0 j; = ji. But since the universal property applied to (C1, j1) and
A = (] is clearly solved uniquely by id¢,, we must have F; o F1 = id¢,, and for similar reasons we

have F} o F, =id¢,, which shows that Iy = Ffl and therefore Fj is an isomorphism. |

Theorem 41 (Existence) Let T(V) := @, ,T"(V) be the tensor algebra of a symplectic vector
space (V,w), and define the quotient algebra of T(V) by the ideal generated by vectors in T (V) of

the form u®@v —v @ u+ w(u,v) -1
CUV,w) 1= T(V)/(u@ v — v & ut w(u,0) - 1)

where 1 € TO(V) C T(V) is the identity element of T(V). Leti:V «— T(V) be the inclusion map,
(V) =TYV), and let 7 : T(V) — CI(V,w) be the quotient map, and define j : V — Cl(V,w) to be

their composition, j = woi. Then (CI(V, w), j) is a Weyl algebra.

Proof: First, note that j satisfies property (2)(a): The identity element of Cl(V,w) is lcyv,.) =

j(1r), and if we write I for the ideal (u ® v — v ® u + w(u,v) - 1) we have for all u,v € V that

Jw)jw) =j)i(w) = m(i(u))r(i(v)) = m(i(v))m(i(u))

= —w(wv)m(i(ls)
= —w(u,v)j(1r)
= —w(u,v) - loyvw)
Next, (Cl(V,w), j) satisfies the universal property of (2)(b): Suppoe A is an associative unital

R-algebra and f € L(V, A) is a linear map satisfying f(u)f(v) — f(v)f(u) = —w(u,v) - 14 for all

u,v € V. By the universal property of the tensor algebra T'(V), if t : V < T(V) is the tensor
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map (the inclusion), then for this A and this f we know that there exists a unique R-algebra

homomorphism F' € Hom(7'(V'), A) such that the following diagram commutes:

Consequently, since f(u)f(v) — f(v)f(u) = —w(u,v)-14 and Foi= f

F(i(u) ® i(v) —i(v) @ i(u) + w(u,v) - 1)) = f(u)f(v) = f(0)f(w) +wlu,v) - 14 =0

which shows that I C ker F'. As a consequence, there is a unique R-algebra homomorphism F e

Hom(T'(V'), A) such that the following diagram commutes:

T(V)/I
Indeed, we define F' by F(741) := F(7), and the fact that I C ker F' ensures that F is well defined.
Thus, we have

Foj:ﬁ‘o(ﬂ-oi):(Fow)oi:FoiZf

i.e., since Cl(V,w) = T(V)/I, we have shown that the diagram below commutes:

Cl(V,w)

Notation 7 In the special case of R®*™ with the standard symplectic form wo we will write Cl,, for

CI(R?", wp). [ |

Theorem 42 Let (V,wy) and (W,ww) be symplectic vector spaces, and let C1(V,wy ) and CL{W, wyw)
be their respective Weyl algebras. If CL(V & W,wy @ wyw) is the Weyl algebra of the direct sum

(V@ W,wy @ ww), then we have the following isomorphism of algebras:

CHV & W,wy @ ww) = Cl(V,wy) @ CL IV, wwy) (4.1)
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Proof: Define the map f: V@& W — Cl(V,wy) @ C(W,ww) by
flu+v)=u®l+1®wv
Then f satisfies the distinguishing property: for all (u +v), (v +v') € V& W,

fluto)f(u +0) = fl +)flutv) = wel+tlev)W @l+lov)
—(Wel+12v) (uel+1xv)
= wRl+ued +uev+leu —duxl
U @u-—u®v -1
= (w —vu) @141 (vv' —v'v)
= (~wv(u,u)1) @ +1 & (~ww(v,v))
= —(wy(u,v) +ww(v,0))1®1

= —(wr Swn)(utv), (0 + )1 ®1

The universal property of the Weyl algebra C1(V & W, wy @wyy) then implies that there is a unique
R-algebra homomrphims F': CI(V & W, wy @ ww) — Cl(V,wy) ® CL(W, wy ) making the following

diagram commute:
Cl(V & W,wy & ww)

Cl(V,wy) ® Cl(W,ww)
But this map is invertible, for we can construct its inverse G : Cl(V,wy) @ CI(W,wy ) — CI(V &

W, wy @wywy ). Note first that the embeddings of V and W into V@W induce unique homomorphisms
g: Cl(V,wy) = Cl(VeW,wy Bww) and h : CLUV, wy ) — CHV AW, wy Bwyy ), satisfying g(u+0) =
wand h(04v) = v forallu € V and v € W. Since the images of these homomorphisms commute, we
obtain a homomorphism homomorphism G = g@®h : CI(V, wy ) @ C(W, ww ) — CL (VO W, wy ®ww ).

Finally, note that F'o G =1id, for F(G(u®v)) =F((g®h)(u®v)) = F(u+v) =u®v. [
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Theorem 43 Let (V,w) be a symplectic vector space and let (q1,...,qn,P1,---,Pn) be a symplectic

basis for V.. Then in the Weyl algebra C1(V,w) the set of all monomials of the form

ai a2

n b1 b b
R o S e where a;,b; € No

forms a basis for Cl(V,w). Consequently, Cl(V,w) is infinite-dimensional.

Proof: By the previous theorem it is enough to prove the statement for the case n = 1, i.e.
dim(V) = 2. If (p, q) is the symplectic basis for V, then note first that the set of monomials p®q®,
for a,b € Ny, form a spanning set, for, first of all, {z; ® --- @ &, | x; = p or ¢, n € Ny} forms a
basis for T(V) = @,~, ®" V, and therefore all elements of CI(V,w) = T(V)/I are words in p and
g. But any word in p and ¢ in C1(V,w) can be reordered to have all ps on the left and all gs on the
right, by use of the relation pg — gp = —w(p, q) - 1, at the cost of introducing extra monomials with
fewer letters.

Secondly, this set of monomials is linearly independent. To see this, we represent C1(V,w) on
the real vector space R[z, y| of polynomials in two variables, namely by letting ¢ act by multiplica-

tion by x and letting p act by differentiation with respect to x plus multiplication by vy,

— xa—&-l b

p(zy?) y

q(xayb) _ axaflyb + xaberl

That is, if ¢ : CI(V,w) — Endgr R|z, y| is the representation, then

plg) ==z
e(p) = % +y

where x and y here denote multiplication, that is ¢(q) and ¢(p) are differential operators of order
0 and 1, respectively, on R[z, y]. Now, the set of monomials 2%4° for a,b € Ny is a basis for Rz, 3],

and we note that ¢ is indeed a representation, for thinking of ¢ as a map from V to R[z,y], on
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these basis vectors ¢ satisfies

d d
(p(q) o o(p) — o(p) o p(a))ay’ = x| —+y )"y’ — ( — +y )2y’
dx dx
d
— x(axilyb +xayb+1) _ <d$ +y>xa+1yb
— CL.’anb + :Ea-l-lyb—&-l —(a+ l)xayb _ xa+1yb+1
a, b

= —w(p,q)zy’

ie. ¢©(q) o p(p) —p(p) o p(q) = —w(p,q)l. Therefore, by the universal property there is a unique
homomorphism @ : Cl(V,w) — R[z,y| satisfying ® o j = ¢, and we can think of this map as our
representation. In particular, this representation is faithful, as ¢ sends distinct basis elements to
distinct operators and is R-linear. Thus, ® is injective. As a consequence, since the monomials

z%® form a basis for Rz, y], and therefore linearly independent, if we suppose

g cabxayb =0
a,b

then of necessity ¢y, = 0. If, therefore,

> cangp” =0
a,b

then applying ® gives >, cabma(% + y)b = 0 in Endr R[z,y], so applying it to the identity
1 € R[z,y] (whose z-derivative is 0) gives 0 = >__ cabxa(% + y)bl =D ub capz®y®, which means

Cap = 0. [

Remark 57 This is in contrast to the symmetric case, where the Clifford algebra Cl(V, ¢) has finite
dimension 2". In that case we embedded the spin group Spin(V, ¢), the double cover of the special
orthogonal group SO(V,q), into CI(V,q) and obtained thereby a faithful and irreducible matrix
representation in M (F) for some k, where F = R, C or H depending on the choice of n. This
was possible because Cl(V,q) was finite-dimensional and Spin(V, q) < CI(V, q) therefore was also

finite-dimensional. In the present case we do not have this finite-dimensionality at our disposal,
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and as it turns out the metaplectic group Mp(n,R), the analogue of the spin group Spin(n), does
not have any faithful matrix representation. We will represent Mp(n,R) faithfully and irreducibly
on L?(R™), via a unitary representation called the Segal-Shale-Weil representation or metaplectic
representation. It happens that the the Lie algebra mp(n,R) of the metaplectic group embeds
into the Weyl algebra Cl(n) = CI(R?",wp), which is linearly mapped into End(S(R")) via an
identification of the symplectic basis elements of R?" with the quantum position and momentum
operators. Hence, the groups Mp(n,R) and Sp(n,R), as well as their Lie algebras, and the Weyl

algebra into which the Lie algebras are embedded, end up in End(S(R")), if not in U(L?(R")). B

4.2 The Harmonic Oscillator and the Hermite Functions

In this section we review the Harmonic oscillator and its eigenfunctions, the Hermite func-
tions. The Harmonic oscillator is an unbounded self-adjoint operator, densely defined on L?(R"),
whose spectrum a fortiori consists of real eigenvalues. The associated eigenspaces are finite di-
mensional and spanned by the corresponding Hermite functions. The set of all Hermite functions
forms a complete orthonormal systerm for L?(R"), so L?(R") has an orthogonal decomposition
into the finite-dimensional eigenspaces of the Harmonic oscillator. The Hermite functions are also
eigenfunctions of the Fourier transform, and since the Fourier transform is a unitary operator on
L?(R™), it restricts to a unitary operator on each eigenspace. This will prove to be a very useful

fact for us, and we will make good use of these properties of F.

Definition 54 Define the Harmonic oscillator (also called the Hamiltonian or Schrédinger
operator in the literature) to be the unbounded operator with initial domain the Schwartz space

of rapidly decreasing functions S(R") (Definition 25),

Hy : S(R™) — S(R") (4.2)

1

(Hof)(x) i= 5 (A = (x,%)) f(x) (43)
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where A =" %/ is the standard Laplacian. That is,

j=1 8:p?
L~ (0*f 2
(tf) ) = 3 5 ( G0 — 2210
J=1 J
That is, Hy is just the Laplacian A plus a potential V(x) = — (x,x), which is easily seen to lie

: 2
in Lj .

(R™). A simple integration by parts shows that Hy is symmetric, so that (Hof, g)r2mn) =
(f, Hog)r2(rn for all f,g € S(R™), but it was not until 1951 that Kato [63] proved that it is essen-
tially self-adjoint, which was a major breakthrough in the mathematical formalization of quantum

mechanics (see Cycon et al. [26]). [

Remark 58 Physically, the Laplacian describes the position of a free particle, in the sense that a

solution ¢ of the simple non-relativistic Schrodinger equation

0
h—p = —A
v 8t¢ ¥

(%, 0) = po(x)

has an associated probability, ||¢(-, t) H%Z(Q) = Jq le(x, t)[2dx, which is interpreted as the probability
of the particle lying in a region 2 C R™ (here, of course, ¢(-,t) is assumed to be an element of
L?(R™) for each t € R).

Now, A is a symmetric operator (via integration by parts), and it is in fact essentially self-
adjoint, which can be shown as follows: let f € ker(A*=+4I). Then, since the Fourier transform F is
a unitary operator on L?(R™) which intertwines the position and momentum operators, xj and —i0;
(Proposition 60), we can apply F to the weak equality A*f = +if gives (x,x) f = if, which is only
possible if f = 0. Applying F~! to this equality shows that f = 0. Thus, by Corollary 17 above we
see that A is essentially self-adjoint. In other words, A is unitarily equivalent to a multiplication
operator, which is known to be essentially self-adjoint. Consequently, we may exponentiate A, and

all solutions of the Schrédinger equation are given in terms of an initial condition gy by

) — e—itA

QD(X7 t ‘PO(X)
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—itA ig defined via the functional calculus, as e 4 = > e~ ntP.  with P, the projection

where e
onto the \,-eigenspace E),. The fact that this is possible is a result of the self-adjointness and
ellipticity of A (Theorem 40).

The harmonic oscillator Hy has the additional term V € L2 (R") added to A. Physically, V'

loc

is interpreted as an electric potential, and the resulting non-relativistic Schrédinger equation

.0
Zﬁaso = Hop
¢(x,0) = po(x)

has solutions which describe the (probable) position of a single particle moving in an electric field.
If we wish to solve this equation by the same methods, exponentiating Hy, we need to ensure that
Hj is self-adjoint. Now, Hy is symmetric, being the sum of the symmetric operators A and V, but
even though Hj differs from A only by a potential function V € LIQOC(R"), it is much harder to
show that it is essentially self-adjoint—-self-adjoint operators do not necessarily add to self-adjoint
operators. This is a feature of the more general fact that self-adjoint operators do not form an
algebra. Kato’s method of proof of the essential self-adjointness of Hy relies on a novel method,

an inequality called the A-boundedness of V', which is the existence of real numbers a,b > 0 such

that ||V f|| < a||Af|| + b||f||. This inequality is then combined with von Neumann’s basic idea,

Corollary 17, to show essential self-adjointness by showing that ker(Hj £ i) = {0}. [
Definition 55 Let a = (o,...,a,) € Nj be a multi-index, and define the Hermite functions
on R"™ by
ha € S(R™) (4.4)
ha(x) := ha, (21)hay (22) -+ hay, (n) (4.5)
where x = (71,...,7,) € R" and each h,, € S(R) is a Hermite function on R,

ha () = €%/ 0% ot (4.6)
’ Oz’
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As we will show below, the Hermite functions form a complete orthonormal system for L?(R"), and

serve as eigenfunctions for both the Harmonic oscillator Hy and the Fourier transform F. |

To see that the Hermite functions are eigenfunctions of Hy, we need to make some preliminary

observations. Let

and define

Z;=D;+ X

Z]* = Dj —X]’

These Z; and Z ]* operators are not to be confused with our operators Z and Z* on symplectic spinors
defined below. For simplicity, consider the case n = 1 first, so that we may write Z = D + X and

Z* =D — X. Let us also define h,, =0 for n < 0 so as to simplify matters below.

Proposition 67 For all n € Ny we have

(1) Z*hp(x) = hpt1(x). More generally,
Zha(%) = hope(s) (%) (47)

where €(j) = (0,...,1,...,0) € N* has a 1 in the jth slot and O elsewhere.

(2) Zhp(z) = —2nh,_1(x). More generally,
Zjha(x) = _2ajhoz—€(j) (x) (4.8)
(3) 3(2,2*] = —1. Consequently,

1 1 1 1 1
27" =-7"Z -1=-(D*-X* —-I=Hy— I
2 2 2 2 2
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(D? — 2?%) is the 1-dimensional harmonic oscillator. More generally, the

where Hy = %

n-dimensional harmonic oscillator is given by

Hy = %Z(Df. - X3) (4.9)
j=1

_ % i(zjz; +1) (4.10)
j=1

- ;;(z;zj _ 1) (4.11)

Proof: (1) For any f € C*°(R) we have
D(e ™ f(x)) = —we "/ f(2) + ¢ "2 Df (x)
so applying this to f(z) = h,(z) = e®*/2Dne=2" we have
Dl — D(D"e_xz) = D(e_mz/2 [em2/2D”e_9”2])
= D(e‘x2/2hn(x)) = —:Be_xZ/th(x) + e_xQ/QDhn(:r)
which implies that

hpti(z) = @22 Pl —a?
— 72 [—:L‘e_xQ/th(m) . e_IQ/QDhn(x)]
= —ahn(x) 4+ Dhn(x)
= (D —X)hn(x)

= Z"hy(x)
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(2) We will prove this by induction. For n = 1, we have

Zhi(z) = (D4 X)hi(z)
= D(er/QDe_xz) + ze®’ /2 De
= —2D(:1:e*x2/2) _9p2e1?/2
= —2(e /2 — gDe " /?) — 222 7"/2
_ _26—12/2 + 2m2€—x2/2 _ 21’26_962/2
_ _26—r2/2
= —2-1ho(x)

Now assume that (D + X)hg(x) = —2khg_1(x) for all n > k > 1 and consider the (n + 1)st case.

Then

— 2nhy_1(2) = (D + X)hp(z) = Dhy(z) + 2hn(z) = D(e* /2D ") + zhy(2)

= 2 /2Dre~ " 4 o prtle=®® 4 zhp(x) = 2xhy () + hpt1(2)
which is a recurrence relation that may be solved for h,41,

hpt1(x) = —2nhp—1 — 2zhy () (4.12)
Also, from —2nh,_1(z) = (D + X)hy,(z) = Dhy(z) + xh,(x) we have

Dhy(x) = —2nh,—1(x) — xhy(x) (4.13)
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From these we get
(D + X)hpy1 = (D + X)(=2nhy_1(x) — 22h,(z))
= —2nDh,_(x) — 2nxh,_1(z) — 2D(zh,(x)) — 222 hp ()
= —2nDh,_1(x) — 2nxhy_1(z) — 2hn(x) — 20Dhy () — 222, (2)
= —2nDhy_1(x) — 2nzhy_1(2) — 2hy(x) — 22(=2nhpy_1(2) — thy(2)) — 222, ()
= —2nDhy,_1(x) — 2nxhy_1(x) — 2hn(2) + dnzhy,_1(x) + 222, (z) — 222hy, ()
= —2nDhy_1(x) — 2nxhy_1 () — 2hn(z) + 2n2hpy 1 (2)
= —20(D — z)hy_1(x) — 2hy(x)
= —2nh(z) — 2h,(2)
= —2(n+1)h,(z)
where we used (1) in the penultimate equality. This completes the induction and proves (2).
(3) For any f € C*°(R™) we have
2, 2°]f = (D+X)(D-X)f—(D-X)(D+X)f
= D?f+aDf — D(xf) — 2*f — D*f + «Df — D(xf) + 2°f
— 2Df —2D(zf)
= 2Df —2f —22Df
= —2f

The other statements follow by applying these results to each coordinate x;. |

Corollary 21 The Hermite functions h, € S(R™) are eigenfunctions of the harmonic oscillator
Hgy, and
n
Hohy = —<|a| + §)ha (4.14)
for all € N§. The —(|a| 4+ %)-eigenspaces wiill be denoted 2, where { = |a| € No. These are all

finite dimensional of dimension

(4.15)

dim 20, = (n—{—j— 1)
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which is just the number of n-tuples o € N} of size |a| = £.

Proof: Since Zjh, = —2ajh and Z5ha = haqe(j), we have

a—e(j) i)

(Z; 25 + Dha = Zihayo(j) + ha = (—2(aj + 1) + 1) hq = —(20; + 1)hq

SO

%Z(ZZ*—FI — %204]—1—1 —(!a!—kg)ha

Jj=1 Jj=1

HOha =

The dimension of the eigenspace 20, for the eigenvalue —(E + %) of Hy is thus the size of the set

S ={a € Nj | |o| = £}, which is ("Jrﬁ_l) by the method of stars and bars in combinatorics. [ ]

Notation 8 Let Z; = D; + X, and Z;f = Dj — X as above, and let us define the operators

7% = 70 75 .. g0

(2%)" = (B (Z) - (Z2)™

As in the proof of (1) in Proposition 67, D(e*x2/2f(;1:)) = —ze " /2f(2) + e /2D f(z), so

multiplying both sides by e**/2 we have
Z*f(x) = (D — X)f(z) = —af(x) + Df(z) = /2D (e f(x))

Therefore, in n dimensions,

Z;f(x) = 12Dy (702 (x))
We have also that [Z;, Z7] = —26;;1, so from all this we get
%, (27)%] = —20u(Z27)" 7

by induction on |a|. Let us use this observation to show the following:

Theorem 44 The Hermite functions he € S(R™) form an orthonormal basis (or a complete or-

thonormal system) for L*(R").
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Proof: Consider the one-dimensional case first. Since Z*h,, = h,1 for all n, we have (Z*)"hg =
h,. In general, then, (Z*)®hg = hy. In the L? inner product, therefore, since the h,, are real-valued,
we have (ha,hg)r2m@ny = ((Z%)%ho, (Z*)BhO)L2(Rn) = —(ho, Z%, (Z*)ﬁhO)LQ(Rn), since Zj and —Z7
are formal adjoints since D; is skew-symmetric and X; is symmetric. If a; # 8; for any j, then

(has hg)r2mny = 0, while if a = 3, then
(hahg) 2@y = —(ho, Z(Z%)Pho) 2y = —(—2)/*lal

which we can accordingly normalize to unit length. Thus, at the very least the h, are orthogonal in
L?(R™). They are also linearly independent, for if h,1,...,h. are distinct Hermite functions and
Z?:l ajhy; = 0 in S(R™), then writing h,; = (Z*)%’ hy we see that (Z?:l aj(Z*)O‘j)ho = 0. But
this can only happen if all a; = 0, by (1) of Proposition 67. Finally, let V' = spanc(ha |a € Nij, n €
N), and note that V+ = {0}, or equivalently V = L?(R"): If f € V*, then (f, ha)r2@ny = 0
for all o, which means, expanding the expressions for h, by taking the derivative D“ of e (xx)
that e*)/2h,(x) is a degree |a| polynomial, call it H,(x) € R[x] (a Hermite polynomial). An

induction argument over || shows that these polynomials span all polynomials in R[x]. Since

polynomials are dense in L?(R"™), the result follows. |

4.3 The Metaplectic Representation

Definition 56 By Proposition 26 we have that Sp(n,R) is connected and has fundamental group
m (Sp(n, R)) = 7. Of course Sp(n,R) is actually path connected and semi-locally simply connected
(because the unitary group is, since it has a universal cover). The Galois correspondence between
the subgroups of m (Sp(n,R)) and the covers of Sp(n,R) then implies that, in particular, there
corresponds to the subgroup 2Z of Z, which has index [Z : 2Z] = 2, a unique cover of Sp(n,R) of

multiplicity 2, known as the metaplectic group,

p : Mp(n,R) — Sp(n,R) (4.16)
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Here Mp(n, R) is the metaplectic group and p is the covering map. It’s derivative
dp : mp(n,R) — sp(n,R) (4.17)
which of course satisfies

dp(w)(v) = [u,v] (4.18)

is an isomorphism of Lie algebras, mp(n,R) = sp(n,R). These Lie algebras are characterized by

Proposition 20. [

Definition 57 Let Cl,, be the Weyl algebra, or symplectic Clifford algebra, and define
a(n) :=span({u-v+v-u|u,v e R} CCl, (4.19)
Put a Lie bracket on Cl,, is by
[u,v] ;=u-v—v-u

for all u,v € Cl,. We will show that a(n) is a Lie subalgebra of Cl,, which is isomorphic to
sp(n,R), so that we may view sp(n, R) as embedded in the Weyl algebra. As we will see in the next
section, Cl, acts on S(R™) by polynomials in the position and momentum operators, an extension
of the symplectic Clifford multiplication on S(R™)—the Cl,-module structure on S(R™)—hence

span(n, R), too, will act on S(R™). [

Proposition 68 We have the isomorphisms
a(n) = (R*")* = sp(n, R) (4.20)

given by

u-v+v-u = u0v — wyl,u)v+wy(s,v)u (4.21)

and using these we can see that

dp(u-v+v-u)(x) = (0O v)(x)=wi(x,u)v+ wy(x,v)u (4.22)
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for any x € R?™. Consequently, the inverse of dp may be expressed as

dp~(A) = % Z(pj - (Agj) — g5 - (Apy)) (4.23)

in terms of the standard symplectic basis (q,p) = (q1,-- -, qn, P1,---,Pn) of R?™.

Proof: The second isomorphism was already given in Propositions 22 and 23, so it remains to
prove the first. Consider a basic vector vi - va +vg-vy in a(n) and a vector v € R2". We first show
that the commutator [vy « vo + vo - vi, V] may be identified with the action of 2(v; ® v3) on v.
This will show that a(n) is isomorphic to sp(n,R), since we have the obvious isomorphism between
a(n) and R?" ® R?", in view of the fact that the map v : a(n) — R?*® ® R?" has trivial kernel and
is surjective.

To see the identity, note first that
[Vi+Vo, V] = Vi-V2:-V—V:V]-Vy
= V1:V-VyFw(Vv,va)V] —V:V]-Vy
= wo(v,v1)va +wo(V,v2)vi
= (vioOv2)(v)
where (v1 ® va)(v) means p(v) ®va)(v) for ¢ the isomorphism (R?")®% — sp(n, R) of Proposition

22. Consequently,

[Vi+ve+vy-vy, v] =2(vi ©va)(v)

which is an element of R?". Extending by linearity we get that [u,v] € R?" for all v € a(n), and
as a consequence we may apply the Clifford product to such elements, which, by the derivation

property of the commutator, gives
[Vi+v2, v] = vy« [vo,v] + [vi,v] - vo
and therefore

[Vi+ve+vo-vy, v] = vy-[ve,v]+ [vy,v]:va+ vy [vy,v]+ [ve,v] vy

= (v1 - [vo,v] + [va,v] v1> + <V2 s [v1,0] + [v1, 0] - V2)
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which is clearly a sum of elements in a(n), and therefore in a(n). Thus, a(n) is closed under the

Lie bracket of Cl,. [ |

Remark 59 Since the unitary group U(n) is a subgroup of the symplectic group Sp(n,R) (Propo-

sition 25), we can pull U(n) back via the double-covering map p to the double cover U(n) of U(n):

= p~(U(n)) &—— Mp(n,R)

U(n) % Sp(n,R)

and we can then look at the Lie algebras u(n) and {i(n) of U(n) and U(n), respectively. [ ]

Since U(n) C Sp(n,R), we have u(n) C sp(n,R) as well. Let us now characterize u(n) and

u(n).

Proposition 69 We have the following characterizations of u(n), the Lie algebra of U(n), under

the isomorphisms a(n) = (R?")©2 = sp(n, R),

u(n) = sp(n,R)No(n)
= span({X — JoXJo | X € sp(n,R)})
~ span({ue v+ Jouo Jov|u,v € R*"})

~ span({u-v+v-u+ Jou-Jov + Jov - Jou | u, vR?"})

1%

M,(C)
while the Lie algebra i(n) of U(n) is characterized by

in) = dp(u(n))

= span({u-v+v-u+ Jou-Jov+ Jov- Jou|u,v GRQ”})

= span({gi-qj+pi-pj|1<i<j<n}U{qgj-pi—pi-qi|l1<i<j<n})



252

Proof: The first characterization follows from the observation that U(n) is identified as a subgroup
of Sp(n,R) (Proposition 25), so it satisfies both the characterizations its own Lie algebra and that

of Sp(n,R). Thus, for any X € u(n) we have both
(Xu,v) + (u, Xv) =0
and

wo(Xu,v) +wp(u,Xv) =0

Now, the first can be rewritten as v Xu+u?’Xv =0, or v Xu+ v’ XTu = 0, for all u,v € R?",
i.e.

X+x'=o0

while the second implies that

JoX +XTJ=0
by the same reasoning (see Proposition 20). Combining these we get that
u(n) = {X €EndR*|.JyX = X.Jp}
= {X € EndR*™| JoXJ;' = X}

That is, u(n) is the set of (not necessarily invertible) endomorphisms of R?" which commute with

Jo. By Theorem 12 we conclude that
u(n) = Endc(R%") = Endc(C") = M,,(C)

Of course, this is natural, since the unitary group is the maximal compact subgroup not only of
Sp(n,R), but of GL(n,C).

Notice, too, that if A = X — JoXJp for any X € End(R??), then A € u(n), for
JoA = Jo(X — JoXJo) = JoX — J2X = JoX + X Jo = (X — JoX.Jo)Jo = AJy

so we also have

u(n) =span({X — JoXJy | X € sp(n,R)})
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Now, under the identification sp(n, R) = (R?")®2, u® v — wg(+,u)v + wo(+, v)u, whose inverse is
X — %Z?Zl(qu ©pj — qj © Xp;), the fact that Jy € sp(n, R) means
0=0-Jyvy = <W()(JOV, V1) + wo(v, J()Vl))JQVz
or
wo(V, J()Vl)J()VQ = —w()(JQV, V1)JOV2 = wo(V, JOVl)JOVQ = —Jo (wO(J()V, Vl)Vg)

Therefore, the expression X — JyX Jy in sp(n, R) becomes vi ® vy + Jyvi ® Jyva, since

vi O vy + Jovi © Jova < wols, vi)ve + wols, v2)vi + wols, Jovi)Jova + wols, Jova)Jovi
= wo(+, v1)ve +wo(+, v2)vi — Jo (wo(J0'7V1)V2) —Jo <w0(J0',V2)V1>

~ X — JQXJ()
Finally, recall the isomorphism sp(n,R) = a(n), which gives for all u,v € R2n
vi @ vy + Jovi © Jova = (v - va +va - vy) + (Jovi - Jova + Jova - Jovi)

and this gives the last characterization of u(n). Another way to see this characterization, which

will also apply to u(n) = dp~!(u(n)), is precisely by applying dp~! to vi ® vo + Jovi ® Jova and

using Proposition 68. The last characterization of u(n) follows from the canonical relations among

the symplectic basis vectors (2.39), by noting that

¢+ q; + a5 ¢ + Jogi + Jog; + Jogj - Jogi = 2(q; - q; + pipy)

and
¢ pj+ D¢+ Jogi - Jopj + Jopj - Jogi = 2(qi - pj — a5 * pi)

This completes the proof. |

Our interest in these groups and their Lie algebras naturally has to do with their represen-

tations, for ultimately we wish to use the representations to construct associated vector bundles to



254
the principal bundles with structure groups Mp(n, R) and U(n). The important representation of
Mp(n,R) (and so its subgroup U(n)) is the metaplectic, or Segal-Shale-Weil, representation,

m : Mp(n,R) — U(L*(R")) (4.24)

which is the unique unitary representation of Mp(n, R) commuting with the Schrodinger represen-

tation tg : H(n) — U(L?(R")) of the Heisenberg group, in the sense that

m(q) ots(v,s) = ts(p(q)v,s) om(q)

for all ¢ € Mp(n,R) and (v,s) € H(n). The unitary representation is faithful, and the space of
smooth vectors of m, i.e. those f € L?(R") such that the map rg(+)f : Mp(n,R) — L?(R") given

by (rg(-)f) (q) :=ts(q)f is smooth, consists precisely of the Schwartz space S(R").

Theorem 45 (Metaplectic Representation) There ezists a unique unitary representation
m : Mp(n, R) — U(L*(R™)) (4.25)

which satisfies
m(q) o ts(v,s) = vs(p(q)v,s) om(q) (4.26)

for all ¢ € Mp(n,R) and (v,s) € H(n), where H(n) is the Heisenberg group, ts(v,s) is its

Schrédinger representation, and p : Mp(n,R) — Sp(n,R) is the double covering map. |

Theorem 46 The metaplectic representation m is faithful. It decomposes into the sum of two
inequivalent irreducible unitary representations, which are the restrictions of m to the spaces of
even and odd functions, respectively. Furthermore, S(R™) is precisely the space of smooth vectors

of m. In particular, S(R™) is m-invariant. [

The significance of the above fuss over the unitary subgroup U(n) of Sp(n,R) and it’s lift
ﬁ(n) to a subgroup of Mp(n, R) is that, when we work out our operators on the m-bundle associated

to the principal Mp(n,R)-bundle, we can advantageously reduce the structure group to U(n) and
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consider the associated m|0(n)—bundle. This is why we consider the restriction of the metaplectic
representation to U(n):

wi=mlg,, : Uln) = U(LA(R™)) (4.27)

Of course, we also note that, in order to work with smooth vectors only, we may consider the
representations u and m on S(R™). That is we may advantageously 'reduce’ the vector space on

which we represent our groups, in addition to reducing the group.

4.4 Symplectic Clifford Multiplication

This bring us to the last technical point, the quantization of the symplectic coordinates which
finds use in the definition of symplectic Clifford multiplication. This quantization is achieved first

by means of the linear map
o : R*™ — End(S(R"™)) (4.28)

defined on the symplectic basis vectors by

Qj = o(q;) := iz, (multiplication operator) (4.29)
0

Pj :=o(pj) :== e (differential operator) (4.30)
Lj

o(l):=1 (multiplication operator) (4.31)

That is, if ¢ = (q1,...,q9n) and p = (p1,...,pn), then

(a,p) =+ (Q, P) = (ix, grad) (4.32)

We refer to Section 3.2.2 above for the analytical properties of P; and @); (which differ by an ¢
from our operators here, making the above operators skew-symmetric, and even skew-adjoint by
the results of that section).

Recall now the definition of the Weyl algebra on a symplectic vector space (which we may take

to be (R?" wp) without loss of generality by Proposition 32): it is a pair (CI(R*",wy), j) consisting
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of an associative unital R-algebra C1(R?",wp) and an R-linear map j : R?"® — CI(R?", wy) satisfying

J()i(v) = j(v)j(u) = —wo(u,v) - 1

for all u,v € R?", and the following universal property: if A is any other associative unital R-
algebra and f : R?" — A is linear map satisfying f(u)f(v) — f(v)f(u) = —wo(u,v) - 1 for all

u,v € R?" then there is a unique algebra homomorphism F : C1(R?" wg) — A such that f = Foj
. CI(RQ”, wo)

/

R?" F
f\A A
Our map o extends by linearity to all of R?"”, of course. We now want to show that it satisfies these

extra two conditions, and so extends to a linear map (but not an algebra homomorphism)
& : CI(R*™, wy) — End(S(R™)) (4.33)
To see this, recall first the canonical commutation relations
[P, Pj] = [Qi, Q51 =0, [P, Q] = idy; (4.34)
(these are immediate, but see Folland [34, pp. 12-17] for further discussion). From these relations

we get (Habermann and Habermann [54, Lemmas 1.4.1-1.4.2]) the following proposition.

Proposition 70 The quantization map o : R?® — End(S(R")) satisfies

(1) For all u,v € R* we have
o(u)oo(v) —a(v)oo(u) = —iwp(u,v) (4.35)

Consequently, since we have already shown the existence of CI(R?*",wq) (Theorem 41), we
have that o extends to an R-linear map & : CI(R?*", wg) — End(S(R™)) making the following

diagram commute:

_ CI(R?™,wy)

/

R2" &
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(6)
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It is this extended 6 which appears in (4)-(6) below (we shall use o for & understanding it to
be the extended map). For future purposes also require the extended o to respect symplectic

Clifford mutliplication,
o(vy+vge---- vi) :=o0(vy)oo(vy)o---o0(vg) (4.36)

With respect to the L*-inner product on S(R™) the map o sends vectors in R®" to skew-

symmetric operators,
(O'(LI)f, g) 12 = _(fv U(u)g) .2 (437)
for all f,g € S(R™) and all u € R™.

The Fourier transform interacts with o as
Foo(Jou) =o(u)oF (4.38)

for allu € R™.
If p: Mp(n,R) — Sp(n,R) is the double cover and dp : mp(n,R) — sp(n,R) is its deriva-
tive, dp(u)(v) = [u, V], then

o(u)oa(v) —o(v)oo(u) =io(dp(u)v) (4.39)

for all v € mp(n,R) and all v € R?™,

With respect to the L?-inner product on S(R™), the map o sends the metaplectic lie algebra

nto symmetric operators:
(o) f,9) . = (f,0(u)g) . (4.40)

for all f,g € S(R") and all w € mp(n,R). Here, we use the isomorphism mp(n,R) =

sp(n,R) = a(n) C CI(R*™, wy).

The kernel of the extended homomorphism o : CI(R™, wy) — End(S(R™)) is trivial,

ker o = {0} (4.41)
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Proof: (1) Write any u,v € R?” in the standard symplectic coordinates as

n n
u=(a,b) = Zanj +bjp; and u=(a’,b) = Za;% + b;-pj
j=1 Jj=1

By the canonical commutation relations, we then have

= 3 [0+ b o [0 + U] - (6505 + ¥ o [0+ P

=1
= Z(ajb; a,;bj)
=1
— if(a,b) - (& b))
= —iwp(u,v)

the last equality by (4) of Proposition 18.

(2) This statement follows by integration by parts, noting that z; and i0/0x; are symmetric
operators (in fact essentially self-adjoint, by Theorems 36 and 37), so that ixz; and 0/0x; are
skew-symmetric.

(3) This statement follows from the fact that the Fourier transform intertwines the position
and momentum operators, Qo F = F o P; and PjoF = —F o(Q; (Proposition 60), along with the
fact that Jo operates on a symplectic basis as Jogq; = p; and Jop; = —q;.

(4) From (1) we have for all vi, vy, v € R??

o(vi)oao(vy)oa(v) = o(vi)oo(v)ooa(ve) —iwg(ve,v)o(vy)

= o(v)oo(vy)oo(ve) —iwy(vy,Vv)o(ve) —iwy(va, v)o(vy)

Using the isomorphism mp(n, R) 2 a = span(vy + va + va - v | vi, va € R?"), we therefore have for
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all u=vy - vy + va - vy € mp(n,R) that
ou)ooa(v)—o(v)oo(u) = o(vi-va+vy-vy)oo(v)—o(v)oo(vi-vy+vy-vy)
= 2io(wo(v,Vv1)ve +wo(v,va)vy)

= do(dp(vi-va+va-vi)v)

(5) This follows by two applications of (2), in view of the isomorphism mp(n,R) = a.
(6) Suppose u € kero. Then o(u)f = 0 for all f € S(R™). Let us express v in the basis

described in Theorem 43, which consists of monomials of the form ¢}"¢5* -

..qglnplil pg2 .- pbn, which
we can write more succinctly using multi-index notation as ¢®p®. Since o respects symplectic
Clifford multiplication by definition (see (1)), we have that o(¢®p®) = o(¢q)*o(p)®. Applying o(u)

thus to functions f that are polynomial near 0, which are dense in L?(R™) and therefore in S(R™),

we see that v must be 0. [ |

Definition 58 In what follows, we write v - f for o(v)f whenever v € mp(n,R) and f € S(R").
Thus, symplectic Clifford multiplication of a Schwartz function is understood to be the induced
action of Cl,, := CI(R?",wg) on S(R™) applied to f. We consequently get a Cl,-module structure

on S(R™), whose associated action we call symplectic Clifford multiplication:
o : Cl, ® S(R™) — S(R™) (4.42)
po(v® f)=v- fi=0o(v)f (4.43)

This is the symplectic analog to ’Clifford module’ and ’Clifford multiplication’ on quadratic spaces
and thence on Riemannian manifolds. Notice that if u € R?" is written in the standard symplectic
basis as (a,b), i.e. u= Z?:l a;q;+b;p;, then symplectic Clifford multiplication takes a particularly

simple form,

(w-Hx) = > (ajola)+bjop;)f(x)

7j=1

= 3 (g 00 + bjgx";@)

j=1
i(a,x) + (b, grad f(x))
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This makes clear that symplectic Clifford multiplication is an application of a linear combination
of the standard multiplication and differentiation operators. This will come in handy later, when

we look at the local behavior of the symplectic Dirac operators. |

Remark 60 One nice immediate result of this symplectic Clifford module construction for S(R")

is that we may express the harmonic oscillator in terms of symplectic Clifford products:

1/ 02 1 &
Hy :=2<Zaxz—x§>=0<22qy'-qg'+pj-pj> (4.44)
j=1 "7 j=1

i.e.
n

1

~1

o~ (Ho) = 52%'%’ +pj pj (4.45)
Jj=1

which is an element of ti(n). The operator Hy is interesting for us, of course, because of its action

on L?(R") and S(R"). It’s spectral analysis gives us a decomposition of L?(R") into countably

many finite-dimensional eigenspaces 20, (Corollary 21 and Theorem 44 above), and since its eigen-

functions are the Hermite functions hy, which are elements of S(R™), we also get a decomposition

of S(R™) into countably many finite-dimensional subspaces &, = S(R™) N W,. |

Remark 61 Two smaller results about o are:
o =idp (4.46)
on R?" which is just the observation that (1) and (4) give the same expression on R?", and
o (Jo) = o~ (Ho) (4.47)

as elements of i(n). The left-hand side follows from Proposition 23. [
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5.1

The Symplectic Dirac Operators

The Symplectic Spinor Bundle

The Lie groups Sp(n,R), U(n), Mp(n,R) and ﬂ(n) each gives rise to a principal bundle:

(1)

The symplectic frame bundle, an analog of the orthonormal frame bundle Py, on a

Riemannian manifold,
PSp(n,R) (51)

The unitary frame bundle, a reduction of the Pgy;, gy, perhaps analogous to the SO(n)-

reduction of the Pg(,) bundle (the oriented orthonormal frame bundle on a Riemannian

manifold),
Pyn) (5.2)
The principal Mp(n, R)-bundle,
Prip(n,r) (5.3)
The principal U(n)-bundle,
Pony (5.4)

Locally on (M,w), over a small enough local trivializaton, it is always possible to double

cover the symplectic frame bundle by the metaplectic bundle, that is locally we can have both the

PSp(n,R)‘U and PMp(n,R)‘U bundles and a fiber-preserving map between the two, but globally there

may be topological obstructions. These obstructions are encoded in the second Stiefel-Whitney
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class wo € H?(M;Zs), which is zero if and only if there is a globally defined bundle map
F: PMp(n,]R) - PSp(nJR) (55)
which we call a metaplectic structure on (M,w).

Remark 62 Consider an w-compatible almost compatible J, that is w(X, JY') defines a Rieman-

nian metric g on M. By Darboux’s theorem we know that, locally, with respect to a local sym-

plectic frame (e, f) = (e1,...,€n, f1,-.., fn), J looks like the standard almost complex structure
0 -1,

Jo = , SO
I, O

Jej = fj, and ij = —ej
Hence, the relations
wo(ej, ex) = wo(fj, fx) =0,  wolej, fx) = djk
imply the relations wo(ej, J fi) = wo(fj, Jex) = 0 and wo(e;, Jex) = dji, i.e.
g(ej7fk):()7 g(ejvek):(sjk

Thus, if we reduce the structure group from Sp(n,R) to U(n), then any local unitary frame

(e1,...,e2y,) is completely determined by the relations

g(ej, fr) =0, g(ej, ex) = b, Jej = entj

which obviously involve the choice of J. We conclude, therefore, that there is a one-to-one corre-
spondence between unitary reductions of the symplectic frame bundle and the set of almost complex

structures J on (M,w). We accordingly denote by
1y g(n) (5.6)
the unitary reduction of Py, r) associated to J. |

The representations m : Mp(n,R) — U(L?(R")) and u = m]U(n) : U(n) = U(L2(R™)) now

allow us to construct the associated vector bundles with typical fiber L2(R") or S(R"):
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(1) Q= Pyp(nr) Xm L2(R™)
(2) S := Pup(nr) Xm S(R")
(3) Q7 := Py, xu L*(R")

(4) 87 =P,

0(71) Xy S(Rn)

These bundles all have a Hermitian structure, via the L? inner product on L?(R™):

B f1. [po8)) = {F ) gy += | 7 d (57)

Thus, (Q, h), for example, is a hermitian vector bundle.

Let us brienfly describe the sections of these bundles. It is a general feature of vector bundles
Pg %, V associated to principal G-bundles Pg that sections s € I'(Pg x, V') are in one-to-one
correspondence with G-equivariant maps from Pg to V, that is maps § : Pg — V satisfying
5(pg) = p(g~1)3(p) for all p € Pg and g € G, with p : G — GL(V) the given representation.
Locally, over an open set U C M, sections s, or their equivariant counterparts 3, can be described
as follows: Let ¢ € I'(U, Pyp(,,r)) be a local symplectic frame, and let p € I'(U, Pyip(n,r)) be its lift

to the metaplectic bundle,

Prip(n,r)
@ F
M2U 7 PSp(n,]R)

Elements of Pg <,V are equivalence classes [p, f] under the equivalence relation (pg, f) ~ (p, p(g9)f),
i.e. orbits of the G-action on Pg x V given by (p, f) - g := (pg, p(¢g~ 1) f). Locally, in our case, we
therefore have

sop:U— S[R")
and so

s=[p, 309 € [(U,S) =T(U, Prp(nr) Xm S(R™)) (5.8)

and similarly with the other associated vector bundles.
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We need this description of the sections in order to understand how the differential operators
acting on such sections behave. Before we do this, however, let us note two further features of the
spaces of sections of Q, S, Q7 and S”. First of all, the compactly supported sections s € T'.(Q) (or
I'.(S)) have a natural L? inner product defined using the hermitian structure h on Q (5.7) given
above:

(5.0)i= [ bs.0) AV = [ () ) e V() (5.9
M M
where dV is the volume density on M (using its metric structure) and fs(z) := (§09)(x), fi(x) :=
(to®)(x) € L*(R™) or S(R™) for z € U C M and ¢ € T'(U, Psy(nr)) a local symplectic frame (or
more generally a local frame ¢ = (z!,...,2?") : U — F(TM) = Pqr2n,r))- Secondly, the Hermite
functions

ha(x) = hay (1) hay (22) - - - hay, (T0)

with ha; (75) = %3/ 2(%6_9&? ), are the eigenfunctions of the harmonic oscillator,

| Hoa (30 =~ (Jal + § ) o)

and they form a complete orthonormal set for L?(R"),

L*(R") = @ span(hq) = @(@ span(ha)) = @Qﬂg (5.10)
aeNg (=0 Ja|=¢ =0

and dim 0, = (”+§_1). Of course ¢ here corresponds to the eigenvalue A = —(¢ 4 n/2) of Hyp, thus
Wy = E_(441/2) is the corresponding eigenspace. It is clear that the harmonic oscillator can be

defined on the Schwartz space bundles in a natural way, fiberwise:
H:S—S (5.11)
H([p, f]) == [P, Hof] (5.12)

On sections, therefore, H(s) = H([@, fs]) := [@, Hofs]. The upshot, then, is that each of our
four associated vector bundles decompose into a direct sum of finite-dimensional subbundles. For

example, the symplectic spinor bundle decomposes as

Q = @ Qf = @PMp(n,R) Xm wZ (513)
£=0 £=0
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5.2 The Spinor Derivative

First, let us define the (symplectic) spinor derivative, that is the connecton on the

symplectic spinor bundle
V:T(Q) = T(T"M 2 Q) (5.14)
which we may, for convenience, also define on the Schwartz space spinors,
V:I'(S) - T'(T"M ® S) (5.15)

We begin by generalizing the one-to-one correspondence between smooth Mp(n,R)-equivariant
functions from Py, gy to S(R™) (or L?(R™)) and the smooth sections of the symplectic spinor
bundle I'(Q) (or T'(S)),

D(M,Q) = C™(Pyp(n gy, L*(R)) VP (5.16)

We establish a similar correspondence for differential forms on M valued in Q (or I'(S)) and basic

differential forms on Py, r) valued in L*(R™) (or S(R™)):
(M, Q) = Q" (Phtp(n ry; L (R") s (5.17)

This, again, is a standard isomorphism for associated bundles P x, V. Given such a bundle, where

p:G— GL(V) or U(V) is the given representation, we define the correspondence

QF (M, Pe x, V)3 ay +— a € Q"Pg;V)pas (5.18)

mran (X1, .. Xn)e = [0, a(X1, ..., Xi),) (5.19)

where 7 : P — M is the projection map, € M and p € 7~ (z). A basic k-form a € Q*(Pg; V),
then, is one that, in addition to being G-equivariant, i.e. Rja = p(g~Ha for all g € G, also vanishes
on vertical vectors, that is o(X7,...,Xx) =0 if any X; € I'(V Pg) (equivalently Tm(X) = 0, since

Tym : HyPg — TryM is an isomorphism). Thus, the above correspondence is indeed a bijection.
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Now consider a symplectic connection V : T'(T'M) — T'(T*M QT M), i.e. one satisfying Vw =
0, or equivalently d(w(X,Y)) =w(VX,Y)+w(X,VY) for all X,Y € T'(T"M). It has an associated
connection 1-form, also denoted here w, valued in sp(n,R"), w € Q' (Psy(,r);sp(n,R)), which we
pull back via the bundle map F': Pyip(n,r) — Psp(n,r) to a form F*w € Ql(PMp(n’R);ﬁp(n, R)), then

lift it to a 1-form on Py, r) valued in mp(n, R),
W= dp—l oF'w e QI(PMp(n,R);mp(an))

With this connection 1-form in hand we take a local symplectic frame ¢ = (e, f) € ['(U, Psp(nr))

and use it to pull @ back to U C M, giving us a local mp(n, R)-valued 1-form on U:
o= ¢*0 € QYU;mp(n,R)) = D(U, T*M @ mp(n,R)) (5.20)
Finally, using o we can define a covariant derivative on Q = Pyip(n,r) Xm L?(R™) by
Vs = ds+dm(w)As (5.21)
= [, d(309) + dm(a)(5 0 P)] (5.22)
That is, at a point x € U C M, with p € 7= 1(z) C Pyip(n,R)»
(Vxs)y = d3(X),+dm(@, (X)) A(p)
= Xps+dm(w,(X))(5(p))
where X € T'(T' Pyip(n,r)), or if we wish to think of X € I'(T'M),
(Vxs)e = [P(x), d(809)x(X) 4 dm(az(X))((5 0 p)(x))]

Schematically, we define the spinor derivative V on Q by the following diagram:

(M, Pap(n ) Xm L*(R™)) D(M,T*M & Pyty(n,r) %m L*(R™))

Q% (Patp(n.r); L*(R™) bas > O (Paip(nr); L2 (R™))pas

d+ dm(@)

i.e. transferring the problem from the vector bundle to the bundle of basic 0-forms and using the

exterior derivative there.
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Remark 63 We should note that, generally speaking, we may define a spinor derivative V for any
choice of connection 1-form w € Ql(PMp(mR);mp(n,R)), not just the one gotten from the chosen
symplectic connection. Indeed, even the symplectic connection had to be chosen, so even & involved
a choice. Thus, we see that V should really be defined with respect to the choice of w, and should

be denoted VY. [ |

More generally, since the isomorphism on forms holds for all k£, not just 0 and 1, we may
define the exterior covariant derivative by the same means, using the exterior derivative on

basic forms:

dV:QF(M; Q) — QFH(M; Q) (5.23)

Let us describe the local expression of (Vxs), in a local symplectic basis ¢ = (e, f). First of

all, note that for any X € I'(T'M) we have
a(X) = ¢ (dp~ o F'w(X)) = dp™ (¢ F'w(X)) = dp~ (9w (X))

Secondly, we note that by Proposition 1.4.5 in Habermann and Habermann, [54], the action of

dm(v) in End(S(R™)), where v € mp(n,R™), is given by Clifford multiplication:

dm(v)f =—iwv- f (5.24)

1

i.e. —io(v)(f). Combining these results, and using the fact noted above that dp™" is an isomorphism

between sp(n, R) and mp(n,R) = a(n) C Cl, with inverse given by dp~'(A4) = % > i1 (p; - (Ag;) —
gj + (Ap;)), cf (4.23), we get, by letting A = p*w(X) and f, := 50, that
dm(a(X))(fs) = —ia(X) - fs = —5 <Z(pj ~ptw(X)(g) —gi- W(X)(pj)> - fs

2\4
7=1

Therefore, writing a local section as s = [, fs], we have

(Vs = (Vxshe = [2(e). Xof+ dm(as(X))(£.) (5.25)
= [p Xt = (X0 0@ — - e 00)) -
j=1
= dsp(f() - %Z(fj . VXEJ‘ — €5 VXfJ) * S
j=1

where X € ['(H Pytp(n,r)) is the horizontal lift of X € T'(T'M), i.e. Tm(X) = X.
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5.3 The Symplectic Dirac Operators and Related Operators

Since the symplectic form w on M is by definition nondegenerate, we can use it to define

flattening and sharpening operators. The flattening operator

W’ :D(TM) — T(T*M) = Q' (M) (5.26)
is given by

W (X) = w(X,") (5.27)
and using it we get the sharpening operator:

wh = ()7L QY(M) = T(T M) (5.28)
Also, given an w-compatible almost complex structure J on T'M, we get a Riemannian metric,

9(,) == w(-, J-)

and so a second set of flattening and sharpening operators:

¢ T(TM) = D(T*M) = Q' (M) (5.29)

9(X) = g(X,) (5-30)
and using this

¢ = ()" Q1 (M) — T(TM) (5.31)

We remark that, for a given o € Q'(M), we have gf(a) = X iff a = ¢’(X) iff for all Y € I'(T'M)
we have a(Y) = g(X,Y) = w(X,JY) = w(JX,J?Y) =w(JX,-Y) = w(-JX,Y) =’ (-JX)(Y),
which shows that

—JX =uwla) <= X =g'a)

or equivalently, since J? = —1I,

X =uwla) <= JX =g ) (5.32)
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With these isomorphisms in hand, as well as the the spinor derivative and the Clifford mul-
tiplication map p : I'(TM ® Q) — I'(Q), (X ® s) :== X - s := o(X)(s), we can define our two

symplectic Dirac operators:

D:=powoV:I(Q) = I'(Q) (5.33)

D:=pogtoV:T(Q) = I(Q) (5.34)

That is, they are the two compositions, respectively,

Q) %I M e Q) S T(TM Q) 5 4(Q)
g

Using the local expression (5.25) of the spinor derivative V above, we get local expressions for the

symplectic Dirac operators, relative to a symplectic frame (e, f):

n

D = ) ¢V~ [V (5.35)
i=1

= —(lnl(Jej)-Vej+(ij)-Vf]-> (5.36)

and i
b = iluej) Vg - () Vs (5.37)

p
— zn: ej+ Ve, + fj -V, (5.38)

i=1

From these two operators we get the following two important Dirac-type operators:
Z:=D+iD:T(Q) - I'(Q) (5.39)
and
Z*:=D—iD:T(Q) - I'(Q) (5.40)
Let us also define a few other operators in terms of these:
P := i[D,D]=i(DD — DD) (5.41)
Q := i(DD+DD) (5.42)

R = [2,2Yg:=22"+2"Z (5.43)
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Lastly, we have the Fourier transform, defined fiberwise:

F:Q—=Q (5.44)

F([p, f]) == [p, Ff] (5.45)
as well as the harmonic oscillator

H:Q—Q (5.46)

H([p, f1) = [p, Hof] (5.47)

From the local expression for D and D it follows (cf. Habermann and Habermann [54, Proposition

5.3.1]) that when V.J = 0 we have

[H,D] =iD (5.48)
[H,D] = —iD (5.49)

and hence
[H,Z] = [”, D]+ i[H,D] =iD +i(—i)D = Z (5.50)
[H,Z*] = [H,D] —i[H,D] = iD + (—i)?D = —(D — iD) = —Z* (5.51)

[H,P] = i[H,|D,D]] = —i[D, D, H]] —i[D,[H, D] = —i[D, —iD] — i[D, —iD] = 0 (5.52)

the last by the Jacobi identity. Thus, the operator P, which is of Laplace type, preserves the
eigenbundles Qy, while the operators Z and Z* decrease and increase, respectively, the degree of

the eigenbundles, Z : T'(Qg) — I'(Qy—1) and Z* : T'(Qg) — I'(Q41):

HZsp = ZHsy+ Zsg — — (z n g>255 Ty = — ((z 1)+ g)z.% (5.53)

H I sy = 2 Hsy — Z*sy = —(e n g)z*w — Zte = —((z +1)+ g)z*se (5.54)

Moreover, since D = 1(Z+Z*) and D = (Z — Z*), we see that both D and D move eigensections

Sy € F(Q@) to F(Qngl) and F(Qngl).
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5.4 Properties and Relations among the Operators

We begin by fixing the function spaces on which our operators will be assumed to act. We
recall from Section 5.1 above that we have constructed two (infinite-dimensional hermitian) vector
bundles, the symplectic spinor bundle Q — M and the symplectic Schwartz space spinor bundle
S — M, on whose sections we suppose our operators will act. But we will of course be concerned
with differential operator, so smoothness of sections is a concern, and we also want our operators

to be densely defined on a Hilbert space H, presumably with those smooth sections dense in H.

Let us begin with smoothness: From Lemma 3.2.3 in Habermann and Habermann [54],
we know that the smooth sections of Q, denoted I'(Q) and defined by the isomorphism (5.16),

I'(Q) = C%°(Prip(n,Rr); L2(R™))MP(R)L are in fact the (continuous) sections of S
[(Q) = C(M,S) = C(Pyp(n ), SR) P (5.55)

and the smooth sections of S are analogously defined to be those (continuous) sections s of S

corresponding to smooth maps § € C’OO(PMP(”R),S(R"))MP(”R),

F(S) = COO(PMp(n,R)7 S(Rn))Mp(n,R) (5'56)
Clearly T'(S) C T'(Q). Next, we define the compactly supported sections

I'(Q) (5.57)

L.(S) (5.58)

of Q and S to be those compactly supported sections whose corresponding Mp(n, R)-equivariant

maps from Pyip(nr) t0 L?(R™), respectively S(R"), are smooth.

Lastly, the Hilbert spaces of sections on which our operators will be densely defined (on I'(Q

or I'.(Q) or their Schwartz analogs) will be the L? completions of I'.(Q) and I'.(S) with respect to

! This congruence, (5.16), may be given simply in terms of continuous functions, C(M,Q) =
C(Pnip(n,r)s L? (R"))Mp("‘R), and then we distinguish the smooth sections from the merely continuous by saying they
are smooth if their corresponding Mp(n, R)-equivariant functions are smooth. This is the sense in which Habermann
and Habermann say a section s of Q is smooth (Definition 3.2.2 in [54]).
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(+,+) defined in (5.9) above, (s,t) = [, (fs(x), fe(x)) 2@n) dV (z),

L*(Q) =T.(Q) (5.59)

L*(S) =T.(S) (5.60)

We will mostly work with I'(S) and T'.(S), since I'.(Q) = C.(M, S) contains the dense (by definition)
subspace I'.(S) = C°(M,S) of L?(Q). Throughout this section, unless otherwise specified, we will
assume the operators to be acting on I'.(S).

One last assumption, which we may later weaken, is that M be compact. This will give us
I'.(Q) =I'(Q) and T'.(S) = I'(S), and make statements concerning formal adjoints of operators
less problematic, because once we know a section is smooth, it will also be compactly supported

and thus in the domains of the operators.

Theorem 47 Lett = Zs = Z*t € im Z Nim Z*. Then there are unique symplectic spinor fields s’
and 7' such that Ds' = D7’ =t € im D Nim D, namely

s = s—71 (5.61)
T = —is—iT (5.62)
and conversely, if t' = Ds' = D7', then there are unique s and T such that Zs = Z*t = t €

im Z Nim Z*, namely

L, i,

S = 58 =+ 57— (563)
1 .
T = _58/ + %T/ (5.64)
! 1 -1 11 1 !
That is, ( /> = <S> and <S> == < />, where
. T T .
-1 —1 -1 1
-1
11 1 -1
-1 3 -t —i

which is to say sources (s,7) and (s',7') of common images are related by an invertible linear map

between T'(Q) ® T'(Q) and itself.
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Proof: Let t = Zs = Z*r, and define s’ = s — 7 and 7 = —is — i7. Then,
Ds+iDs=Zs=t=Z*t = Dr —iDr

which implies

Ds' =D(s—71)= D(—is —it) = D7’

Conversely, if Ds' = D7, define s = %s’ + %T’ and 7 = —%s/ + %7" and note that
1 .
s = QZS,+%ZT,
1 |~ ) 1~
= §D3' + %Ds' + %DT’ - §DT/
1~ )~ ) 1
= §DT/ + %Ds’ + %DT/ — §Ds/

= —%(D F— iDs') + %(DT’ —iD7")

1 .
— _§Z*S/+%Z*T/
= 77

which proves the claim. |

Corollary 22 With the above notation we have

~ 1
t'=Ds =Dr' = i(ZT — Z*s) (5.65)
Proof: Since s’ = s — 7, we have 1 = s — s’ and s = 7+ &, so Z7 = Zs — Zs' and Z*s =
7% + Z*s = Zs + Z*s'. Thus, Z*s — Z1 = Z*s' + Zs' = 2Ds' = 2D7' = 2t'. [

Theorem 48 If Ds' = D7/, then Ds' = D7’/ =0, so that

im D Nim D = {0} (5.66)
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Ds=Dr = %DT/ (5.67)
. . 1.

Ds = ~Dr = ;D¢ (5.68)
Zr = 7% (5.69)
Zs' = -7%¢ (5.70)
Zr' = 7% (5.71)

Proof: Firstly, from equation (5.65) we have that 2Ds' = 2D7' = Z7 — Z*s, which gives us the

identities
Zr = Z's+2Ds (5.72)
= Z*s+2D7 (5.73)
and
Z*s = Zr—2Ds§ (5.74)
= Zr—2D7 (5.75)
Also, since ' = s — 7 and 7/ = —is — i1, we have Ds’ = Ds — Dt and D7’ = —iDs — iD7, and

consequently

= Ds—Dr—iDs—iDr (5.76)
= —i(D+iD)s —i(Dr —iDrt)

= —iZs—iZ*T

= —Zs

= 2077



and, using the identities (5.72)-(5.75),

Ds' — D' = Ds— Dr+iDs+iDr
= (D —iD)s+i(Dt +iD7)
= Z's+iZT1
= 2iZ*s+2iDs
= 2iZ71 —2iDs

We can add (5.76) and (5.77) in three different ways:

2Ds' = (—iZs—iZ*1)+ (iZ*s +iZ71) = —i(Z — Z")s +i(Z — Z")r

= 2Ds—2Dr

= (—2iZs)+ (2iZ*s +2iDs') = —2i(Z — Z*)s + 2iDs’
= —2i(2iDs) 4 2iDs’

= 4Ds+ 2iDs'

= (=2iZ*7)+ (2iZ7 — 2iDs') = 2i(Z — Z*)T — 2iDs’
= 2i(2iD7) — 2iDs'
= —4Dt —2iDs

which give us three identities:

Ds = Ds— Dt
= 2Ds+iDs'

= —2D1 —iDs
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(5.77)

(5.78)
(5.79)

(5.80)

(We remark here that that (5.78) is consistent with merely applying D to s’ = s — 7, while (5.79)

and (5.80) change if instead we use the identities 7 = i7" — s and s = it/ — 7, which follow from
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(5.62), giving instead Ds' = 2Ds—iDs' = —2D71+iDs'. The reason, as we can see in what follows,
is that Ds’ = D7’/ = 0.) Subtracting (5.80) from (5.79) we get that

0 =2Ds + 2D7 + 2iDs’
so that by (5.62)

Ds' =i(Ds+ D7) = —(—i)(Ds + D7) = —D(—is — i) = — D7’

But then D7’ = Ds' = — D7’ , where the first equality is by our starting assumption and the second

is from the equation just above. This proves our first claim,
D' =Ds =0 (5.81)
Alternatively, we could have subtracted (5.76) and (5.77) in three different ways:

2D7" = (—iZs—iZ'T) — (iZ*s+iZT) = —i(Z+ Z*)s —i(Z + Z*)T = —2iDs — 2iDt
= (=2iZs) — (2iZ*s +2iDs") = =2i(Z + Z*)s — 2iDs’ = —4iDs — 2iDs"

= (=2Z"7) — (2iZ1 — 2iDs") = —2i(Z + Z*)1 + 2iDs' = —4iD1 + 2iDs'

which give us three further identities:

D" = —iDs—iDt (5.82)
= —2iDs—iDs (5.83)
= —2iDT +iDs (5.84)

and subtracting (5.83) from (5.84) would similarly give Ds' = D7’ = 0. These identities prove

useful in other ways, though, for we can plug Ds’ = 0 back into them to get

Ds =Dt = §D7‘/ (5.85)
. _ 1-,
Ds=—-Dr1 = §Ds (5.86)

while plugging Ds’ = 0 back into (5.79) and (5.80) gives

2Ds = Ds' = —2Dt
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and, of course, plugging Ds’ = 0 into (5.65) gives
Z*s =27t (5.87)
Since also Zs = Z*7, however, we conclude
2Ds =Zs+ Z*s=Z"'t+ Z17 =2D71

Finally, since Zs = Z*t and Z17 = Z*s, we have Z(s —7) = —=Z*(s —7) and Z(s+7) = Z*(s + 1),

which, in light of equations (5.61)-(5.62), means Zs' = —Z*s’ and Z7' = Z*7'. [ ]
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Proposition 71 With D, D, Z, Z*, P, and R as above, we have the following simple relations:

1

D= 1(2 Z*)
20

p="1172
=z,

7?=D*+Q-D*
Z*2:D2—Q—D2
Z2+Z*2:2(D2—D2)
72— 7" =2Q
2Q+2P = (Z - Z*)(Z + Z*) = 4iDD
2Q —2P = (Z + Z*)(Z — Z*) = 4iDD
Z7Z*=D?+ P+ D?
7Z*Z =D*—- P+ D?
R =2(D? + D?)
Proof:
(1) Z+ Z*=D+iD+ D —iD =2D.
(2) Z—Z*=D+iD — (D —iD) = 2iD.

(3) 22 = (D +iD)?> = D*> +i(DD + DD) 4+ i*D? = D> + Q — D>.

(5.88)
(5.89)
(5.90)
(5.91)
(5.92)
(5.93)
(5.94)
(5.95)
(5.96)
(5.97)
(5.98)

(5.99)

(4) [2,2*) = [D+iD,D —iD] = [D, D] +i[D, D] — i[D, D] 4+ #3[D, D] = 2i[D, D] = 2P.

(5) 2*? = (D —iD)? = D> —i(DD + DD) 4+ i*D? = D* — Q — D*.

(6)-(7) follow from (3) and (5).

(8) 2Q +2P = (7% — Z*%) + (Z2* — Z2*Z) = (Z — Z*)(Z + Z*) = (2iD)(2D) = 4iDD
(9) 2Q — 2P = (2% — 2*%) — (Z2* — Z2*Z) = (Z + Z*)(Z — Z*) = (2D)(2iD) = 4iDD
(10) ZZ* = (D +iD)(D —iD) = D* +i(DD — DD) — i*D? = D? + P + D2.

(11) Z*Z = (D —iD)(D +iD) = D* —i(DD — DD) — i?D? = D> — P + D2
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(12) Follows from (10) and (11). [

A fixed choice of J € T'(J(M,w)) gives a reduction of the structure group of the symplectic
spinor bundle Q to ﬂ(n) To see this, recall Theorem 16, which says that each reduction of the
structure group of TM to U(n) corresponds to a unique w-compatible almost complex structure
J e I(J(M,w)). Lifting this reduction to U(n) by the restriction of the double covering map
p : Mp(n,R) — Sp(n,R), U(n) = p~'(U(n)) and representing it on L?(R™) by the metaplectic
representation m gives the U(n)—reduction on Q. If we also require of our J that it be parallel,
VJ = 0, then Proposition 57 tells us that J commutes with V, J(VxY) = Vx(JY), and this in
turn gives us the commutation relation F(Vxs) = Vx(Fs). To call attention to this choice of J,
Habermann and Habermann write 7. We shall avoid this extra notation, because for our purposes
we shall mostly require V.J = 0 anyway, and often we shall also need the U(n)-reduced symplectic

spinor bundles. In any case, under these assumptions, we get the following commutation relations

between our operators and F:

Proposition 72 If we choose a symplectic connection V and an almost complex structure J which

18 parallel with respect to this connection, i.e. VJ = 0, then the relations between the Fourier
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transform F and the other operators is as follows:

FD=-DF (5.100)
FD=DF (5.101)
FQ=—-QF (5.102)
FP=PF (5.103)
FZ =iZF (5.104)
FZ* = —iZ*F (5.105)
FD? =D*F (5.106)
FD?>=D*F (5.107)
FZ?=-2°F (5.108)
FZ** = -7 F (5.109)
FR=RF (5.110)

Proof: (5.100), (5.101) and (5.103) are Proposition 7.3.1 in Habermann and Habermann, [54].

The rest follow from the first two:
(1) FQ = iFDD +iFDD = —iDDF —iDDF = —QF.
(2) FZ =FD+iFD = —-DF +iDF =i(D +iD)F = iZF.
(3) FZ* = FD —iFD = —DF — iDF = —i(D — iD)F = —iZ*F.
(4) FD? = (—1)2D*F = D*F.
(5) FD? = D*F.
(6) FZ% =i?Z°F = —~Z°F.
(7) FZ*% = (—i)?Z*°F = —Z**F.

(8) FR=FZZ* + FZ*Z = i(—i)ZZ* 4+ (—i)iZ*ZF = (ZZ* + Z*Z)F = RF. |

Proposition 73 On a compact symplectic manifold (M,w) we have the following kernel identities:
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(1) ker D = ker D? and ker D = ker D when these operators are restricted to their domains

I'.(S).
(2) ker D Nker D = ker D?> Nker D? = ker Z Nker Z* = ker R = ker(D? 4 D?).

(3) ker ZZ* = ker Z* and ker Z*Z = ker Z

Proof: (1) We clearly have ker D C ker D%, so suppose s € ker D?, by which we mean D?s = 0
weakly, or 0 = (0, D?0) for all ¢ € T'.(S). Then, 0 = (0,s) = (D?s,s) = (Ds, Ds) = ||Ds|?, so
Ds = 0. Similarly with D2

(2) Since C is clear, suppose that s € ker Z Nker Z*. Then s € ker(Z + Z*) = ker D and
s € ker(Z — Z*) = ker D.

(3) Since D is clear, suppose s € ker R. Then 0 = (Rs,s) = (ZZ*s,s) + (Z*Zs,s) =
(Z*s,2%s) + (Zs, Zs) = || Z*s||? + || Zs||?, which implies Zs = Z*s = 0.

(4) Since C is clear, let s € ker D*Nker D?. Then s € ker(D?+D?) = ker R = ker ZNker Z* =
ker D Nker D, since R = 2(D? 4 D?).

(5) Clearly ker Z* C ker ZZ*, so suppose s € ker ZZ*. Then, 0 = (ZZ*s,s) = (Z*s, Z*s) =
|Z*s||?, which implies Z*s = 0. Similarly, if s € ker Z*Z, then 0 = (Z*Zs,s) = (Zs, Zs) = || Zs||?,

which implies Zs = 0. [ |
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Theorem 49 The following kernel identities hold on any compact symplectic manifold (M, w):

ker DNkerD = ker D? Nker D?
= ker(D?+ D?)
= kerZ
= kerZ*
= kerZZ*
= kerZ*Z
= ker Z? Nker(Z*)?
= ker(Z%+ (Z%)?)
= kerR
C ker P
= ker@
= ker(Z% - (Z%)?)

= kerDD Nker DD

Consequently, since P is elliptic, its kernel consists of smooth sections,

ker P C T'(S)

(5.111)
(5.112)
(5.113)
(5.114)
(5.115)
(5.116)
(5.117)
(5.118)
(5.119)
(5.120)
(5.121)
(5.122)

(5.123)

(5.124)

so if we assume M is compact, this means all kernel elemets of Z and Z*, being contained in ker P,

are smooth and compactly supported, and therefore in the domains of all the operators (see also

Corollary 23 below for weak solutions). Finally, if s € ker P, then Ds L Ds, i.e. (Ds,Ds) = 0:

D(ker P) L D(ker P)

(5.125)

Proof: (1) If s € ker Z = ker(D + D), then Ds = —iDs = D(—is) € imD NimD = {0}, so

Ds = Ds = 0. Similarly, if s € ker Z* = ker(D—iD), then Ds = iDs = D(is) = 0,s0 Ds = Ds = 0.

Consequently, since ker D N ker D = ker Z Nker Z* C ker Z and ker D Nker D = ker Z Nker Z* C
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ker Z*, we have ker Z C ker Z* and ker Z* C ker Z, and so
ker Z = ker Z* = ker Z Nker Z* = ker D Nker D

The equalities

ker D Nker D = ker D? Nker D? = ker R = ker(D? + D?)

and

ker Z* = ker ZZ*, ker Z = ker Z* 7

were proved in Proposition 73, so it remains to show that ker(D? — DZ) equals any of these, from
which will follow also that ker(Z2 + (Z*)?) = ker(D? — D?), since Z2 + (Z*)? = 2(D? — D?), and
also that ker Z2? N ker(Z*)? equals any of these, since ker Z2 N ker(Z*)? C ker(Z% + (Z*)?) and
D follows from the fact that ker D? N ker D? is contained in ker(Z2 + (Z*)2). We will show that
ker(D? &+ D?) = ker D? Nker D?: If s € ker(D? + D?), then D?s = £D?s, i.e. D(Ds) = D(+Ds).
By Theorem 48 this equals 0, so D?s = D?s = 0 and s € ker D2 Nker D? = ker D = ker D. The
reverse inclusion is obvious. Since Z2+ (Z*)% = 2(D? — D?), we finally have that ker(Z2+ (Z*)?) =
ker(D? — D?).

(2) We clearly have ker DDNker DD C ker P = i[D, D], so suppose s € ker P. Then 0 = Ps =
iDDs — iDDs, so DDs = DDs = 0 by (5.66), which shows that ker P = ker DD Nker DD. Thus,
if 0 € ker P, then DDo = DDo = 0, and therefore Qs = iDDo + iDDo = 0, so ker P C ker Q.
Similarly, if o € ker @, then DDo = —DDo = D(—Do) = 0, so Po = iDDo — DDo = 0, and
ker @ C ker P. The last equality follows from (5.94).

(3) The last assertion is shown as follows: If s € ker P, then DDs = DDs = 0, so using
the symmetry of D and D, along with the ellipticity of P, which by elliptic regularity ensures all
elements in its kernel are smooth, and so in the domains of D and D on a compact manifold M,
we get,

0= (DDs,s) = (Ds, Ds) [
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Since the Fourier transform appears as a sort of intertwiner of the two symplectic Dirac
operators (5.100)-(5.101), it is inevitable that its properties will play a role in our analysis of D and
D. Two of the more important of its properties that will be of help to us are, (1) F is an isometry
of L?(Q), which follows from its definition fiberwise on L?(R"). In the Euclidean setting F also
restricts to an invertible bounded operator on S(R™), so it is so also on the Schwartz spinor bundle
I'(S). (2) The spectral properties of F: the Fourier transform has four eigenvalues, +1 and =i,
and the associated eigenspaces form an orthogonal decomposition of L?(R™), which restrict to an
orthogonal decomposition of S(R™). Moreover, the eigenfunctions of F on L?(R") are the same as
the eigenfunctions of the Harmonic oscillator Hy, the Hermite functions. We now wish to describe
the extension of this decomposition to L?(Q) and I'(S). The importance of this decomposition
will become apparent when we employ it to study the behavior of D and D on the associated

eigen-subbundles.

Lemma 14 The four eigenspaces of the Fourier transform F on L*(Q) defined in (5.44) above

give an orthogonal decomposition of L?(Q),

L*(Q) = éker(]:— (=) 1) (5.126)
j=0
and the jth orthogonal projection onto ker(F — (—i)II) is given by
RSV
Pj = kZ:O(Z F) (5.127)

Proof: This follows from the fact that we have these statements for the Fourier transform on

L?(R™), in combination with our definition of 7 on L?(Q) fiberwise (see (5.44) above), which

uses the fact that the unitary representation u = m U(n) (the restriction of the metraplectic repre-
sentation to the lift U(n) of U(n) in Mp(n,R)) decomposes into irreducible componenets 1y, the
restrictions of u to the u-invariant subspaces 20, = @I al=¢ span(h, )—these happen to be subspaces

of the eigenspaces of F, since the Hermite functions are also eigenfunctions of F (see (5.10) above

and Habermann and Habermann [54, Cor. 1.5.2]). To see that the projections are those stated
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above, consider any f € L?(R"), and let fj = Pjf. Then,

3 3 3
Flo= F N = 13 - i(kz_of‘“f FFF-Ff) =

k=0
3 3 .3
Fh= ifZ(i}')kf = iZik}""’“f = —i Y () f=—ify
k=0 k=0 k=0
1. 1o
Fh=3FY (R == (=P =—f
k=0 k=0
1 k 1A, & k1 i~ ke
Ffs= FkZ::O(—zﬂ f= 4;(—2) Frely 4;(—@ f=ifs

3 3 3 3
Zfoz%ZZ(ijf)kf:iZ(l+ik+i2k+i3k)}-kf:%4f:f

§=0 j=0 k=0 k=0
It follows from these considerations that any spinor field s € L?(Q) decomposes uniquely into four

orthogonal pieces, s = 59 4 51 + s2 + 53, on which F acts as Fs; = (—i)jsj. [ |

Theorem 50

(1) ker D = ker D, in fact
ker D = F(ker D) and ker D = F(ker D)
Moreover, if s = sg + s1 + s2 + s3 € ker D, where s; € ker(F — (—i)/I), then

So + S2, s1 +s3 € ker D

So — S2, S1 — S3 € ker[)
as well, and similarly if t = tog + t1 + t2 + t3 € ker E, then

to + t2, t1 + 13 Eker[)

tyg —to, t1 —tg € ker D

(2) If sker D Nker D, then writing s = so + s1 + s2 + s3 € where s; € ker(F — (—i)I), and

s =Y y0y0u, where op € I'(Sy), we will have that each s; and oy lies in ker D N ker D as
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well, and

ker DNker D = {s €kerD | Fs € ker D}
= {sekerD|FseckerD}
= {seT(S)|FiseckerDND,Yj=0,1,2,3}
- {geF(S)]sjerrDﬂker[?,Vj:(),l,Q,?)}

= {s€T(S)|s;€kerDNker D,V € Ny}

Proof: (1) The first statement follows the commutation relations (5.100)-(5.101) and the fact that
F is an isometry on I'(Q), Ds = 0 implies 0 = F0 = FDs = —DFs, and similarly Ds = 0 implies

0 = F0 = FDs = DFs. Now, by definition of s; being an element in ker(F — (—i)’T), we have

S:f08:80+81+82+83
Fs=s8y9—151 — S2+1is3

2
Fs =59 — 81+ S92 — s3

F3s =350 +is1 — 9 — iss

so if s € ker D, then Ds = 0, and applying the intertwining relations (5.100)-(5.101) and F7,

j=1,2,3, to this equality and using the fact that F is an isometry, we get

D(sp+s1+s2+s3)=Ds=0
D(sg—is) — sy +is3) = DFs=—FDs=0
D(sg — 81+ 83 — 83) = DF?s = —F?Ds =0
D(sg+isy — sy —is3) = DF3s = F?Ds =0
so from the first and third identities we have —D(sg + s2) = D(s1 + s3) = D(s¢ + s2), which must

therefore equal 0,

D(sp+ s2) = D(s1+s3) =0
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and similarly from the second and fourth identities we have —D(so—s2) = iD(s1—s3) = D(s9—s2),

which must therefore equal 0,

D(SO — 52) = D(Sl — 83) =0

Reversing the roles of D and D gives the other set of identities.

(2) Since Do = Do = 0 = F0 = FDo = —DFo, and similarly Do = 0 = —DFo, the
result follows. Now use Lemma 14. First, note that if we write s = sy + s1 + s + s3 where
s; € ker(F — (—i)?), then s € ker D Nker D implies each sj € ker DN ker D by applying F7 to both

sides of Ds = Ds = 0. For, from DFis =0 for j =0,1,2,3 we get

D(sp + 82) = —D(Sl + 83)
D(SO — 82) = iD(Sl — 83)
D(so + s2) = D(s1 + s2)

D(sg — s2) = —iD(s1 — s3)

We conclude that —D(s; + s3) = D(sp + s2) = D(s1 + s3) = 0 and —iD(s1 — s3) = D(sg — s2) =
iD(s1 — s3) = 0, which gives —Dsy = Dsy = Dsy = 0 and —Ds; = Ds3 = —Ds3 = 0. Thus
Ds; =0 for all j =0,1,2,3. We similarly we get Dsj = 0 for all j. Since sg + so consists of the
even sections oy € I'(Sy), ¢ = 2k (because Foy = (—i)‘oy), and s1 + s3 consists of the odds, we see
that Doy = Dag = 0 for all £ € Ny, because 2D = Z+ Z* and 2iD = Z — Z* switch the parity, with
Z moving degrees down by one and Z* moving degrees up by one, by (5.50)-(5.54). The converse of
these statements is clear, since s; € ker D Nker D for each j implies s € ker D Nker D, and similarly

with the oy. [ ]
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5.5 Essential Self-Adjointness of the Symplectic Dirac Operators

Let us now consider again our sympectic Dirac operators D and D. Throughout this section
we assume that the symplectic connection V on M is torsion-free and that VJ = 0, so that
Theorem 4.5.3, Habermann and Habermann [54] applies to give us that D and D are symmetric
on H = L*(Q). We begin by showing that D and D both have equal deficiency indices (so that
Theorem 32 above applies to give the existence of self-adjoint extensions of D and ﬁ) Following
this and a detailed description of the relations between the deficiency subspaces ker(D* 4+ il) and
ker(f)* +4I), we show that each deficiency subspace is in fact trivial, so there is a unique self-adjoint

extension to each of D and D.

Theorem 51 The deficiency indices of D and D are the same, so D and D have self-adjoint
extensions. Moreover, if n(D) are the deficience indices of D and ni (D) those of D, we have

ny (D) =n_(D) =ny (D) =n_(D) (5.128)
Proof: We begin by showing that

im(D + i) = im(D — il) = im(D — iI) = im(D + il)

for D +iI, D + il on their common domain I'.(S). Indeed, from (5.100)-(5.101) we know that
FD = DF and FD = —DF, and moreover F is a unitary (and so an isometric) operator on I'.(S)
and L?(Q), since it is defined fiberwise and it is so on the fibers, S(R") or L?(R"™). Therefore, all
powers of F are also unitary, and since by Proposition 7.2.3 in Habermann and Habermann [54] F

l

preserves the subbundles Q and satisfies Fsy = i sy on these subbundles, we also have F* = I.

Therefore, for all s € I'.(S),

F(D+il)s= (D —il)(—Fs)
F(D —il)s = (D —il)Fs
F(D —il)s = (D +il)(—Fs)

F(D +il)s = (D +il)Fs
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which shows the first claim (in particular F2(D + il)s = (D — iI)(—F?s) and F?(D + il)s =
(D + iI)(—F?s) give the explicit isomorphisms —F2 : im(D + iI) — im(D — iI) and —F? :
im(D + iI) — im(D — iI)).

Next, to show that

im(D +iI)* =2 im(D —iI)* =2 im(D —iI)* =2 im(D +4il)*

we use the fact that F, and therefore every power of F, is an isometry, i.e. preserves the inner
product on L?(Q). For suppose that s € im(D + il)*. Then ((D + il)7,s) = 0 for all 7 € T'.(S),

and applying F to the inner product gives

0=((D+i)r,s)=(F(D+i)1,Fs)=—((D —iI)(Fr),Fs)

so Fs € im(D — iI)*. Since F is invertible, we see that this defines an isomorphism between

im(D + iI)* and im(D — iI)*. The other isomorphisms follow similarly. |

We now begin to investigate in detail the isomorphisms given above. We will see (Lemma 18

and Proposition 74) that, given any t € ker(D* — i), if we write t = to + t1 + t2 + t3, where each

tj € ker(F — (—14)7) is in one of the four eigenspaces of the Fourier transform, then we will have

to + to, t1 +t3 € D(D¥)

to —to, t| —t3 € D(D*)
and

t=Ft= (to — tg) - i(tl - tg) S ker(f)* + ZI)
t" = F2t = (tg + to) — (t1 + t3) € ker(D* 4 il)

t" = F3t = (tg — ta) +i(t, — t3) € ker(D — i)
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with

D*(to + to) = i(t1 + t3)
D*(h + tg) = i(to + tg)

D*(ty — ta) = —(t1 — t3)

D*(ty —t3) =to — t2
and therefore

(to+t2) — (t1 + t3) € ker(D* 4 4)

(to — tQ) + i(tl + t3) S ker(D* - i[)

(to — tg) — i(tl + t3) S ker(b* + ZI)
This will completely characterize the relations between the pieces of the domains
D(D*) =D(D) &7 ker(D* —il) @ ker(D* + i)

and

D(D*) = D(D) @1 ker(D* — il) ® ker(D* + i)
in terms of eigensections of the Fourier transform. Since the Hermite functions are eigenfunctions
of both the Fourier transform and the harmonic oscillator, these relations can be more succintly
stated as follows: Writing ¢ = ), 7¢, where 7 € I'(Sy), we will have

to+t2 = ZTz

=2k

titts= > 7

{=2k+1

From the above considerations, we see that, starting with ¢ € ker(D* — iI), the operator D* takes
the even-dimensional pieces 74 of t to the odds and vice-versa (times i, of course), and similarly
with D* except for the fact that we use tg — to and ¢; — t3 instead of tg + t9 and ¢; + t3. The

starting position of ker(D* — il) was arbitrary. We could have started with ¢ € ker(D* +iI) or
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te ker(ﬁ* +iI) and gotten similar results. Indeed, by relabeling the ¢; this becomes patently clear:
if to 4 t1 + to + t3 € ker(D* — iI), then for example (to — t2) +i(t; — t3) € ker(D* — iI), so writing
8o = tg, S1 = it1, S = —t9 and s3 = —it3 we have s = sg + 81 + s9 + 83 € ker(ﬁ* —4I), and the
other elements of ker(D* + iI) and ker(D* + iI) are completely determined by s. Thus, it suffices

to consider ¢ € ker(D* —ilI).

Following this description of D(D*) and D(D*), we will show that the description of ¢ € D(D*)
in terms of eigensections 7, € I'(Qy) will in fact reveal that ¢ = 0, thus showing that D* and D*

are essentially self-adjoint.

For the remainder of this section we declare the domains of D and D to be the compactly
supported Schwartz spinors,

D(D) = D(D) = I'«(S) (5.129)

We do not assume at first that D and D are closed, but only symmetric on I'.(S). Our ultimate goal
in this section is to demonstrate essential self adjointness, by use of (2) of Corollary 17, showing
that ker(D* £ iI) = ker(D* +4I) = {0} (which will require, of course, that D and D be closed,
but we will make this necessary adjustment when it is needed). We begin with some preliminary

observations.

Lemma 15 The relations (5.100)-(5.101), which give FD = DF and FD = —DF on I'.(S),

extend to D* and D*,

FD* = D*F (5.130)

FD* = —D*F (5.131)

on the domains D(D*) and D(D*), which consequently shows that these domains are isometric (via
F),

D(D*) = D(D*) (5.132)
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More precisely
F(D(D%)) =D(Dr) (5.133)
F(D(D")) =D(D) (5.134)

Proof: We will prove this directly from the definitions of D(D*) and D(D*). Recall,
D(D*) = {t € L*(Q) | Vs € D(D), 3r € L*(Q) such that (s,7) = (Ds,t)}

and in this case we write D*t = 7. Suppose that t € D(D*). To show that Ft € D(D*) we need to
show that for all ¢ € D(D) there exists 7 € L?(Q) such that (o,7) = (Do, Ft). We will need the

following facts:

(1) D(D) = D(D) = T(S), by definiton of D and D.

(2) FD = DF and FD = —DF on D(D), which are the known relations (5.100)-(5.101). We

can of course rewrite these as F~'D = DF ! and F~'D = —DF~L.
(3) F(T'e(S)) =T'¢(S), which is a consequence of the invertibility of F on S(R™).

(4) F is a unitary transformation of L?(Q), because it is so fiberwise on L?(R").

Now, if t € D(D*), then for all s € D(D) there exists r = D*t € L?(Q) such that (s, D*t) = (s,7) =
(Ds,t). By fact (3), there is a unique o = Fs € D(D), so that we can write (F 1o, D*t) = (s, D*t).

Combining these and using again the unitarity of F, fact (4), we have
(o, FD*t) = (Flo,D*t) = (s, D*t) = (Ds, 1) (5.135)
Using facts (2) and (4) again, we then get
(Ds,t) = (DF to,t) = (= F Do, t) (5.136)
Now, by unitarity again, we have that t = F~1¢' for a unique ¢’ := Ft € L*(Q), so

(F'Do,t) = (F 'Do, F~'t') = (Do, t') = (Do, Ft) (5.137)
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where the second equality follows from the fact that F~! is unitary. Putting together equations
(5.135)-(5.137) we see that for all o € D(D) there exists a 7 € L*(Q), namely 7 = —FD*t, such
that

(0,7) = (0, —~FD*t) = (Do, t') = (Do, Ft) (5.138)

This shows that F(D(D*)) C D(D*). Since F is an isometry, we conclude that this is in fact an
equality,

F(D(D*)) = D(D)

(Though this fact also follows from the following inclusion, F(D(D*)) C D(D*), noting that F>
is the parity operator, which is an isometry of L?(Q). It can also be proved by the analogous

inclusions with F replaced by F~!-—the proofs are entirely analogous.)

Next, we show the equality

by exactly the same means. If ¢t € D(D*), then for all s = F~'o € D(D) there exists a 7 = D*t €
L?(Q) such that (s, D*t) = (s,7) = (Ds, t). Proceeding as above, we get that for all ¢ = Fs € D(D)
there exists a 7/ := FD*t € L*(Q) such that
(0,7") = (0, FD*t) = (F'o, D*t) = (s, D*t) = (Ds, 1)
(DF o, F ') = (F 'Do,F't') = (Do,t') = (Do, Ft)
where t' := Ft.

As a byproduct of the above proofs, we also see that if ¢ € D(D*), then —FD*t = D*Ft,

while if t € D(D*), then FD*t = D*Ft, thus establishing the relations (5.130) and (5.131). [
Remark 64 Since F is a unitary operator on L?(Q), we have immediately that the relations
(5.130)-(5.131) can be restaed as

D*Ft=F D" (5.139)

D*Fl=_F1D* (5.140)
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and consequently we also have
FHD(D*) = D(D) (5.141)

FYD(D*) = D(D¥) (5.142)

We remark that these statements could, of course, be proved directly using the same sort of argu-

ments as in the proof of Lemma 15. |

We restate here Lemma 14 for the convenience of the reader, because we will make heavy use

of its results in the following pages.

Lemma 16 The four eigenspaces of the Fourier transform F on L*(Q) defined in (5.44) above

give an orthogonal decomposition of L*(Q),

L*(Q) = éker(}"— (=) 1) (5.143)
=0
and the jth orthogonal projection onto ker(F — (—i)’I) is given by
IR
Pj=7 kzo(z F) (5.144)

Lemma 17 Ift € D(D*) and tj € E; := ker(F — (—i)7I), as in the last lemma, then to+ t2, t; +
t3 € D(D*) and to — ta, t, — t3 € D(D*). Similarly, if t = to + t1 + ta + t3 € D(D*), then

to + to, t1 +t3 € D(D*) and ty — ta, t) — t3 € D(D*).
Proof: (1) First, let us show that if s = so+ s1 + s2 + s3 € D(D), where s; € ker(F — (—i)7), then

(Z5)j = Z(5(j+1)mod 4) (5.145)

(Z7s)j = Z"(S(j—1) mod 4) (5.146)



That is,
Zso € By := ker(F — (=1)°I), Z*s0 € By = ker(F — (—i)'1),
Zs) € Ey :=ker(F — (—=i)°I), Z*s1 € By = ker(F — (—i)°I),
Zsy € By = ker(F — (—i)'I), Z*sy € B3 = ker(F — (—i)°1),
Zs3 € By := ker(F — (—i)*1), Z*s3 € Ey := ker(F — (—i)°I)

But these follow directly from the relations (5.104) and (5.105): FZ = iZF and FZ*
for
FZsj=iZFs;=i(—i)/Zsj = —(—i)! T Zsj = (—i) T3 Zs; = (i)' Zs;
and
FZ*sj = —iZ*Fsj = —i(—i)! Z*sj = (—i)T1 Z*s;
Modulo 4, these are precisely the statements (5.145) and (5.146) above.

NZ+27*) and D = L(Z — Z*), we have

(2) Consequently, since D =
Dsg, DSO c b Es
Dsq, [)sl € Ey® Ey
Dso, DSQ € FhW @ Ej

Dss, Dss € Eg® Es
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—iZ*F,

(5.147)
(5.148)
(5.149)

(5.150)
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More explicitly, writing Ds = (Ds)o + (Ds)1 + (Ds)2 + (Ds)s and using the above properties of Z
and Z*, we have
(DS)O—l-(DS)l -+ (DS)2 + (Ds)3

= Ds

= D(sp+ s1 + s2 + s3)

= Dsg+ Ds1 + Dss + Dss

= §(Z$0 + Z 80) + 5(281 + Z 81) + §(Z82 + Z 82) + 5(283 + Z 83)

= 5(281 + 7 83) + 5(282 + 7 So) + 5(283 + 7 81) + 5(280 + 7 82)

which shows that

1 . 1 7~
(_DS)O = 5(281 + A 83) = §D(Sl + 83) + §D(51 — 83)
1 1 i =
(Ds); = §(Z82 + Z%sg) = §D(So + s9) — iD(SO — 59)
1 N 1 i~
(Ds)2 = 5(Zss + Z7s1) = 5 D(s1+ s3) — 5 D(s1 — 3)
1 . 1 7~
(Ds)s = 5(Zso + Z7s2) = 5 D(s0 + 52) + 5 D(s0 — s2)
This in turn gives us the more useful relations
(Ds)o + (Ds)2 = Ds1 + Ds3 (5.151)
(Ds)1 =+ (DS)3 = DSO + Dsy (5152)

Similarly,
(Ds)o+(Ds)1 + (Ds)z + (Ds)3

Ds

= D(So + 51+ s2 + s3)
= Dso + D81 + 1332 + 1333

1 1 1 1
=—(Zsg— Z* —(Zs1 — Z* —(Zsy — Z* —(Zs3 — Z*
2@,( S0 80) + 2’i( S1 51) + Qi( S92 52) + 21,( S3 83)

1 1 1 1
= Q—i(Zsl — Z*Sg) + Z(ZS2 — Z*So) + Z(Z&g — Z*Sl) + ?i(ZSO - Z*SQ)
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which shows that

~ 1 1 1~
(DS)O = 5(281 — Z*Sg) = —§D(81 — 83) -+ §D(81 + 83)
) 1 . i 1-
(Ds)1 = §(Z82 — 7 80) = §D(SO — 82) + §D(80 =+ 82>
- 1 L 1 -
(DS)Q = 5(283 —7Z 81) = §D(81 — 83) + §D(81 + 83)
- 1 . i 1 -
(Ds)3 = 5(250 -7 52) = —§D(50 — 82) + §D(SO + 82)
and from these we get
(Ds)o + (Ds)y = Ds1 + Ds3 (5.153)
(Ds)1 + (Ds)3 = Dsg + Dsy (5.154)

(3) We now want to use the above equations (5.147)-(5.150) to show that if t = to+t1+ta+t3 €
D(D*), then to + to, t1 +t3 € D(D*) and tg — ta, t; — t3 € D(D*). Now, if t € D(D*), then there
is a 7 =: D*t € L*(Q) such that for all s = sg + s1 + s2 + s3 we have (Dsj,t) = (sj,7) = (s;,7;),

j €40,1,2,3}. On the other hand, from (5.147)-(5.150) we know that

(DSO, t) = (DSo, t1 + tg)
(DSl, t) = (DS(), to + tQ)
(Dsa,t) = (Dso,t1 + t3)

(DSg,t) = (DSOa to + t?)
so for all s € D(D) we get

(Ds,t1 +t3) = (Dso,t1+t3) + (Dsa,t1 + t3)
= (Dso,t) + (Dso,t)
= (s0,70) + (s2,72)
= (s,70)+ (s,72)

(s,70 + 72)
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and

(Ds,tg+ta) = (Dsy,to+t2) + (Dss,to + t2)
= (Dsi,t)+ (Dss,t)
= (s1,71) + (s3,73)
= (s,71)+(s,73)

= (s,71+73)

Thus, tg + t2 and t; + t3 lie in D(D*), and D*(tl + tg) = (D*t)o + (D*t)g and D*(to + tg) =
(D*t)1+(D*t)3. From the relation FD* = D*F, we have that t € D(D*) iff Ft € D(D*). Therefore

since tg + to, t1 +t3 € D(D*) we must have tg — to = ]:(to + tg), t1 —t3 = i]:(tl + tg) € D(D*)

(4) Similarly, if t = to+t1 +to+t3 € D(D*), then to+to, t; +t3 € D(D*) and tg—to, t; —t3 €

D(D*), for, since (Ds,t) = (s,7) for all s € D(D), we have

(Dsg,t) = (Dsg, t1 + t3)
(Dsy,t) = (Dsg, to + t2)
(Dsy,t) = (Dsg, t1 + t3)
(Dss,t) = (Dsg, to + t2)

so for all s € D(D) we get

(Ds,t; +1t3) = (Dsg,t1 +t3) + (Dsa, t1 + t3)
= (Dso,t) + ([)32,t)
= (80,70) + (52, 72)
= (s,70)+ (s,72)

= (8,70 + T2)
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and
(Ds,to+t2) = (Ds1,to+t2) + (Dss, to + ta)
= (1381, t) + ([?33, t)
= (s1,71) + (53,73)
= (s,71)+ (s,73)
= (s,71+73)
This completes the proof. |

Lemma 18 Lett = to+t1 +t2 +t3 € D(D*), where t; € E; := ker(F — (—i)/I). By the previous

lemma we know that ty + to, t1 + t3 € D(D*) and tg — ta, t1 — ts € D(D*), and we claim that if

t € ker(D* —il), then

D*(to +ta) = i(t1 + t3) (5.155)
D*(ty +t3) = i(to + t2) (5.156)
D*(to — t2) = —(t1 — t3) (5.157)
D*(t] —t3) = tog — to (5.158)

Proof: The first two equalities follow directly from part (3) of the proof of the previous lemma,
which shows that D*(t1 + t3) = (D*t)o + (D*t)2 and D*(tg + to) = (D*t); + (D*t)3, combined
with the fact that D*t = t. To see (5.157), note that by Lemma 15 we have FD* = DF and
FD = —DF, and consequently F(D(D*)) = D(D*) and F(D(D*)) = D(D*). Combined with
equations (5.155) and (5.156) we have

D*(to—t2) = D*F(to+t2)
= —FD*(tg+t2)
= —iF(l +13)
= —i(—ity + it3)

= —(t1 —t3)



Similarly, (5.158) follows from

= in(tl—i-tg)
— _iFD*(t1 +t3)

= (=1)iF(to +t2)

= ty—to

which completes the proof.

D*(t; —t3) = iD*(—ity + it3)
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Remark 65 We may now consider the closures D and D of D and D, respectively. Since D C

D C D* and D - 5 C D*, the relations

and consequently

(5.159)

(5.160)

(5.161)

(5.162)

hold by our previous considerations. Hence, in what follows we may assume that D and D are

closed symmetric operators. This will be needed in order to use the decompositions of D(D*) and

D(D*) provided by Proposition 66,

D(D*) = D(D) & p ker(D* — il) &p ker(D* + il)

D(D*) = D(D) @ p ker(D* — il) @ ker(D* + i)

We note, therefore, that if t € D(D*), then by Lemma 17 we have that to + t2, t1 +t3 € D(D*) and

to — tg, t1 — t3 € D(D*), so

to+ta=a+b+ce DD

ti+ts=d+e-+ feDD)

(5.163)

(5.164)
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for some a,d € D(D), b,e € ker(D* —il) and ¢, f € ker(D* 4 iI), and similarly

to—to=a+ 0+ (5165)
tl—t3:5+€+77 (5.166)
for some a, 8 € D(D), 3, € € ker(D* —4I) and v,n € ker(D* 4 il). [

When additionally, ¢ € ker(D* —iI), we have:

Proposition 74 If t € ker(D* —il), then in the decompositions (5.163)-(5.166) above we have
a=0,b=c¢eand ¢c = —f, and analogously o = 0, § = —Da, € = —if8 and n = iy, so that
to+ta=b+c, t1+t3s=b—c, andtg —to = B+, t1 —t3 = —if + iy. Moreover, b = %t €
ker(D* —il), ¢ = L(tg+1t2— (t1 +13)) € ker(D* +iI), and B = L(tg—t2 +i(t1 —t3)) € ker(D* —il),

v =1(to —t2 —i(t1 — t3)) € ker(D* +iI):

1 1

to+to=b+c= §(t0+t2+t1+t3) +§(t0 +t2—(t1 —l—tg)) (5.167)
1 1

ti1+i3=b—c= §(t0+t2+t1+t3) — §(t0—|—t2—(t1—|—t3)) (5.168)
1 . 1 .

to—ta=0+v= §(t0 — 19+ ’L(tl — tg)) + §<t0 — 1o — ’L(tl — tg)) (5169)

t) —t3 = —if +iy = —i(to —to+i(t — t3)) + 5(750 —ty —i(t1 — t3)) (5.170)

Proof: Assume the decompositions (5.163)-(5.166) above. By Lemma 18 we know that

i(d+e+ f)=i(t1 +t3) = D*(to + t2) = D*(a+ b+ ¢) = Da+ib —ic

so that by uniqueness d = —iDa, e = b and f = —c, that is

to+to=a+b+c

ti1+t3=—iDa+b—c
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Now, we know that D*t = it. If we write t = to + to — (t; + t3), then we also have, by the previous
lemma,
D*t = D*(to+t2) — D*(t1 + t3)
= i(t1 +t3) —i(to +t2)
= —i(to+t2— (t1 +13))
= —it
Now, writing tg +t2 = a+b+ cand t; +t3 = —iDa + b — ¢, we can see that
(ta + Da) + 2ib = it
=Dt
= D*(to + t2) + D*(t1 + t3)
=D"(a+b+c)+ D*(—iDa+b—c)

= (Da — iD?a) + 2ib
and

(—ia 4+ Da) — 2ic = —it

= D*t

= D*(to + t2) — D*(t1 + t3)

=D*(a+b+c)—D*(—iDa+b—c)

= (Da +iD%a) — 2ic
so that ia + Da = Da — iD?a and —ia + Da = Da + iD?a, which show that a = —D?a. But
since t € ker(D* —4I) and t € ker(D* + il), we must have ia + Da = 0 = —ia + Da, so that
ia = —Da = —ta, or a = 0. We thus have

to+to=b+c

th+tg=b—c
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for unique b € ker(D* —iI) and ¢ € ker(D*+iI). But we have ¢ € ker(D*—il) and t € ker(D*+il),

and

~

+
Sl
Il

N = N~

((t0+t2+t1+t3)+(to+t2—(tl—l-tg)) =19+ ts

N~ N~
~

|

Sl

I
N = N =

<<t0+t2+t1+t3)—(to+t2—(t1+t3)) =t + 13

so we see that in fact b = %t and ¢ = %f.

Now consider tg —to = a+ [+ and t; —t3 = d + €+ 1, and note that by Lemma 17 we have
a4 B+~ =ty—ty=D*(t; —t3) = D*(6 + € + 1) = D + ie — in
and similarly
S+ed+n=t, —ty=—D*(tg —tz) = —D*(a+ B +~) = —Da — i3 + iry
which shows that § = —Da, € = —if8 and 1 = i7, and also that D?a = —D§ = —a. Consequently,

to—tQZOé-i-ﬁ"i"Y

t, —ty3 = —Da — if8 + iy
Now, on the one hand
Flao+B+7)=Fto—ty) =to+to=F (to—t2) =F (a+B+7)

and on the other, since tg +ts = b+ c and F and F~! provide isomorphisms between ker(D* 4 4I)
and ker(D +4I) (by Theorem 51, or alternatively via Lemma 15), we see that Fo = F'a = a = 0,

and therefore &« = 0. Thus,

to—t2:,8+’7

t1 —t3 = —iB + iy
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Finally, note that if we take 8 = £ (tg — to + i(t; — t3)), then B € ker(D* — 4I), for by Lemma 18

D3 = %D*(to —ty +i(ty — t3))
= S((—t5) +ilto +12))
_ %(to —tg +i(ty — t3))
— B

Similarly, if we take = 3 (to — t2 — i(t1 — t3)), then v € ker(D* +4I), for by Lemma 18

I * 1~ * .
D D §D (to — 19 — Z(tl - tg))
1 )
= 5(—(151 — t3) — Z(t[) — tQ))
1 .
= —§(t0 —tQ—’L(tl —tg))
It is clear, too, that 8 + v =tg — t2 and 8 — v = t; — t3. This completes the proof. |
5.5.0.1 Uniqueness of the Self-Adjoint Extensions of D and D: Essential Self-

Adjointness

Consider now the operators D, D, Z and Z* acting on L?(Q) weakly, that is by their adjoints.
For example we say that Zs := 7 weakly if for all o € I'c(S) we have (7,0) = (s, Zo). Note that
if we write Z’ for the adjoint of Z and Z* for the adjoint of Z*, then the fact that D and D are
symmetric shows that
D(Z)CD(Z¥) and D(Z*)CD(Z)
since for all 0,7 € T'.(S) we have

(Zo,7) = (Do, 7) +i(Do,7) = (0,D7) — (0,iD7) = (0, Z*T)

Of course we know that

D(D) N D(D*) = D(D* + D) € D((D+ D)) = D(2') = D(2")
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so for any t € D(D*) we know that Z't and Z*'t are defined. Moreover, once we show that
Z : L*(Qq) — L*(Qu_1) and Z* : L*(Qy) — L?(Qqy1) in the weak sense (applied to elements in
the domains of Z’ and Z*'), if we write t = > ;o 7¢ for t € ker(D* — iI) C D(Z') = D(Z*'), where
10 € L?(Qy), then Z7, € L?(Q_1) and Z*1y € L?(Qy1) in the weak sense.

We will show in the next lemma that it is possible to extend some of the relations between D,
D, Z, Z*, and other operators, particularly H and P, to relations between their weak extensions
to L?(Q). There is reason to believe that such an extension is possible-we have already seen an
example (Lemma 15) in which we extended the relations D = —DJF and FD = DF to D* and
D*. The particular relations we are interested in extending are (5.50)-(5.51) and those of Theorem
47, Corollary 22, and Theorem 48. It will follow from this that ker Z’ = ker Z*' C ker P, and that

therefore, since P is elliptic, these kernels consist of smooth sections.

Lemma 19 The adjoint operators Z' and Z*' also satisfy
H,Z') = Z' (5.171)
(H, 2" = -2" (5.172)
which means that Z' and Z*' move eigenbundles in the same way as Z and Z*,

Z: LX(Qe) = L*(Qe-1) (5.173)

Z*" L*(Qe) = L*(Qu41) (5.174)

in the weak sense. Moreover, if t = Z's = Z*t € im Z' Nim Z*' in the weak sense, then there are
unique symplectic spinor fields s', 7 € L*(Q) such that D*s' = D*7' = ¢ € im D Nim D weakly,

and the pair (s,7) is related to the pair (s',7') by an invertible matrix

That is, s' = s — 7, 7' = —is —ir, and s = 1s' + 47/, 7 = =15/ + L7/, As a result, we will have

im D* Nim D* = {0} (5.175)
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Proof: (1) Forallo € I'.(S) and all t € D(Z’) such that Z't € D(H) we have by the self-adjointness
of H

(0, HZ't) = (Ho,Z't) = (ZHo,t) = (HZ + Z)o,t) = (0, Z'Ht) + (0, 2't)

which shows that [H, Z'| = Z'. [H,Z*| = —Z* follows similarly.
(2) Let t = Zs = Z*7 weakly and define s’,7" € L?(Q) by s’ = s — 7, 7/ = —is — ir. Then,
for all 0 € I'.(S) we have
(t,o)=(s,Z%0) = (1,Z0)

which means (s, Do) + i(s, Do) = (1, Do) — i(r, Do), or

(s',Do) = (s — 7,Do) = (—is —i7), Do)

for all o € I'.(S), proving that ¢’ := Ds' = D7’ weakly. Conversely, if ¢’ := Ds' = D7’ weakly, then

letting s = 35’ + 7/ and 7 = —3s' + L7/, we have for all & € I'.(S) that
* 1 / * Z / *
(SaZU) = §(S,ZO)+§(T,ZO')
— (s, Do)+ L(8, Do) + L(+', Do) — 2(+, Do)
= (¢, Do)+ (s, Do) + 5 (7', Do) — (', Do
= Y Do)+ Lo Do)+ L+, Do) — L(s', Do)
= 5T, Do)+ 5(s', Do) + 5 (', Do) = 5 (s', Do
1 ~ ) ~
= —5(s.(D=iD)o) + %(7”, (D —iD)o)
1(S/Z* )+l(/Z*)
= —= o)+ —(r o
2 2%’
= (r,.7%
(1, 2%0)

so that t := Zs = Z*71 weakly.

(3) Now, looking at the proofs of Corollary 22 and Theorem 48, which establish the identities
' =Ds' = D' = 1(Zr — Z*s) and im D Nim D = {0} (along with some others, which need not
concern us here), we see that these follow strictly from the values of D, D, Z and Z* along with
the relation of the previous Theorem 47, whose results we have extended to L?(Q) in (1) and (2)
above. Therefore, the same proofs of ¢/ = Ds' = D1’ = }(Z7—Z*s) and im DNim D = {0} extend

in a purely formal way to the extended operators D, D, Z and Z* on L*(Q). [
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Consider the adjoints of D, D, Z, Z*, and P. Since P = i[f),D], we have the following

relations among the domains of their adjoints:

D(D*)ND(D*) < D(D*D*)ND(D*D*)
= D(D*D* — D*D*)
C D((DD - DD)Y)

= D(P")
By the previous lemma we conclude that:

Corollary 23 ker Z' = ker Z*' C ker P*, so since P is elliptic, elliptic reqularity guarantees that
weak solutions of Zs =0 and Z*s = 0 are in fact smooth. When (M,w) is compact, these solutions

are also compactly supported, and therefore lie in the domains of D, D, Z and Z*.

Proof: Let s be a weak solution of Zs = 0, i.e. 0 = (0,0) = (s,Z0) for all o € T'.(S). Then
0= (s,D0c) + (s,iD0), or (s, Do) = (s, —iDao), for all o € I'.(S), which means Ds = D(is) weakly.
By the previous lemma, this must equal 0, so s € ker D* N ker D*. Since D([)*D* — D*[)*) C
D((DD — DD)*) = D(P*) and

iD*D*s —iD*D*s = 0

we conclude that P*s = 0. [ |

Theorem 52 Let (M,w) be a compact symplectic manifold. Then the symplectic Dirac operators

D and D are essentially self-adjoint on L*(Q).

Proof: We will use Corollary 17, and demonstrate that ker(D* + iI) = ker(D* & iI) = {0}. By
Theorem 51 and Proposition 74 it is enough to prove that ker(D* —il) = {0}. We will use analogs

of the results of Lemma 17, particularly (5.145)-(5.154) in that Lemma’s proof.

Let t € ker(D* —4I) and note first that if we write t = 3, 7¢, where each 7, € L?(Qy), then

in fact each 74 lies in L%(Sy), since Sy is a finite-dimensional vector bundle of dimension ("Jrffl),

spanned by (’Hﬁ*l) basis Schwartz spinors (the Hermite-valued spinors). As we saw in the previous
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lemma, the operators Z and Z* move eigensections of the harmonic oscillator H down and up by

one, respectively,

7 : L*(Qp) — L*(Qu_1), 7 L*(Qe) — L*(Qe41)

Consequently, each 74 is moved by Z and Z* accordingly,? so we have

. 1

1T = (D*Tl)o = §ZT1
1T = (D To)1+(D 7'2)1 = §Z 7’0+§ZT2
itg = (D*71)o+ (D*13)2 = §Z 7'1+§Z7'3
it3 = (D*'m)s+(D*14)3 = 32 et 5Zn

Now, by Lemma 19 we have Z71y = 0 weakly, because Z lowers indices. By Corollary 23 we conclude
that 79 € I'(Sp), i.e. is a smooth section, and moreover 7y € ker Z = ker Z* = ker D N ker D. Since
ity = %Z’ﬁ, applying D and D to both sides we get DZ1 = DZ7 = D1y = D1y =0 weakly. We
conclude that D?m = D(—iDTl) and [)2(—’571) = DD7y weakly, which therefore equals 0 by the
Lemma 19. But then

(D? + D*)7y = Pry = iDD7| —iDD7 =0

as well, and we consequently have 71 € ker P, so 71 is smooth, and 7 € ker D? N ker D2, so by
Theorem 49,

71 € ker D% Nker D? = ker D Nker D = ker Z = ker Z*

We finally see, therefore, that

i
T = —§Z7'1 =0

Now, we also have im = %ZTQ, so applying D and D toin = %ZTQ gives 0 = 1D = %DZTQ =

iDm = %DZTQ, which shows that D% = D(—iDTQ) and D2<—’iT2) = DDy, and this equals 0 by

? We remark that this also follows from local coordinate considerations (5.35)-(5.38), taking into account that V
preserves each I'(Q¢) and that symplectic Clifford multiplication by e; and f; are known to move Hermite-valued
spinors hq as €« ha = —jiha_q(j) — %ha+€(j) and fj +ha = —ajtha_c(j) + %hm_g(]-), where £(j) € Ny has a 1 in the
jth position and 0 elsewhere; see below.
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Lemma 19. Therefore, Pry = 0, so 7 is smooth, and 75 € ker D? N ker D2, so by Theorem 49 we
again have Z19 = 0, showing that im = %ZTQ =0.

This indicates an inductive argument: The base case was given above, showing that 7y = 0,
while the inductive step follows as in the case of 71: suppose that for some k£ > 0 we have 19 =
71 = -+» = 7 = 0, then we want to show that 7,1 = 0. Because all 7; = 0 for j = 0,...,k, the
expression 0 = i1 = %Z*Tk_l + %ZT]H_l shows that Z7;41 = 0 weakly. By Corollary 23 we have

that 741 is smooth, and hence also in the kernels of D and D, while the relation

. 1 1 1
iTh1 = §Z*Tk +52Tht2 = 52Thr2

shows that, by applying D and D to both sides, we have

1~ ~ 1
§DZT]§+2 == iDTk_;,.l =0= ’L'DT]C_;'_l == §DZT]§+2

weakly. But then we have D21y, o = DD(—iTk+2) and DD7yy0 = [?2(—1'7'k+2) weakly. By Lemma

19 these must equal 0, weakly, and therefore
PTyo = iDD7pyg — iDDTjp0 = 0
SO Tg+2 € ker P is smooth by Corollary 23, while 719 € ker D? N ker D? shows that
Trto € ker D N ker D = ker Z = ker Z*

We conclude that

1 .
0= 52Tk42 = iTk+1

which completes the inductive argument. We conclude that ¢ = 0, and therefore ker(D* £ i) =

ker(D* & iI) = {0}, so the operators D and D are essentially self-adjoint. [

5.6 Local Form of the Symplectic Dirac Operators

Recall that L?(R"™) decomposes into a countable direct sum D, W, of finite-dimensional

eigenspaces 20, of the Harmonic oscillator Hy, corresponding to the eigenvalues A = —(¢ + n/2)
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and associated Hermite eigenfunctions h,. Since the Schwartz space S(R™) is a dense subspace
of L?(R") it, too, decomposes as B2, Se. We now consider the symplectic connection V acting
on the smooth, compactly supported Schwartz space spinors, V : I'.(S) — I'.(T*M ® S). Locally,
V = d + w, where d is the exterior derivative and w = dm(a) € I'.(U, End(S)) is the connection 1-
form of V. In view of the fact that the Hermite basis for L?(R™) gives rise to a local orthonormal
frame (ha)aeny € T'(Pyp(n,r)) for the Schwartz spinors I'(S), which for convenience we enumerate

now as (hj);en, we observe that V acts on local sections s € I'(S) as
Vs = V(s'h)
= ds'®h; +s'Vh;
Ost

= aTjdl'j & hi + Siwéc X hk

where we used the Einstein summation convention, with j running from 1 to 2n and i,k run-
ning over Ny, and with wf € QY(M).t  That is, if we write w = (Wg)i,jeNg as an infinite ma-
0 1

trix (acting on S) and s = s'h; as a column vector (s°,st,...)T, and similarly with 9s/9z; =

(0s°)0xj,0s' /0zj,...)T, then the above expression can be written in matrix form as

Vs = ZZ da:]®h + s'wl @ hy,

j=14,k= 0
, dz? @ ho 0 % w8®h0 wé@hl 50
- Z 0 dzd @ hy - g:ij Tl h@hy wle@h - ol
2n
. . . Os
= Zdlag(dxj ® ho,dz? @ hy,...)=— + ws
= 8.%'j

2n
0s
= A—+B
Z ]6$J + S
j=1

where A; = diag(dz? @ ho,dz? @ hy,...), B=w € QY(U,S).

3 Our previous notation, in Section 5.2, for w was dm(c), where o := p*@ € Q'(U;mp(n,R)) is the pullback
of the mp(n,R)-valued 1-form @ := dp™"' o F*w € Q"' (Pup(n,r); mp(n,R)) via a local symplectic frame ¢ = (e, f) €
(U, Psp(n,r)), with w in this setting the connection 1-form associated to the symplectic connection V on M.

We recall, from Section 5.2, the expression of V in terms of a local symplectic frame ¢ = (e, f), namely
(Vxs)p = dsp(X) — % E;L 1(fi +Vgej —ej - Vg fj)«s. This expression is not the same as the one above, which is
with respect to a local section s € I‘(U S) expanded in the local S-frame (h;);en, -
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Remark 66 Using (5.24) we can give a more explicit description of B = w = dm(«), namely
w(X)s =dm(a(X))s = —a(X) s = —o(a(X))s, which is a linear combination of multiplication-
by-y; maps and partial derivative 0/0y; operators at any point x € M, with y; the standard

coordinates for R™. [ |

If we now add in the actions of the sharpening operators wf, g* : T(T*M) — T'(TM) and of
Clifford multiplication p : T'(TM ®S) — T'(S), then we get local expressions for the Dirac operators
D = powfoV and D := pogf oV, as maps from I'(S) to I'(S). For we recall the action of Clifford
multiplication is u(X ®s) := X +s:= o(X)(s), where 0 : TM C CI(T'M) — End(S) is the (induced)

quantization map (Section ??, equation (4.28)), and this shows that locally

Ds = powfoVs (5.176)

A 8a;j
= g;gyj-hi—ksiﬁf-hk
J

)

5 o)

= 0(Xyi)(hi)

where A’ = diag(o(X,s)(ho), 0(Xgi)(h1),...) and B’ = (J(ﬁf)(hk))i,keNo € T'(U,End(S)), with
BF = wh(wkF) € T(U, TM), and where X,; is the Hamiltonian vector field associated to 27, the dual

of the local basis vector x; (see the remark below). Similarly,
- y Os "
Ds=Y Al — +Bs (5.177)

as above, except 8 = gﬁ(wf). Thus, we have similar local expressions for D and D, as sums of the

form

2n
0s
Ls — ;Aj(x)axj + B(z)s (5.178)
where x € U C M and A;, B € F(U,End(S)), j=1,...,2n.

We can be yet more specific about these local operators:



312

Proposition 75 At a given point v € U C M the operators Al(z), Al(x), B'(z) and B"(z) in

(5.176) and (5.177), as endomorphisms of S(R™) = @2, Sy, are given explicitly by

Js )
"oz <n
Ali(x)s = J (5.179)
1X;8, j>n

s, j<n
Al(x)s = 5.180
f@s=1 (5.180)

—, J>n
8.%']' J

where the index j runs over the entire enumeration of the Hermite functions hj. In the case of

B’ and B”, we let the index ¢ run over the enumeration of the eigenspaces Sy, where we recall

dim &, = (’H'f_l) and are therefore spanned by (”+5_1) Hermite functions hq, with |of = £:
0 —-M; 0 0 0 ...\ (s
My 0 —M;{ 0 0 ...||s
B's=|0 M 0 M 0 ..|]|s (5.181)
0 0 M 0 M ..||ss
0 =Nt 0 0 0 ..\[so
No 0 —Nik 0 0 S1
B'z)s=0 N 0 -Nf 0 ..|]|s (5.182)
0 0 N 0 —Ni ...|]ss

Here,

My, Ny € L(6y,Spy1) = M(nﬁ»lfl)’(nJrE) (©)

14 2+1
and their elements, as we have seen, are of the form o(5{)(hya), which are linear combinations
of the n multiplication operators iz; and the n differential operators 0/0x; applied to the (n%*l)

Hermite functions hy spanning Sy. As a result of Theorems 36 and 37 and the remark following,
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we know that the operators ix; and 0/0x; are skew-symmetric on S(R™) and skew-adjoint on their

respective domains, specified there. Therefore, we conclude that

Al(z)* = —Al(x)

A (@) = A7)

B//(x)* — _B//(x)

on their respective domains.

Proof: Since for any f € C°°(M) we have df = w’(X;), where X is the Hamiltonian vector field
of f (i.e. df(Y) = w(X},Y) =w’(X;)(Y)), and since g(X,Y) = w(X, JY), and moreover in a local
symplectic frame (e, f) we have X; = —Jdf = g—gjaa—fj - 8%887]-7 we see that do! = w’(X,;), where

= :1:;‘ is the dual basis vector of one of e; or f;, so

0
ar ]S n
wHde!) = ! (X)) = Xy =1 P
—, ji>n
6ej
%7 J<n
g*(dad) = ¢’ (X)) = ¢* " (T X ) = T X5 = ae]
—, ) >n
of; !

and therefore, identifying 0/0x; with e; if j <n and with f; if j > n, we get that

Oh; .
o(w(da’))(hi) = T
z'a;jhi i>n
, ixjhi, j<n
(g ) ) = §
o 177
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Consequently, at a given x € U,

( ho Oh
—diag(ao, al,) :idiag(h07hl7"‘)7 Jsn
A;(.%'): 8:cj aazj a’E]’
diag(—i:njhg, —ixjhl,. . ) = ifL‘j diag(ho,hl, .. .), i>n
diag(il‘jho,ifL‘jh1, .. ) = i:Ej diag(hg,hl, A ), j >n
Aj(@) = Oho Oh )
diag( 5y os-.. | = 5 diag(ho,hy,...), j<
\ 1ag(8$j7 agjj? > 81'] lag( 0,101, )7 ]J>=n

That is, A% (z) and A”(z) are either multiplication-by-z; operators or a shift (involving partial differ-
entiation with respect to x; of the basis vectors h;, since Oh;/Oh; = hy, for some k) operators, i.e. dif-

ferentiation of s, since 9s/0z; = 350, (s'h;) [0z = > 52 §'0Oh; |0z = 8/0x; diag(ho, h1, ... )(s%, sty .. )Tt

Js .
, "oz, 1T
178, i>n
s, J<n
A;-’(x) =
0s

— | >n

where, of course, s = Y22 s'h;.

Let us now describe the operators B’(z) and B”(z). The observations (5.50)-(5.51) showed
us that the operators Z and Z* decrease and increase, respectively, the degree of the eigenbundles,
Z:T(Qr) = T'(Qe-1) and Z* : T(Qg) — I'(Qe41), which means D = 3(Z+Z*) and D= 5(Z—7%)
move eigensections sy € I'(Qy) to I'(Qe41) and I'(Qy—1). The remainder of the claims follow from

the skew-symmetry of iz; and 0/0x;, as above. |
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