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ABSTRACT

A quasi order generalizes the notion of an equivalence relation (by not
demanding that the relation be transitive) and a well quasi order generalizes the
notion of an equivalence relation of finite index. Given a quasi order < on a
finitely generated free monoid Z* and a set S C 2%, the closure of S under < is
defined by ¢l (5) = {wel*: s<w for some 525, A quasi order < on 2* is mono-
tone if and only if z<z' and y<y' implies that zy=<z y' for all z,z'y y'sL* The
Nerode characterization of the regular sets can be stated as follows: For any
S Cu* S isregular if and only if there exists a monotone equivalence relation =
of finite index on Z* and a (finite) set ' such that § = clE(S’)‘, We generalize
this characterization by showing that & is regular if and only if there exists a

monotone well quasi order < on £* and a (finite) set 5" such that § = cl(S").
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The importance of certain equivalence relations of finite index in Kleene's
theory of regular events ([Sha, Mc 56]) was first observed by J. Myhill ([My 57])
and A. Nerode ([Nr 58]).

Definition. A binary relation X on a finitely generated free monoid %* is
monatone if and only if zfz' and yRy' implies that zyRz'y'. A monotone

equivalence relation is called a congruence .

It is easily verified that if ¥ ¢ X* x * is reflexive, then / is monotone if and
only if for all z,y,zeX* , xRy implies that zzRyz and zxRzy.

Definition. An equivalence relation = on L* is a right (resp left) congruence
if and only if for all z,y,z %% if x =y then zz =yz (resp.zz =zy).

The following characterization of the regular sets over 5* in terms of
congr'uénces on L* of finite index is usually attributed to Nerode (see e.g. [Lal
79)).

Proposition 1. For any set S € ¥* 5 is regular if and only if S is a union of
equivalence classes under some congruence on L* of finite index,

As it turns out, it suffices to consider only left or right congruences,

Proposition 2 For any set § < L* S is regular if and only if S is a union of
equivalence classes under sorne right (left) congruence on L* of finite index.

Let us now consider a type of ordering more general than the equivalence

relations.

Definition. A quasi order is a reflexive and transitive relation.

Obviously, an equivalence relation is a special type of quasi order which is in
addition a symetric relation. Furthermore, an equivalence relation of finite
index is a special kind of quasi order contained in the class of well quast orders
(see [Hig 52], [Erd, Rad 52] and [Kru 72]). Higman ([Hig 52]) gives the following

definitions of a well quasi order and proves them equivalent.
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Definition. Given a set 7 and a quasi order < on 7T, then = is a well quasi
order on T if and only if any of the following hold
i) = is well founded on T and each set of pairwise incomparable elements in 7T is
finite,
ii) for each infinite sequence {z;] of elements in 7, there exist i <j such that
Ty=xy,
iii) each infinite sequence of elements in 7 contains an infinite ascending subse-
quence,
iv) T has the "finite basis property,” i.e., for each set S ¢ T there exists a finite
BsCS such that for every s &S there exists a b£Bs such that b<s, and
v) Every sequence of =-closed subsets of 7 which is stricly ascending under

inclusion is finite,

From these definitions, it is obvious that a symetric quasi order on a set T
is a well quasi order on T if and only if it is an equivalence relation of finite
index. It follows that the class of congruences of finite index is exactly the class
of symelric monotone well quasi orders. We now demonstrate how fhe Neroede
Theorem (Proposition 1) can be generalized to arbitrary monotone well quasi

orders.

Since an arbitrary monotone well quasi order on a set 7 does not induce a

partition of 7" into disjoint subsets, we make the following definition.

Definition. Given a quasi order = on a set 7, for any S C 7T,
cle(S) = {teT : s<t for some s&S]. A set S C 7T is =—closed if and only if

cl(S) = S.

It is obvious that for any equivalence relation = on 5*, a set § ¢ 0* jg =-
closed if and only if it is a union of equivalence classes under =. Hence the fol-

lowing is a straightforward generalization of the Nerode theorem.
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Theorem 1. For any S ¢ £*, S is regular if and only if S is <-closed under

some monotone well quasi order < on &%,

Froof. Since the "only if" part follows from Proposition 1, it suffices to show
that for any monotone well quasi order = on Z* each =-closed set S in Z* is regu-
lar. Let us assume to the contrary that we are given a monotone well guasi
order < on £* and a <-closed set S ¢ £* which is not regular. For each wel* let
flw)={zel*: wxeS{. Let = be the binary relation on &* defined by w=v if and
only if f(u)=f(v). Itisreadily verified that = is a right congruence on £* Thus
since 5 is not regular, = is not of finite index by Proposition 2. Hence we can
find an infinite sequence {w;} of words in I* such that w; £w; for i#j. Since = is
a well quasi order, there exists an infinite subsequence of {w;} which is ascend-
ing with respect to =, using definition iii. Hence. we may assume that {w;] itself

is chosen as an ascending sequence,

Since < is monotone and {w;{ is ascending, for any z£X* and 7 <j, Wik SW; L
Hence since 5 is =-closed, w;zeS implies that wyzeS. Thus the sequence
§F (w;)] is ascending with respect to inclusion. Further, since w; Ew; for 1#7,
§f (w;)] is strictly ascending. Now by the same reasoning as above, for any ¢ and
any z=y, if wyzeS then wyeS. Hence each f(w;) is <-closed. Thus {f (w;)}
forms an infinite strictly ascending sequence of <-closed sets, contradicting the
fact that = is a well quasi order, using definition v. We conclude that every =-

closed set S is regular.
Using the "finite basis property” (Definition iv) of a well quasi order, we have
the following corollary of Theorem 1.

Corollary 1. A sel S CX* is regular if and only if there exists some mono-

tone well quasi order < on L* and a finite set /' € S such that S=cl.(F).

Definition. Given a quasi order = on a set 7, A. denotes the smallest

Boolean algebra of subsets of T containing the =-closed sets.
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Since the regular languages are closed under the Boolean operations of

union, intersection and complement, we also have the following result.

Corollary 2. For any S C &* S is regular if and only if S & A. for some

monotone well quasi order < on ¥,
We close with the following historical note.

In 1972, Leonard Hains published a regularity result concerning the subse-
quence relationship on words in ¥* ([Hai 72]). Define z=<y if and only if there
exist @), - ,;el and w0 UgsER* such  that z=a,- g, and
Y=U 0y U Oy, Hains showed that for any set S ¢ 5% the sets
S = {wel*: s<w for some &S] and S = {wel*: w<s for some s&S{ are both
regular. In proving this result, Hains "rediscovered" the theory of we!ll quasi ord-
ers, as have several other researchers (see [Kru 72]). Shortly after this result
eppeared, J. H. Conway published a simpler proof of this result, using Higmans

work on well quasi orders ([Con 71]).

It is apparent that <, as defined above, is a monotone quasi order, and Hig-
man showed that it is a well quasi order ([Hig 52]). Furthermore 5 = c¢l.(S) and
8 = E*—cl (£*-S), hence § and .S are contained in A, for any SeX*. The results
of this paper further generalize the work of Hains and Conway by incorporating
it into a natural extension of the Nerode theorem to well quasi orders. Further
applications of Theorem 1 appear in [Hau B1], where the well quasi orders of
[Ehr, Hau B1] are used to obtain a regularity characterization result for a cer-

tain class of generalized semi-Dyck languages.
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